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A method allowing to study the dynamics of 3D systems of quadratic differential equations by the
reduction of these systems to the special 2D systems is presented. The mentioned 2D systems
are used for the construction of new types of discrete maps generating the chaotic dynamics
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1. Introduction

The traditional research method of chaotic systems
is that, for a given dynamical system, one can judge
it is chaotic or not by using various methods such
as the various definitions or characteristic quantities
of chaos, this process is being passively discovered.
However, since they can be widely applied, more
chaos systems need be found or created actively
to meet the needs of engineering applications (see,
for example, [Belozyorov, 2011b; Belozyorov, 2012;
Belozyorov & Chernyshenko, 2013; Feng & Tse,
2007; Khan & Kumar, 2013; Kocan, 2012; Luo &
Guo, 2010; Robinson, 2004; Shen & Jia, 2011; Zhang
et al., 2009], and many references cited therein).

There are two basic methods to search for
chaotic systems. They are either based on estab-
lishing a homoclinic orbit or by constructing the
given system of a discrete map and its proof of being
chaotic.

There are several papers devoted to the search
of homoclinic orbits in 3D systems of differential
equations (see, for example, [Belozyorov, 2011a;
Belozyorov & Chernyshenko, 2013; Chen et al.,
2009; El-Dessoky et al., 2012; Jiang & Sun, 2007;
Bao & Yang, 2011; Leonov & Kuznetsov, 2013;
Peng, 2008; Shang & Han, 2005; Wang, 2009; Yang
et al., 2010; Zheng & Chen, 2006]). In our opin-
ion, one of the most essential results was obtained
in [Leonov, 2012; Leonov, 2013]. In these articles,
the Fishing Principle allowing to decide a question
about the existence of homoclinic orbits for a large
class of nonlinear systems was offered. The con-
struction of discrete maps for continuous dynamic
systems is a less studied domain. Here the basic
results are contained, for example, in [Belozyorov,
2011a; Belozyorov & Chernyshenko, 2013; Gardini
et al., 2011; Khan & Kumar, 2013; Kocan, 2012;
Luo & Guo, 2010; Zhang et al., 2009].
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We note that the existence (or absence) of chaos
in a continuous dynamical system can be easily
proved, if the Poincaré section of a phase flow of
this system can be built successfully. Thus, we get
1D or 2D discrete map, the study of which strongly
simplifies the research in the dynamics of the con-
tinuous system.

The most general approach in the study of
chaos of the continuous 3D system consists in
finding a basin of attraction for this system. The
simplest situation arises then, when the basin of
attraction is the entire space R

3. In other words,
for the existence of the basin it is sufficient that all
solutions of the system are bounded for any initial
data.

Currently, necessary and sufficient conditions of
boundedness of all solutions for any quadratic 3D
system of ordinary autonomous differential equa-
tions are unknown. At the same time, the authors of
[Dickson & Perko, 1970] assert that for 2D quadratic
systems of ordinary autonomous differential equa-
tions, such conditions are found.

Below it will be shown that the boundedness of
solution conditions for 2D systems derived in [Dick-
son & Perko, 1970] are only sufficient. Nevertheless,
these conditions appeared enough so that research
of boundedness of solutions for 3D quadratic sys-
tems could be reduced to research of boundedness
of solutions for 2D quadratic systems.

The present work is a continuation of the papers
[Belozyorov, 2011a; Belozyorov & Chernyshenko,
2013]. As compared to the paper [Belozyorov &
Chernyshenko, 2013] this article has substantial dif-
ferences.

• In the considered systems, the existence of homo-
clinic orbits is not required.

• All considered discrete maps are exponential or
polynomial (implicit or not).

• The boundedness of solution conditions of
quadratic 3D systems of ordinary autonomous
differential equations are more weak than in the
article [Belozyorov, 2011a].

