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Abstract. New types of neural ordinary differential equations (NODE) with power non-
linearities are considered. For these NODE systems, new conditions for the existence
of homoclinic and heteroclinic orbits are found. In the future, the implementation of
these conditions guarantees the existence of chaotic attractors in the mentioned NODE
systems.
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1. Introduction

Consider the following neural network (this is a system of difference equations):
x(t+1) =x(t) + H(x(¢),Q),x(0) =x0;t =1,..., V. (1.1)

Here x € R™ is a vector of states, 2 € R¥ is a vector of parameters, H(x, §2) :

R™ x RF — R™ is a vector field of continuous functions. (The number N in

neurodynamics denotes the number of "layers" in the neural network (1.1).)
Now we rewrite relation (1.1) in the following form:

x(t+1) —x(t)

Gr 10—t = H(x(t), Q).

If we consider function x(t) as a function of a continuous argument on some
interval [xg,xy], then the last equation can be rewritten in the following form:

x(t + At) — x(t)
At

= H(x(t), Q).
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If now we direct the number of "layers" N — oo and we assume At — 0, then we
get the following system of ordinary differential equations

x(t) = H(x(t), ), x(0) = xo. (1.2)

So we can say that neural network (1.1) is the well-known Euler discretization
procedure of system (1.2):

x(t + At) — x(t) = At - (H(x(t), Q)),x(0) = xo, (1.3)

where At is the discretization step. (If At =1, then (1.3) becomes (1.1).)

It is clear that sequence (1.1) can be viewed as a neural network with N — 1
hidden layers, input layer x¢ and output layer x). The architecture of such neural
network is determined by the vector H(x(t), €2) (8,9, 16].

Thus, in some cases, we can replace the study of neural network (1.1) with its
continuous analog (1.2), which in neurodynamics is called the system of neural
ODEs (NODE) [8,9,16]. In the future, model (1.2) can be viewed as a control
system, the parameter vector €2 of which is the control. By adjusting this vector,
it is possible to ensure that the trajectory of model (1.2) differs as little as possible
from the trajectory of the real process for which the specified model was built.

Note that the process of tuning model (1.2) can be much more successful if its
architecture generates some invariant manifolds [1,3,5,10]. The main contribution
to the solution of the problem of classification of invariant manifolds was made
in [25]. It was indicated that a large class of chaotic systems can be divided
into the following four types: chaos of the homoclinic orbit type; chaos of the
heteroclinic orbit type; chaos of the hybrid type; i.e. those with both homoclinic
and heteroclinic orbits; chaos of other types.

For many decades a chaotic behavior of dynamic systems remains in the focus
of mathematicians, physicists and engineers. There are hundreds publications, in
which different forms of this phenomenon is considered [1,3-7,17,23,25]. How-
ever, there are only a few publications, in which (from the mathematical point
of view) the existence of chaotic dynamics is rigorously proved. For example, the
mathematically rigorous proof of the chaos existence in a modified Lorenz sys-
tems is presented in papers [19,20,23]. (In these papers authors use the theory
of Shilnikov bifurcations of homoclinic and heteroclinic orbits.)

This article is devoted to finding the conditions that must be satisfied by
system (1.2), which generates periodic orbits, homoclinic and heteroclinic trajec-
tories.

2. Mathematical preliminaries

Definition 2.1. [8-12,21] A set of continuous real functions F € C(X) is called
separating points of the set X C R™ if for any different x1,x2 € X (x7 # X2),
there exists a function f € F such that f(x;) # f(x2).
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Let f(w) € F = ¢(w) V ¢(w) be the function of one real variable w such that
f(0) =0 and

either conditions for f(w) : { ﬁ Z i 8 EEEE ;EZ; Z g;(?fu()—;v)o< 0, (2.1)
or conditions for f(w) : { EZJJ i 8 Eigﬂ ;EZ; z Z((;)wl; 0, (2.2)

are fulfilled. In addition, ¢(w) and 1 (w) are differentiable increasing functions of

one variable w such that ¢(0) = ¢(0) = 0 and ¢(0) = 1(0).

Definition 2.2. [8-10] Representation (2.1) ((2.2)) is called an odd (even) acti-
vation function.

Note that any odd activation function f(w) is the separating points function.

For example, functions h(u) = u® + u, h(u) = tanh(u), h(u) = u?(u >
0) V —ut(u < 0), and h(u) = v Hu| + agu?™"1 + - -+ + agu are odd. (Here
az, ..., gy, are positive constants.)

Let us consider the ODE system

x(t) = G(x(t)) € R", (2.3)

where G(x) is a continuous vector function and G(0) = 0.
In the future we will need the following well-known theorem.

Theorem 2.1. (LaSalle’s Theorem) [18/. Let HH C R™ be a compact set that
is positively invariant with respect to (2.3). Let V : R™ — R be a continuously
differentiable function such that V(x) < 0 (or V(x) > 0) in H. Let E be the set
of all points in H where V(X) = 0. Let M be the largest invariant set in E. Then
every solution starting in H approaches M as t — +00.

Currently, the following type of NODE (a special case of system (2.3)) is often
used to construct the architecture of residual neural networks

x(t) = G(x(t)) = o (Wx(t) + b). (2.4)

Here the matrix W = {w;;} € R™™" and the vector b = {b;} € R"; o(u) is a
scalar activation function. (It is usually assumed that W = G — GT — uI, where
G € R™*" T € R™™ is the identity matrix, p > 0 [10,11,13,21].)

Now let’s consider the same system (2.4), but with a real vector activation
function on the right-hand side:

or(wnzi(t) + - - + winwn(t) + b1),
o(Wx(t)+b) = e, ,
on(wniz1(t) + - - + Wpnn (t) + by)
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where o (ug, ..., un) = (o1(u1), ..., on(un))? € R™.
Let us define the function o;(u;),i = 1,...,n, by the following rule:

k k
oi(us) = filus) + Y eifij (i) = @iui) V hi(us) + Y eigbi(ui) V i (wi), (2.5)
=1 =1
where fj(u;) and fj;(u;) are continuous functions of their arguments (these can
be functions (2.1), (2.2)); ¢;; € R.
Taking into account (2.5) we introduce the following functions:

Fiw) i= [ (@1() v us)dw+ [ 3 e+ (05() Vi @)doi 1 =1,
0 0o J=1
and
0 0
Gi(u) :== /(qf)z(w) V i (w))dw + / Zcij (¢ij(w) Vi (w))dw; 1 =1, ..., n.
—u Sy J=1

Theorem 2.2. Let us assume that for system (2.4) the following conditions
(al) det W # 0;
(a2) the matriz W + W7 is negative definite;
(a8) Vi€ {1,...,n} the function f;(u;) is odd;
(a4) Vie{l,..,n} lim Fi(u) >0 and lim G;(u) >0
U—00 U—r—00
are satisfied. Then for system (2.4) there exists nonempty compact invariant set.