Consider 2D system of autonomous quadratic
differential equations



ẋ(t) = a11x(t) + a12y(t) + b11x
2(t)

+ b12x(t)y(t) + b22y
2(t),

ẏ(t) = a21x(t) + a22y(t) + c11x
2(t)

+ c12x(t)y(t) + c22y
2(t),

(1)

where a11, . . . , c22 are known real numbers. (At least
one of the numbers b11, . . . , b22, c11, . . . , c22 is not
equal to zero.) In the work [Dickson & Perko, 1970]
algebraic conditions of boundedness of solutions of
system (1) were found. The essence of these condi-
tions consists of the following.

Assume that there exist a linear nonsingular
transformation x → s11x + s12y, y → s21x + s22y
(s11s22 − s21s12 �= 0) such that in new variables
system (1) adopts one of the following three types:{

ẋ(t) = a11x(t) + a12y(t),

ẏ(t) = a21x(t) + a22y(t) + x(t)y(t),
(2)

where a11 < 0, a12 = 0 and a22 ≤ 0;{
ẋ(t) = a11x(t) + a12y(t) + y2(t),

ẏ(t) = a21x(t) + a22y(t),
(3)

where a11 ≤ 0, a21 = 0, a22 ≤ 0 and a11 + a22 < 0;


ẋ(t) = a11x(t) + a12y(t) + y2(t),

ẏ(t) = a21x(t) + a22y(t) − x(t)y(t)

+ c22y
2(t), |c22| < 2,

(4)

where either (i) a11 < 0; or (ii) a11 = 0 and a21 = 0;
or (iii) a11 = 0, a21 �= 0, a12 + a21 = 0 and
c22a21 + a22 ≤ 0. (Notice that for simplification of
designations in systems (2)–(4), we left those desig-
nations as in system (1).)

Theorem 1 [Dickson & Perko, 1970, Theorem 1].
The quadratic system (1) has all of its trajectories
bounded for t ≥ 0 if and only if there exists a
linear transformation which reduces it to one of
systems (2), (3) or (4).

Consider the system


ẋ(t) = a11x(t) + a12y(t) + b11x
2(t)

+ b12x(t)y(t) + b22y
2(t),

ẏ(t) = a21x(t) + a22y(t) + c12x(t)y(t)

+ c22y
2(t),

(5)

where a21 �= 0.
In [Belozyorov, 2011a], Theorem 4 was proved

for which system (5) appears as:

Theorem 2 [Belozyorov, 2011a, Theorem 4]. As-
sume that for system (5) we have:

(i) quadratic form c12(b11 − c12)x2 + c12(b12 −
c22)xy + c12b22y

2 is negative definite;
(ii) b11(b11 − c12) < 0.
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Then for any initial values all solutions of sys-
tem (5) are bounded.

It is easy to check that Theorems 1 and 2 are
not implications of each other. Thus, the bound-
edness of solution conditions of quadratic 2D sys-
tems represented in Theorem 1 is not complete. In
the future, Theorem 1 will be used for the proof
of boundedness of solutions of quadratic 3D sys-
tems and the construction of 2D implicit discrete
maps. For this purpose, we will retain one of the
variables x, y, z (for example x) fixed, and in the
plane yz formed by the coordinate axes y and z, we
will introduce the polar coordinates ρ and φ. A sim-
ilar approach was used in [Gunay & Kilic, 2011].

2. Bounded Solutions of Quadratic
3D Systems of Differential
Equations

We will consider the following system:


ẋ(t) = a11x(t) + a12y(t) + a13z(t)

+ b11y
2(t) + b12y(t)z(t) + b22z

2(t),

ẏ(t) = a21x(t) + a22y(t) + a23z(t)

+ c11x(t)y(t) + c12x(t)z(t),

ż(t) = a31x(t) + a32y(t) + a33z(t)

+ c21x(t)y(t) + c22x(t)z(t).

(6)

(The research of such systems was started in
[Belozyorov, 2011b].)

Introduce the restriction: the matrix

A =

(
a22 a23

a32 a33

)

has the negative discriminant Disc = (tr A)2 − 4
detA < 0.

Taking into account the last condition, sys-
tem (6) by suitable linear real replacements of vari-
ables y → f11y + f12z and z → f21y + f22z can be
transformed to the form


ẋ(t) = a11x(t) + a12y(t) + a13z(t)

+ b11y
2(t) + b12y(t)z(t) + b22z

2(t),

ẏ(t) = a21x(t) + a22y(t) + a23z(t)

+ c11x(t)y(t) + c12x(t)z(t),

ż(t) = a31x(t) − a23y(t) + a22z(t)

+ c21x(t)y(t) + c22x(t)z(t).

(7)

(For simplification of a further presentation, we
retain for system (7) designations of system (6);
it must not result in a misunderstanding, because
system (6) is not used.)

Theorem 3. Suppose that for system (7) the
following conditions are fulfilled :

(i) a11 < 0;
(ii) the quadratic form h(y, z) = b11y

2 + b12yz +
b22z

2 �≡ 0 is positive definite (negative defi-
nite);

(iii) the quadratic form g(y, z) = c11y
2 + (c12 +

c21)yz +c22z
2 is negative definite (positive def-

inite).

Then for any initial values and ∀ t ≥ 0 the solutions
x(t), y(t), z(t) of system (7) are bounded.

Proof. Let us for system (7) define new variables
ρ ≥ 0 and φ by the formulas: y = ρ cos φ, z =
ρ cos φ. Then we obtain the new system


ẋ(t) = a11x + (a12cos φ + a13 sinφ)ρ

+ (b11 cos2φ + b12 cos φ sin φ

+ b22 sin2φ)ρ2,

ρ̇(t) = (a21 cos φ + a31 sin φ)x + a22ρ

+ [c11 cos2φ + (c12 + c21) cos φ sin φ

+ c22 sin2φ]xρ,

φ̇(t) = −a23 + [c21 cos2φ + (c22 − c11)

× cos φ sin φ − c12 sin2φ]x

+ (a31 cos φ − a21 sin φ)
(

x

ρ

)
.

(8)

Without loss of generality, we can consider that
the quadratic form h(y, z) is positive definite and
the quadratic form g(y, z) is negative definite.

Let x0 ≥ 0. Note that the case x0 ≤ 0 has been
taken previously. Really, let x0 ≤ 0. If non-negative
function exp(−a11t)h(y(t), z(t)) increases, then we
see moment T > 0 such that ∀ t > T

x(t) = exp(a11t)
(

x0 +
∫ t

T
exp(−a11τ)

× [(a12 cos φ(τ) + a13 sinφ(τ))ρ(τ)

+ h(y(τ), z(τ))]dτ

)
≥ 0;
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therefore, we have x(t) > 0. If there is a
moment T1 > 0 such that ∀ t > T1 the
function exp(−a11t)h(y(t), z(t)) decreases, then
limt→∞ x(t) = 0.

Let us find a minimum and a maximum of func-
tion h = h(φ) ≡ b11 cos2φ+b12 cos φ sin φ+b22 sin2φ.
Then we will have

hmin =
b11 + b22 −

√
(b11 − b22)2 + b2

12

2
≥ 0,

hmax =
b11 + b22 +

√
(b11 − b22)2 + b2

12

2
> 0.

A similar research for the function g = g(φ) ≡
c11 cos2φ+(c12 +c21) cos φ sin φ+c22 sin2φ gives the
following results:

gmax =
c11 + c22 +

√
(c11 − c22)2 + (c12 + c21)2

2
< 0

gmin =
c11 + c22 −

√
(c11 − c22)2 + (c12 + c21)2

2
< 0.

In addition, the following inequality is obvious:

−
√

p2 + q2 ≤ p cos φ + q sinφ ≤
√

p2 + q2.