Proof. First we will perform the following substitution of the variable: y =
Wx + b. Since det W # 0 (see (al)), then after this substitution system (2.4)
transits to the system

y(t) = Wa(y(t)),y(0) = yo. (2.6)
Now we will use the system (2.6) and introduce the function
Viy) =o' (0)y +3"o(y) = o ()W + W (y).

Then from the condition (a2) of Theorem 2.2 it follows that Vi(y) <0.
We define a set . C R™ such that Vy € L, we have V;(y) = 0. Then from here
and conditions (a3), (a4) of Theorem 2.2 it follows that

V=3 /0 6T ()3 + ¥ o))t = > Fiw

n

=3 [ (6:@) V i)+ B(on, ) = Ci50) = const >0,

=17
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where ®(y1, ..., yp) is a continuous function. (Here we use the fact that the integral
of the odd activation function is the even activation function [8,9]). Similarly, we
have

n 0 n
V=3 / (o= Gilw)
n 0

=3 [ (64) V1)) + (1) = Cislya) = const >,
=1

Ty

where ¥(y1, ..., yy) is a continuous function. Thus, according to condition (a4) we
have
lim V(y(t)) > 0.

t—o00

(Note that if ¢ = t; < oo is finite, then situation V(y(ts)) < 0 is not excluded.)

This means that the set L is compact and it is an invariant set for system (2.6).
Then, from here it follows that the set D := {y(¢)|V;(y) < 0} has a boundary L
and therefore is also the compact invariant set for system (2.6) (see Theorem 2.1).
If we now return from variable y to variable x = W~y — W~!b, we obtain the
same statement for system (2.4). O

Thus, Theorem 2.2 allows us to significantly expand the class of activation
functions that can be used to design neural network architectures.

In what follows we will need the following two auxiliary lemmas

Lemma 2.1. [1}]. Let H € R™™™ be the antisymmetric nonsingular matriz
and let D = diag(dy, ...,d,) be the diagonal matriz such that di > 0,...,d, > 0
(or di < 0,...,d, < 0). Then all the eigenvalues of the matrix H - D are purely
maginary.

Proof. First of all, we note that matrix H must be a matrix of even order (n = 2k).
In addition, all eigenvalues of the matrix H are purely imaginary (see [2]).
Now consider the following linear system of differential equations

x(t)=H-D- -x,x € R". (2.7)
Let us construct the first integral of system (2.7). Then we have
x?(t)Dx(t) = xT DHDx = (Dx)" H(Dx) = 0.

From here it follows that

1
§(d1x%(t) 4o+ dpzi(t)) = C = const > 0.
Due to the fact that d; > 0, ...,d,, > 0, the last relation means that under any

initial conditions the trajectory of system (2.7) is bounded by an ellipsoid and it
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lies on a surface of central manifold M. of the equilibrium point 0 = (0, ...,0)" €
R™ (see [18,24]).

It is clear that in our case we have M. = R™ and therefore the eigenvalues of the
matrix H - D must be only purely imaginary. (The last statement is also obvious
in case d; <0, ...,d, <0.) a

Lemma 2.2. [1/]. Let H € R™ " be the antisymmetric nonsingular matriz and
let D = diag(dy, ..., dy) be the diagonal matriz such that dy > 0,ds <0, ...,d, < 0.

Then the matriz H - D has two real ergenvalues Ay = r > 0 and Ay = —1r < 0,
50 Mg = —12 < 0; the remaining n — 2 eigenvalues of this matriz are purely
1Maginary.

Proof. Denote by A1, ..., \,—ok the eigenvalues (complex and real) of matrix HD.

(a) Let us use the following well-known result of matrix analysis: the deter-
minant of antisymmetric matrix H = S — ST of even order n = 2k is the square
of a homogeneous polynomial of order k in the products of elements of matrix S

(see [2])

2
det(H) = ( 3 (Sirjy * oo " sikjk)) . (28)
11 <G5y T e <Jk3(01,01 508,08 ) €4 L5, 2K}
Here S = {s;5,1 < i < j < n = 2k} and the symbol {1, ..., 2k} means the set of
all permutations from elements 1,2,...,2k; k > 1.

From formula (2.8) it follows that det H > 0 and therefore det(HD) = det H -
det D =detH -dy-do-- - dp—or = A\ ... - Ap=ox < 0. This means that at least
one eigenvalue (for example Ag) of the matrix HD is negative.

(b) Denote by vy € R™ the eigenvector of matrix HD corresponding to the
eigenvalue Aa.

Let T = Hlgn o,
factor subspace R”/vy. It is clear that the matrix T € R(=D*("=1) ig a4 matrix
of odd order. Therefore among the eigenvalues A1, A3, ..., Ap—ox of matrix T" there

mean the restriction of the action of matrix HD on the

is also one real number (for example A;). Since Ao < 0, A\jA3 - ... - Adp—ox > 0 and
the number n — 1 = 2k — 1 is odd, then the number \; must be positive.
Thus, we have A\{Ay <0 and A3 - ... A\p—9r > 0.

(¢) Denote by vi € R™ the eigenvector of matrix HD corresponding to the
eigenvalue A\;. Now we introduce an invariant subspace (v, va) C R" spanned by
the vectors vi and vs.

We introduce the following matrices

Gi1 G2
G—=HD= ,
( Go1 Gao )

where Gq1 € R2*2, Gy € R2X(=2) Gy, € R2%2 G,y € R(1-2)x(n-2),
0 S11 0

S=| vi,vog | ——— = —_—— | —== [
I,_o So1 Iy —2
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where 0 € R2X("=2) ig the zero matrix, I,,_o € R("=2%("=2) ig the identity matrix,
S11 € RQXQ, So1 € R(=2)x2,
We also compute the inverse matrix

S 0
sl | - | ——=
—52187 | In-2

(Since vectors vi and vy are linearly independent, then the matrix S~! always
exists.)

With the help of the similarity transformation G — S~'GS, the matrix G can
be reduced to the form

A0
Gmstas=| O M SiGe
0 0 | —S915'Giz2+ Goy

where 0 € R"2 is the zero vector.
After the similarity transformation, the determinant of the matrix remains
the same. So we get

det Gl =detG = det(HD) = ()\1A2) . ()\3 T )\Qk) < 0. (2.9)

Let us introduce the designation F' = —SzlsilGlg 4+ G9o. Since MMy < 0,
then Ag-...- g = det(F) > 0.

(d) Let det(Alo; — H) be the characteristic polynomial of the matrix H. Then
it is obvious that this polynomial contains only even powers of the variable A:
det()\IQk—H) = )\2k+h2/\2k_2+' . ‘+h2k_2)\2+h2k, where h1 = hg =..= hgk_l
0. All roots of this polynomial are calculated using the formulas: A\? = Dj
0,7 = 1,...,k. Therefore, we have \; 2 = j:i\/m, N34 = ii\/@, ey A2k—1,2k
+iy/Ipor—1l; i = V1.

Now consider the characteristic polynomial of matrix HD. It is easy to check
that all the principal minors of odd orders of matrix H D are equal to zero. There-
fore, polynomial det(Aly, — H D) has the same structure as the characteristic poly-
nomial of the matrix H: det(Ay, — HD) = A2¥ 4 o A2*72 .. 4 hgp_9 A2 + qop.
However, its roots can already be either purely imaginary or real (for example, if
A2 = rj >0, then \oj_19; = :E\/T‘ij;j e {1,...,k}).

(e) Assume thet n = 2k = 4. Then from item (c) it follows that det(F) =
AsA4 > 0. Taking into account everything that has been said in item (d), we have
only a single possibility A3sAy = —(ip)? > 0. In addition, since A\; Ao < 0, we have
the following result: A\; 2 = %7, A34 = £i|p|. The proof of the theorem for n = 4
is complete.

Al

The proof of the last item in case n > 4 is carried out using the same algorithm
as in items (b) - (d). Only in this case the role of matrix HD will be played by
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matrix F'. The proof is carried out by the method of induction on the number
n =2k k> 2.

Indeed, suppose that, for example, k = 3. We compute the eigenvalues A\ =
r, A2 = —1r, A3 = ip, \y = —ip and construct an invariant 4D subspace W C R
spanned by the vectors vi,va,vs,vy. (Here vs and vy are the basis vectors of
invariant 2D subspace V C W C RS which are not eigenvectors of the operator
H D; in this case eigenvectors are vy —ivy, v3+ivy € V+iV.) Now, we pass to the
new basis (W, zs5, zg) in the space R®. Then we get F' € R?*? and det(F) = As\¢ >
0. From item (e) it follows that A; - ...- Ay < 0 and A3, A4 are imaginary. Now,
if we assume that A5, \¢ € R and A\s\g = —c? < 0, then we get the contradiction
det(HD) > 0 with formula (2.9). Therefore, it must be AsA¢ = —(ic)? > 0. In
this case formula (2.9) remains valid. Thus, we have obtained that all eigenvalues
A3, ..., Ag are purely imaginary. O

3. On existence of homoclinic orbits in system (2.6)

For system (2.6) we introduce the following notation:
Let 0 = (0,...,0)7 € R™ be the equilibrium point of system (2.6).

Definition 3.1. [8-12,14,21,24,25]. A bounded trajectory y(t,0) € R™ of
system (2.6) is called a homoclinic orbit if the trajectory converges to the same
equilibrium point 0 as t — Fo0.

Theorem 3.1. Assume that the following conditions are true for system (2.6):
(b1) oi(yi) = yi - (fi(yi) + ki), where k; = const; # 0 and f;(y;) is a continuous
function such that
S

fi(0) =0, lgn (fi(T) + ki) -mdr >0,i=1,..,n

(usually, f;(T) is the even function (2.2));

(b?) kil > 07"'7kim > 0 and kierl < O""7kin <0 (0’1“ ]{7;1 < 07'--7kim <0

and ki, , > 0,...k;, > 0), where m € {1,..,n — 1} and (i1, ...,i,) is a
permutation of elements of the set {1,...,n};

(b3) W = {w;;} = Wo+ Wy, where W, is the antisymmetric nonsingular matriz,
Wy = diag(wi1, ..., Wny) and K = diag(ky, ..., kn) are diagonal matrices such
that det WK # 0;

(b4) 6 = wirkr + -+ + Wpnkn < 0 (system (2.6) is dissipative or conservative)
and WK + KTWT <0.

Then there ezists the vector of initial data y§ such that the trajectory y(t,y§) of
system (2.6) is the homoclinic orbit connected at equilibrium point 0.
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Proof. First let’s put w;; = 0 (§ = 0). Suppose, for example, that k3 > 0 and
ko <0,...,k, < 0. In this case, the Jacobian matrix has the form

kv ... 0

J (0) =Wa- : oo

0 ... ky

and the equilibrium point 0 € R" is a saddle point (see Lemma 2.2).
In this case, the function V(y) takes the following form

k1y? + ko + - + kny?
2

V(Y1s e Yn) = ZE(y2)+Gl(yl)+ = C = const. (3.1)
i=1

(See the proof of Theorem 2.2.)

Denote by M,, € R", My C R"”, and M, C R" respectively the unstable,
stable, and central manifolds of the point 0 € R™. Then from Lemma 2.2, we
have dimM,, = 1, dimM; = 1, and dim M, =n — 2.

It is known that the tangent vector to the manifold M, at the point O is
the eigenvector vi = (v11, ...,vnl)T corresponding to the eigenvalue A1 > 0 of
matrix J(0). Similarly, there is also a second eigenvector vo = (v12, ..., Un2)’
corresponding to the eigenvalue Ay = —A; < 0 of matrix J(0) [18] (see also
Lemma 2.2, where HD = J(0)).

Let B(e) be an open ball with center at point 0 and radius € > 0 such that
the set L[ B(e) does not contain other invariant subsets except 0. (The set L is
defined in the proof of Theorem 2.2.)