Taking into account these remarks, we will have:

a11x + (a12 cos φ + a13 sin φ)ρ + (b11 cos2φ

+ b12 cos φ sin φ + b22 sin2φ)ρ2

≤ a11x +
√

a2
12 + a2

13ρ + hmaxρ
2,

(a21 cos φ + a31 sinφ)x + a22ρ

+ [c11 cos2φ + (c12 + c21) cos φ sin φ

+ c22 sin2φ]xρ

≤
√

a2
21 + a2

31x + a22ρ + gmaxxρ.

We introduce the differentiated functions x1(t)
and ρ1(t) satisfying the following system of differ-
ential equations:



ẋ1(t) = a11x1(t) +
√

a2
12 + a2

13ρ1(t)

+ hmax · ρ2
1(t),

ρ̇1(t) =
√

a2
21 + a2

31x1(t) + a22ρ1(t)

+ gmax · x1ρ1(t).

(9)

According to Comparison Principle [Kuznet-
sov, 1998] for systems (8) and (9), we have: x(t) ≤
x1(t) and ρ(t) ≤ ρ1(t). Thus, from boundedness of
solutions of system (9) it follows that solutions x(t)
and ρ(t) of system (8) are also bounded. (Generally
speaking, angle φ can be unbounded.)

It is easy to check from Theorem 1 that con-
dition hmaxgmax < 0, is necessary for boundedness
of solutions of system (9). This condition has been
proved in work [Belozyorov, 2011a]; the proof is
based on the research of a homogeneous system
(in (9) a linear part is absent). (In our case, the
condition hmaxgmax < 0 is always satisfied.)

In [Belozyorov, 2011b] the condition of bound-
edness of solutions for a quadratic system of differ-
ential equations with almost any linear part is also
met. For the systems of second order, this condition
appeared very restrictive. Therefore, we will take
advantage of Theorem 1, which asserts that for the
boundedness of solutions of system (9), besides the
condition hmaxgmax < 0, there is enough implemen-
tation of another condition: a11 < 0. This completes
the proof of Theorem 3. �

Further, we assume in system (8), c11 = c22 =
p, c12 = −c21 = q, a11 = a, a22 = b, a23 = c,
a12 = a13 = a21 = a31 = 0. Then, we get


ẋ(t) = ax(t) + b11y
2(t) + b12y(t)z(t) + b22z

2(t),

ẏ(t) = by(t) + cz(t) + x(t)(py(t) + qz(t)),

ż(t) = −cy(t) + bz(t) + x(t)(−qy(t) + pz(t)).

(10)

This system will be used for establishing the
chaotic properties of system (7).

3. On Existence of Limit Cycles
in System (10)

Let

ẋ(t) = G(x(t)), x(t) ∈ R
n,

G(x) ∈ R
n, t ∈ R

(11)

be a system of ordinary autonomous differential
equations and let x(t,x0) be a trajectory of this sys-
tem with initial data x0 ∈ R

n. Here G(x) : R
n →

R
n is a continuous vector-function; x(0,x0) = x0.

The trajectory x(t,x0) of system (11) is called
periodic if there exists a constant T > 0 such that

∀ t ∈ R x(t + T,x0) = x(t,x0).
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Let x(t,y0) (x0 �= y0) be another trajectory
of system (11) such that ‖x0 − y0‖ < ε, where the
symbol ‖v‖ means the Euclidean norm of the vector
v; ε → 0 is any positive sufficiently small number.

The periodic trajectory x(t,x0) of system (11)
is called isolated if for any positive sufficiently small
number ε > 0 there does not exist the periodic
trajectory x(t,y0) such that ‖x0 − y0‖ < ε. The
isolated periodic trajectory x(t,x0) of system (11)
is called a limit cycle.

A set M ⊂ R
n is said to be a positively invari-

ant set with respect to (11) if from x0 ∈ M it follows
that x(t,x0) ∈ M ∀ t ≥ 0.