In formula (3.1) we put the value C' = 0. Then, by multiplying the eigen-
vector vi by the corresponding parameter ; > 0, we will have |V (d1vy)| =
[V (01011, ..., 610n1)| < €. Let’s also choose parameter do > 0 so that |V (dav2)| < €.

In what follows we will need one Poincare result.

It is known that for any initial condition yq the solution y(¢) of system (2.6)
can be uniquely determined by the formula y(¢) = P!(yq), where P! is the evolu-
tion operator.

Theorem 3.2. (Poincare’s Recurrence Theorem [22]). Let H C R™ be a compact
set that is positively invariant with respect to (2.6). In other words, Vyo € H, we
have

(PHY(yo) = PY(P!(...(PY(y0)))) € H;VI € N,Vt > 0.
l

Then from here it follows that for any € > 0 and almost all points yo € H there
is a time T > 0 and a natural number k > 1 such that ||(P7)*(yo) — yol| < e.

Thus, Theorem 3.2 states that in the phase space H of a dissipative system,
any trajectory starting from almost any point yg € H of this space will pass
arbitrarily close to yo after some finite time (even if it is very large). (In our case
H is a set of points from R” such that Yy € H we have V(y) < 0; in addition



24 V. Ye. Belozyorov, D. M. Moroz, S. A. Volkova

yo=vVv1 € H, yo # 0, and ||v1]| = 0. Then for any sufficiently small € > 0, we
have ||(PY)!(yo) —v1|| < € or llim |(PY)!(yo)— V1|l = 0, where (P*)!(yq) — vo € H
—00

and [|va| — 0.)

Let’s assume that d;v; € B(e) and davy € B(e). The terms under the sum-
mation sign in formula (3.1) at y(¢f) — 0 are of a higher order of smallness than
the quadratic terms in the same formula. Therefore, if o — 0, then trajectory
y(t, 62v9) will approach the surface of cone K: kyy3 +kays +- - - +kny2 = 0. (Here
one of the parameters k; € {ki, ..., k,} is negative.)

Now assume that Vi € {1,...,n}|w;;| < € and there exist ji, ..., jr € {1,...,n}
such that wj,;, # 0,...,wjj, # 0. Let’s return to the condition (b4) of Theo-
rem 3.1. According to Theorem 2.2, all solutions of system (2.6) are bounded.
Therefore, if w;;k; =~ 0;7 = 1, ..., n, then the structure of sets M,,, M, and M, will
remain almost the same. Thus, we have M, UM UM, C K. This means that if
vector d1vy (or d2ve ) is close enough to M, (or M), then trajectory y(¢,d1v1) (or
y(t,62v2)) will be close enough to cone K. It is clear that if §; — 0,02 — 0, and
t — oo, then the trajectory y(¢,d1v1) approaches the trajectory y(t,davs). Thus,
we obtain that both of these trajectories are attracted to a certain equilibrium
point. But in region B(e) there is no other equilibrium position except the origin.
Therefore, the only possibility remains: trajectories y(¢,01v1) and y(¢, d2ve) must
pass fairly close to the origin. In the limiting case, the last statement looks like
this

lim y(t,0v1) > Ms;— 0, lim y(¢dve) - M, — 0.
6—0,t—00 6—0,t——o00

Now let’s replace t — —t in system (2.6). Obviously, in this case A} — Ay =
=AM, Ay = A1 = —Ag; VI = Vo,vo — Vi, M, — MS, M, — Mu (dlmMu =
dim M = 1) and the last limit equality is transformed into

lim  y(t,6va) = M, — 0, lim y(t,6vy) — Mg — 0.

6—0,t——o00 §—0,t—00

This means that Mg N M, # 0 (or My N M, # 0 ). Therefore, in system (2.6)
there exists the homoclinic orbit connected at equilibrium point O.

Theorem 3.1 has been proved for case dimM, = dimM; = 1 and dimM, =
n — 2. It is easy to check that its generalization to case dim M, = dimM; =
and dimM, =n —2[,1 <[ < n/2 is not difficult. The last remark completes the
proof. O

If we now return from the variable y to the variable x = W'y — Wb, we
obtain the same Theorem 3.1 for the system (2.4), but with one clarification: the
homoclinic orbit will be connected at the equilibrium point xg = —W ~'b.

The application of Theorem 3.1 are demonstrated on Fig.3.1. (Other forms
of homoclinic orbits in systems containing module nonlinearities are indicated
in [10].)

Theorem 3.1 admits the following generalization.

Let us introduce the piecewise continuous function (see [9,10,13]).
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Fig. 3.1. Graphs of 2D projections of homoclinic trajectory of system (2.6) connected at point
0 and o;(y;) = y3 +kiyi,i = 1,...,n = 4, for the following parameter values (see Theorem 3.1):
a11 = ... = asa = 0, a12 = —1,a13 = a14 = l,a23 = a2a = 0,a34 = 1; (al) k1 = —1,ko =
ks =4, ks =1; (a2) by = —1, ko = —2,ks = L ks = —1; (a3) ks = 2, ko = L ks = 1, ks = —1;
(ad) k1 = =3,k = —1,ks = —1,ks = 1; (ab) k1 = 1,ky = —1,ks = —0.2,ks = —0.1; (ab)
k1 =04,ke =—1,ks =3,ks = 0.3.
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Definition 3.2. Let a # 1, 5 # 1, and ¢ > 0 be real constants. The function

1 B (—w)B . Zie
_%Ca—l _ Z’) , if w< —cP-1
g(wv «, 67 C) = cw, if w < Cﬁ <32)
%—10% + w2 otherwise

is called an odd generalized power activation function.

Theorem 3.3. Under the conditions of Theorem 3.1, if we replace the function

oi(yi) = yi - (fi(yi) + ki) with the function oi(yi) = g(yi, v, Bis ci) - (fi(yi) + ki)
(see (3.2)), i =1,...,m, then the statement of Theorem 3.1 remains valid.

Proof. Indeed, the Jacobian matrix of system (2.6) in a sufficiently small neigh-
borhood of the origin for activation functions o;(y;) = v; - (fi(yi) + ki) and
oi(yi) = 9(yi, i, Bisci) - (fi(yi) + ki) is the same. Now, the Grobman-Hartman
theorem (see Theorem 9.9 [24]) can be applied to system (2.6). After that, it
remains to repeat the proof of Theorem 3.1, in which the function o;(y;) =
9(yi, oy Biy ci) - (fi(yi) + ki) is used instead of the function o;(y;) = vi- (fi(yi) + ki),
i=1,..,n. O

The application of Theorem 3.3 are demonstrated on Fig.3.2.

As shown in [9,10,13| if « — 1, 5 — 1, and ¢ = 1, then we have g(w,1,1,1) —
w. Therefore, in this case, in Theorem 3.1, we have w; — y;,i =1, ..., n.

Note that in the above example, the parameters o and 8 are positive. Nev-
ertheless, the activation function g(w, «, 3, ¢) with parameters a < 0, 8 < 0, and
¢ > 0 retained all the main properties that it had with positive parameters. Thus,
when designing neural networks, the capabilities of the function g(w, «, §,¢) can
be significantly expanded. In particular, we have:

a—1 _a

]‘im g(lU,O[,ﬁ,C) =

w—00,a<0 (6]

I =-
wo i g(w, o, B ¢) 5

Moreover, if @ < 0 and 8 < 0, then we have

-1 8
B cF-1 < g(w,a,B,c) <

B8 «

and the function g(w, «, 8, ¢) is bounded. In this case, we can say that the function
g(w, a, B, ¢) is similar to the function tanh(cw).

a—1 _o

ca—l1

4. On existence of heteroclinic orbits in system (2.6)

Definition 4.1. [23-25]. A bounded trajectory y(¢,e;) € R" (or y(—t,e3) € R™)
of system (2.6) is called heteroclinic if it belongs to the intersection of the stable
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L o(yi) = g(yis ., Byc) - (|ys] + ki)yi = 1,...,4; ¢ = 2.5 (see (3.2))
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2. o(yi) = 9(yi, o, By ¢) - (yf +ki)yi=1,...,4; ¢ =9 (see (3.2))

Fig. 3.2. Graphs of 3D projections of homoclinic trajectory of system (2.6) connected at point 0
at n = 4 for the following parameter values: a11 = a22 = as3 = a4a = 0.,a12 = =3, 013 = 2,014 =
—1,&23 = —2,a24 = 0,0,34 = 1. In addition: o = I.S,ﬂ = 0.4; kl = 1,k2 = 1, k3 = 2, /ﬂ4 =—1.

invariant manifold of one equilibrium point e; (or ez) with the unstable invariant
manifold of another equilibrium point es (or e1). In addition, in this case the
conditions

Jlim y(t,e1) = ez, lim y(t,ez) = er.
must be satisfied.
Theorem 4.1. Assume that the following conditions are true for system (2.6):

(c1) oi(yi) = gi(yi) - (fi(y:) + ki), where k; = const; < 0, g;(y;) is a differentiable
increasing (g;(y;) > 0) function (2.1), and fi(y;) is the even function (2.2)
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such that the equation f;(y;) + ki = 0 has exactly two real Toots mi = r;
and myo = —r; of different signs; i =1, ...,n.

(c2) W ={w;;} = Wo+ Wy, where W, is the antisymmetric nonsingular matriz,
Wy = diag(wii, .., Wny) and K = diag(ka, ..., kn) are diagonal matrices such
that 0 = wi1k1 + - - +wpnkn < 0 (system (2.6) is dissipative) and the value
|0] is sufficiently small.

Then there exists the vector of initial data y§ such that the trajectoryy(t,yg) of
system (2.6) is the heteroclinic orbit connecting points (0, ..., 0,y;1,0, ...,0)T € R?
and (0, ...,0,y;2,0,...,00T € R"; j € {1,...,n}.

Proof. It is obvious that the coordinates of any equilibrium point of system (2.6)
are determined by condition

9i(yi) - (fi(ys) + ki) = 9i(ys) - (yi +mar) - (yi +ma2) - (Yi(y) + 1)

= gi(yi) - (yi +7i) - (yi — 1) - (Yalys) +1) =0,
where k; = mijimiz = —r? < 0, 4;(0) = 0, and Vy; € R (¢i(y;) +1)-i(yi) # 030 =
1,...,n.

Without loss of generality, we can consider that g;(y;) is the function (3.2)
and ¥;(y;) +1=1;i=1,...,n.

From here it follows that for an arbitrary natural number n, we have 3"
equilibrium points. (Note that if for at least one j < n, we have k; > 0, then the
number of all equilibrium points will be less than 3".)

Now for the equilibrium point ey = (0,...,0)7 € R", we write the Jacobi
matrix ,

91 (0>k1 . 0
J(eo) =W - : s :
0 o g (0)ky,

We also calculate the Jacobian matrices for the equilibrium points e;; =
(0,...,0, —m;1,0...0)7 € R™ and ejo = (0,...,0, =m;2,0...0)T € R™ i =1,...,n:
— S————

| aCmfimy 0 0
J(en) =W 0 92((.))’?2 0 |
0 0 GOk
g1(—=m12) f1 (—ma2) , 0 0
J(e2) =W - 0 92((.))132 0 |
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gll(O)kl .. 0 0
J(en) =W - : , | E ’
0 “e gn_l(o)knfl O ,
0 0 Gn(—=mn1) fr,(—=mn1)
91(0)k1 0 0
J(en2) =W-. - ’ : :
0 e gnil(O)k‘n_l O ,
0 . 0 gn(—ng)fn(_an)

(a) Let Wy = 0. Since ¢;(0) > 0,...,9,(0) > 0, then according to Lemma
2.1, the point ey is a center (the matrix J(ep) = WK has purely imaginary
eigenvalues).

First of all, we note that the function g;(y;) is odd and the function f;(y;) is
even. Therefore, the function g;(y;) is even and the function f; (y;) is odd [8]. From
here it follows that g;(yi)f; (i) > 0, g;(vi) fi(yi) > 0 and g;(y;)k: < 0;i =1, ..., n.

Further, the Jacobian matrices J(e11), ..., J(€en2) in all equilibrium points have
the form WD;, where the diagonal matrix D; has only one positive diagonal
element g;(y;) fj,»(yj); all other diagonal elements g;(y;)ki,i # j, are negative.
Thus, according to Lemma 2.2, the matrix WD, has a pair of eigenvalues of
different signs; all other eigenvalues will be purely imaginary. From here it follows

that all equilibrium points e, ..., e,2 are saddle points.

Given that |m;1| = |m2|, we can introduce the notation
dmin = min |le;1|| = min ||ep| = |ler] = |ler2]-
in = _min el = _min_flea] = leu] = eso]

Here dpin is a length of vector ey (or vector exq); k € {1,...,n}.
Now let’s use formula (3.1), which in this situation will have the following
form:

riyi +-

i=1

=C =const >0. (4.1)

Let yp1,...,yor € R™ be a sequence of initial vectors such that |lyu| < ... <
l¥ok|| = dmin- Then from the previous equality (4.1) it follows that the solution
y(t,ypi) of system (2.6) is bounded and located around the point 0; i = 1,..., k.
From here it follows that

i t — > ... > mi t — =0.
Iglzl(l)lH)’( Yb1) —€pil| > .. > Iglzl(l)lHY( Vo) — €|

The point ey satisfies equation (4.1) and it is a saddle point. Its unstable
manifold M, ;; and stable manifold M ;1 are one-dimensional (see Lemma 2.2).

Obviously, if dmin — ||ysil| — 0, then ming>o ||y (¢, y5) — ex1]| — 0 along its
stable one-dimensional manifold M ;1; 7 =1, ..., k.
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Equation (4.1) contains only even functions, so the point egy has the same
properties as the point ex;. This remark leads to the following conclusion.

Let yp € My, 1. Then, due to the fact that in the neighborhood of point 0,
there are no other equilibrium points except ey; and eyo, the trajectory y (¢, yu:)
should be attracted to point ey along its stable one-dimensional manifold M 1o;
i = 1,...,k. Thus, we have M, 1,1 "M 1o # (). (It is easy to check that the stronger
statement M, ;1 = M x2 is actually true.) This means that there is a heteroclinic
orbit connecting points er; and egs.

(b) Now let Wy # 0. We choose the elements of the matrix Wy so small
that the equilibrium point 0 is a stable focus (it can be assumed that wy; <
0,...,wpn, < 0). By S C R™ denote the invariant set of points satisfying the
equation V;(y1,...,yn) = ol (y)(W + Wh)a(y) = wii(g1(y1))? - (fi(yi) + ki) +
o Won (g (Yn)? - (fr(yn) + kn)? = 0 [18]. (Since wiy < 0, ..., wpy, < 0, then S
is bounded (see Theorem 2.2).)

Obviously, the variety S contains the points eg1, 0, and egs.

Now if we start from the point e;; € S along the unstable manifold M, 1, then
the trajectory y (¢, ex1) will be attracted to point egy € S along the stable manifold
M k2. A similar situation take places when replacing the time sign: ¢t — —¢. In
this case, if we start from the point ey € S along the unstable manifold M, x2,
then the trajectory y(¢,er2) will be attracted to point ex; € S along the stable
manifold M 1. (Trajectories y(t,e;1) and y(¢,ex2) cannot be attracted to the
point 0 because when the time sign is changed, the point 0 becomes repelling. At
the same time, the trajectories y(t, ex1) and y(t, ex2) only change direction.)

Since the manifolds M, 1, M r1 and M, k2, M 1o are one-dimensional, then
according to Lassalle’s Theorem 2.1, we have

Jim y(t,e1) = ez, lim y(t,ex) = ey

This means that the points e;; and egs are connected by a heteroclinic orbit. [

The application of Theorem 4.1 are demonstrated on Fig.4.1.

Definition 4.2. System (2.6) satisfying the conditions of Theorem (3.1) (Theo-
rem (4.1)) is called a system of neural ordinary differential equations (NODE) of
homoclinic (heteroclinic) type.

5. Architecture of homoclinic and heteroclinic neural networks
Consider the following generalization of equation (2.4):
x(t) = o (Wx(t) + b) + o_(Wx(t) + b). (5.1)

Since det W # 0, then using the substitution y = Wx + b we can reduce
equation (5.1) to the following form:

() =W+ (04 (y(®) + o (¥(). (5.2)
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Fig. 4.1. Graphs of 3D projections of heteroclinic trajectory of system (2.6) between points
(1,0,0,0)7 and (—1,0,0,0)” for oy(y:) = v5 +kiy: (here gi(y:) = yi); @ = 1,...,n = 4, and at
the following parameter values: a11 = ... = a4a = 0, a12 = —3,a13 = 0,014 = —2,a23 = 1,024 =
0,a34 = 1; k1 = ky = ks = ks = —1. Here on figures (bl), (b3), (b5) t — oo, and on figures
(b2), (b4), (b6) t — —oc.
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Here W is the antisymmetric matrix of even order,

or(y) = (9(yr, a1, Br,c1) - fF(W1)s - 9Un, 01, Br, 1) - fyn))" € R” (5.3)

(see Definition 3.2) and f(w) is the even function (see (2.2));

o_(y) = (k1g(y1, aa, B2, €2), -, kig(yi, @, B2, €2), ooy kng(yn, a2, Ba, c2)) T € R™
(5.4)
and for the vector o_(y) real constants ki, ..., k,, are assigned arbitrarily.

Let us make some comments on the structure of system (5.2).

We denote by B a sufficiently small neighborhood of the origin. Then in this
neighborhood all equations of system (5.2) have the following form: ¢; = y; -
(c1f(ys) + kic2),i = 1,...,n. Here a vector of initial conditions (y10, ..., ¥no)’ € B.

Since ¢; > 0 and cg > 0, then if k; < 0 the equation c¢; f(y;) + kico = 0 has
at least 2 real roots, and if k; > 0 the equation ¢; f(y;) + kico = 0 has no real
roots at all (if k; # 0.) A similar situation is described in Theorems 3.1, 3.3, and
4.1. Consequently, for some sets of signs, homoclinic and heteroclinic structures
will be encountered among the solutions of system (5.2). This allows us to model
dynamic processes with a fairly complex chaotic behavior.

The previous arguments in this section can be given a more rigorous character.

Theorem 5.1. Assume that for system (5.1) the following conditions:

(d1) W is the antisymmetric nonsingular matriz of even order;

(d2) coordinates of vector (5.3) are the products of odd functions g(w, oy, f1,c1)
(3.2) and even functions f(w) (2.2), and coordinates of vector (5.4) are odd
functions g(uw, a, B, ) (3.2);

u

(d3) Vi e {1,...,n} limy o [ [g(w, 1, B1,c1) - f(w) + kig(w, az, B2, c2)]dw > 0

—u

are satisfied. Then for system (5.1) there exists nonempty compact invariant set.

Proof. Using functions (5.2), ( 5.3), and (5.4) we introduce the derivative V;(y)
of function V(y) as follows:

Vily) = (0+(y) + o—()'y = (04(y) + o—(y) " W W(op(y) + o_(y)).

According to condition (d1) we have Vi(y) = 0. Now we integrate the last
relation taking into account conditions (d2) and (d4). Then we will have

Yi
V() = Jim [ (o) + o ()
—Yi
Yi
= ylgllm [9(wi, a1, Br, e1) - fw;) + kig(wi, ag, Ba, c2)]dw; > 0.
—Yi
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This means that the set L := {y(t)|Vi(y) = 0} is compact and it is the
invariant set for system (5.2). Then, from here it follows that the set D := {y ()
[Vi(y) < 0} has the boundary L and therefore it is also the compact invariant set
for system (5.2) (see LaSalle’s Theorem 2.1). If we now return from variable y to
variable x = W1y — W~!b, we get the same statement for system (5.1). [

It can be shown that if « — 1,8 — 1, and ¢ — 1, then the activation function
(3.2) is transformed into the function

a_>17}31311,c_>1g(w’ a, B,¢) =w. (5.5)
(This is the limiting version of function (3.2).)

In this case, on the one hand, equation (5.1) can be simplified; on the other
hand, in this equation the number of adjustable parameters can be expanded by
replacing the matrix W - diag(ky, ..., k) with an arbitrary matrix A € R"*".

Now if we replace in equation (5.1) the activation function (5.4) with its lim-
iting analogue (5.5), we get

x(t) = o4 (Bx(t) + b) + Ax(t) + a, (5.6)

where (B —diag(bi1, ..., bpn))? 4+ (B —diag(bi1, ..., bpn)) = 0, B € R™™: a,b € R",
and Vz = (21, ..., 2,) € R?

J+(Z) ((Zl’ B, ) f( ) (Zna B, ) f(zn))TGRn

(see (5.3)).
In the following, in equation (5.6), the function f(w) will be replaced by the
function
f(w) =|w|”; where y > 0,a+~v> 1,6+~ > 1.

As a result, function (3.2) is transformed into the function

_ L _w)B _1
_Bﬁl B— ( ) _%7 1fw< —cB-1
— s ifw<0
O-"r(w)avﬁa’}/?C) = f-‘r ) . _1 (57)
cw 7, if w<ce-1
—Lea-TwY + C;H otherwise

From the point of view of practical implementation of model (5.6), we will
simplify the activation function (5.7).
Let c=1,v=1. Then we get

S w) - ET i< -1
—(—w)? if w<0

oilw,a,) =4 {7 ey (5.8)
a—ly, + o otherwise
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To adjust the coefficients of equation (5.6), we will use gradient methods [9].
In this case, we will need derivatives of the function o4 (w,a, ) (5.8). (Here it
is necessary to take into account that w depends on W and b.) Let us represent
these derivatives in explicit form:

(% n %(—w)ﬁ) (—w),  fw< -1
JE+7w)(w,a,ﬂ) ={ 2w-w, ifw<1 (5.9)

(L;l + Lzlwa) . otherwise

, 0 ifw<1
o = 1
O (o) (W: 0 B) { =t wa;rl (Inw® —1). otherwise (5.10)
(w) | (zw)it! B '

/ T+ (In(—w)” = 1) ifw< -1
o w,a, ) = B2 B2 ’ 5.11
(+,B)( B) { 0. otherwise 511)

Now we will show that in formula (5.10) Vw > 1, we have O'E_i_,a (w,a, ) > 0.
Let us introduce the notation w® = z + 1. Then the last inequality can be
represented in the form Vz >0 (z +1)In(z+1) > z or In(z2 + 1) > 2/(2 + 1). (If
z = 0, then the last inequality becomes a strict equality 0 = 0.)

Now we take into account that z — oo we have In(z+1) — co and z/(z+1) —
1. In addition, (In(z+1))" = 1/(14-2) and (z/(2+1))" = 1/(142)?. In other words,
Vz > 0 we have (In(z+1))" > (2/(z+1)) (if z = 0, then the last inequality becomes
a strict equality 1 = 1). This relation proves inequality In(z + 1) > z/(z + 1)
(see Comparison Lemma 2.5 [18]), and, therefore, inequality 02+’a) (w,a, ) > 0.
(Inequality UE n B)(w, a, ) > 0 in formula (5.11) is proved similarly.)

In the future we will need the following known result.

Theorem 5.2. (Bihari’s Lemma) [15]. Let u and f be non-negative continuous
functions defined on the half-infinite ray [0,00), and let w be a continuous non-
decreasing function defined on [0,00) and w(u) > 0 on (0,00). If u satisfies the
following integral inequality,

¢
u(t) <« +/f(s)w(u(s))ds,t € [0,00), (5.12)
0
where a is a non-negative constant, then

u(t) < G (G(a) + f(s)ds),t e [0,7], (5.13)

o .
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where the function G is defined by formula

T

G(x)_/w(y) = 0,0 2 0,

o

and G~ is the inverse function of G and T is chosen so that
¢

vt €10,7] G +/f )ds € Dom(G™1);
0

here Dom(G~1) = {z € R|G~Y(z) # 0}.

Corollary 5.1. Let in Theorem 5.2 be w(u) = uP,0 < p < 1. Then

u(t)§<1p+ 1-p /tf > 0. (5.14)
0

t

1
]fp > 1 and /f(S)dS < W; t Z O, then
0

[0

ult) < (5.15)

t
1

(1 —(p— 1)ozi”_l/‘]”(s’)cls’)p_1

0

Consider the following system of differential equations
x(t) = Ax(t) + a+ o(Bx(t) + b),x(0) = %o, (5.16)

where A,B € R™"; a,b € R", o(...) = (01(...), ..., 00 (...))T (without loss of
generality we can assume that o;(u;) = uf’ (if u; > 0) or —(—w;)? (if u; < 0);i =
1,..,n)).

Theorem 5.3. Let in system (5.16) the activation function o(u) be odd and there
exist numbersc > 0,0 < p <1, and 0 < q < 1 such that (a) lim (c+uP—o(u)) >

U—00
0 and (b) lim (o(—u)—(—u)?—c) <0. In addition, let us also assume that the
U——00
matriz A is Hurwitz and det B # 0. Then any solution of this system is bounded.

Explanations of the proof of Theorem 5.3 (see Fig.5.1).

Proof. Since det B # 0, then by replacing the variable x — y — B~'b we can
transform equation (5.16) into an equation of the same structure in which b = 0.
Therefore, in the future we can assume that in (5.16) b =
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Fig. 5.1. Function o(u) (see (3.2)) with parameters @ = 0.7, = 0.1,c = 1 (red) and functions
c+uP,u>0and —c — (—u)?,u < 0 with parameters p = 0.8,q = 0.9,c = 3 (green)

Now we transform equation (5.16) into the following integral equation
¢
x(t) = exp(At)x(0) + /exp(A(t —7))[a+ o(Bx(1))]dr.
0
From here it follows that
¢
[x(@)]| < [lexp(AL)[[|x(0)] +/||6XP(A(tT))||(||aH + lo(Bx(r)))dr. (5.17)
0

(a) u — oo. Since matrix A is Hurwitz, then the relation ||exp(At)| <
Bexp(—~t), > 0 is valid; here —y < 0 is the the maximum real part of all
eigenvalues of the matrix A. Besides, ||o(Bx(7))|| < nc+ ||x(7)||?, where p > 0.

Thus, inequality (5.17) can be rewritten in the form

t

[x(®)]] < B exp(=1)[[x(0)]| + /exp(—”y(t — 7)) (ne+ llal| + [Ix()[[")dr, t > 7.

’ (5.18)

Let s = 7. We note that

/ / 1 — exp(—t)
f(s)ds= [ exp(—=y-(t —7))dr = —————=.

Then inequality (5.18) can be represented as

=@ < Bllx(O)[| + MJ;M + /exp(—'y(t = T)Ux()P)dr,t > 7. (5.19)
0
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Let a = B[x(0)[| + (nc + [|al[) /7.
Now we use the corollary given above. If 0 < p < 1, then applying formula
(5.14) to inequality (5.19) we get at ¢ — oo and Va > 0, and Vy > 0 :

¢
1
(@l < (a7 + (1= p) [ 1(6)ds) 77 < (al 4 IE) T <o,
) Y
(b) u — —oo. In this case, the proof of Theorem 5.3 almost verbatim repeats
the proof of case (a).
Now let p > 1. Let us assume that p also satisfies inequality (p —1)a?~! < 4.
In this case, the denominator of formula (5.15) does not turn into 0. Therefore,
we get Vt € [0,00) [|x(t)|| < 0.
Let us write out all the constraints on the parameters under which system
(5.16) has bounded solutions:
1.LO<p<1,0<qg<1;2.p>1,(p—1aP <y, 0<qg<1;
3.0<p<1,g>1,(g—1Da?t <
4.p>1, (p—1DaPt<y,¢>1, (¢g— Da?t <.
It is clear that among all four groups of constraints, only the first group of
constraints does not depend on the initial conditions. This completes the proof of
Theorem 5.3. ([l

6. Practical use of models (5.1) and (5.16)

In this section we will use model (5.1) with activation functions (5.3), (5.4)
and model (5.16) whose behavior satisfies the conditions of Theorem 5.3.

In this case, we will consider not only the situation described in Theorem 5.3,
but also other combinations of parameters p and ¢, which were discussed in the
proof of Theorem 5.3.

It is interesting to note that the trajectories of model (5.1) exhibit chaotic
behavior at certain parameter values (see Fig.6.1).

At the same time, for model (5.16) the chaotic behavior of trajectories could
not be detected. In the presented Fig.6.2 we can see (under the conditions of
Theorem 5.3) only quasi-periodic behavior of the trajectories of this system. (To
simplify the calculations, we replaced system (5.16) with the equivalent system

y(t) = Aey(t) + ac + Bo(y(t)),y(0) = yo. (6.1)

where y(t) = Bx(t) + b,A. = BAB™!. The correctness of this transition is
proven in [13].)
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ut

z(t)

5 x(t)

¥(t)

(a3) (ad)

Fig. 6.1. Graphs of 2D projections of trajectories of system (5.2) of homoclinic and heteroclinic
type for oi(yi) = g(ys, ain, Bat, ci1)|ys| + kig(yi, iz, Biz, ci2),t = 1,...,n = 4 (see (5.3), (5.4)) and
the following values of parameters (see Theorem 5.1): @19 = ... = @40 = a11 = ... = aasa = 0; (al,
a2) a12 = —3,a13 = —1,a14 = 1,a23 = 0,a04 = l,a34 = 1, k1 = 2.4,ks = 0,ks = 0,ks = —1.2,
a1 = 1.8,61 = 04,c1 =5, ag = 0.2,02 = —1.2,¢c2 = 7; (a3, ad) a12 = —3,a13 = 0,a14 =
1,a23 = 0,a24 = 3,a34 = 1, k1 = —2,ka = 0,ks = 3,ka = —1.2, oy = 1.8,81 = 0.4,¢c1 = 3,
az =—0.1,82 =1.2,¢co = 2.
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¥(t)

x(t)

(a3) (ad)

Fig. 6.2. Graphs of 2D projections of trajectories of system (6.1) for o(y;) =

9(yi, i, Biy ¢i)lyil, i = 1,...,m = 4 and the following values of parameters (see Theorem 5.3):

alp = .. = a40 = 0,a11 = ays = —0.02, a22 = a3z = —0.01,a;5 = a;; = 0 at ¢ #* j;
bio = ... = bao = 0,b12 = —ba1 = —3,b13 = —bz1 = 0,b1y = —bs1 = 1,bazg = —bza =
O, b24 = —b42 = 3,b34 = —b43 = —1,b11 = ... = b44 = 0; (al) o1 = 0.18,[‘31 = 0.14,61 = 3;

(a2) a2 = 1.18, 52 = 0.14, C2 = 3; (a3) o3 = 0.037 ﬂg = 37 C3 = 3; (34) Qg = 3,ﬁ4 = 47 Cq4 = 3.
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