A point s ∈ R
n is said to be a positive limit

point of x(t,x0) if there is a sequence {tm}, with
tm → ∞ as m → ∞, such that x(tm,x0) → s as
m → ∞. The set L

+ of all positive limit points of
x(t,x0) is called the positive limit set of x(t,x0).

Let D ⊂ R
n be a compact set.

Lemma 1 [Khalil, 1996, Lemma 3.1]. If solution
x(t,x0) is bounded and belongs to D, then its posi-
tive limit set L

+ is a nonempty, compact, invariant
set. Moreover, x(t,x0) → L

+ as t → ∞.

The following theorem is the substantial
strengthening of Theorem 3 which was represented
in [Belozyorov, 2011b].

Theorem 4. For system (10) let b > 0, (b11−b12)2+
b2
12 �= 0 and the conditions of Theorem 3 be valid.

Then in system (10) there exists either a limit cycle
or a limit torus.

Proof. Two different ways of the proof are possible:
q = 0 and q �= 0. The case q = 0 is indicated in the
corollary of Theorem 5. Therefore we will consider
that q �= 0.

Introduce into system (10) new variables ρ and
φ under the formulas: y = ρ cos φ, z = ρ sin φ, where
ρ > 0. Then, after replacement of variables and mul-
tiplication of the second and third equations of sys-
tem (10) on the matrix


cos φ(t) sinφ(t)

−sin φ(t)
ρ(t)

cos φ(t)
ρ(t)


,

we get 


ẋ(t) = a · x(t) + ρ2(t) · h(φ(t)),

ρ̇(t) = (b + p · x(t)) · ρ(t),

φ̇(t) = −(c + q · x(t)).

(12)

(A) From the second and third equations of sys-
tem (12) it follows that

dρ

ρ
+

p

q
dφ =

(
b − c

p

q

)
dt

and

ρ(φ, t) = ρ0 exp
(
−p

q
φ +

(
b − p

q
c

)
t

)
, (13)

where ρ0 = ρ0(φ0) = const > 0.
In this case, system (12) may be reduced to the

form


ẋ(t) = a · x(t) + ρ2
0 exp

(
−2p

q
φ(t)

)

· exp
(

2
(

b − p

q
c

)
t

)
· (b11 cos2φ(t)

+ b12 cos φ(t) sin φ(t) + b22 sin2φ(t)),

φ̇(t) = −c − q · x(t).
(14)

Let us calculate Lyapunov’s exponent Λ for a
real function f(t) [Kuznetsov, 1998]:

Λ[f ] = lim
t→∞

1
t

ln
∣∣∣∣ f(t)
f(t0)

∣∣∣∣ .
We take advantage of the following properties

of Lyapunov’s exponents:

(a1) Λ[f1(t) · f2(t)] ≤ Λ[f1(t)] + Λ[f2(t)];
(a2) if m ≥ 0, then Λ[tm] = 0;
(a3) if Λ[f(t)] < 0, then Λ[

∫∞
t f(τ)dτ ] ≤ Λ[f(t)];

(a4) Λ[f1(t) + f2(t)] ≤ max(Λ[f1(t)],Λ[f2(t)]);
(a5) Λ[d · f(t)] = Λ[f(t)] (d �= 0).

First we calculate Λ[ρ]. It is clear that
maxt>0 ρ(t) may be reached under the condition
ρ̇(t) = 0 or at x = −b/p [it follows from the second
equation of system (12)]. In this case from the third
equation of system (14) it follows that lim

t→∞ ρ(t) →
max if lim

t→∞ φ̇(t) = −c + b(q/p). Thus,

Λ[ρ] = lim
t→∞

1
t

ln
∣∣∣∣ρ(t)

ρ0

∣∣∣∣

= lim
t→∞

1
t

ln

∣∣∣∣∣∣∣
ρ0 exp

(
−p

q
φ(t) +

(
b − p

q
c

)
t

)
ρ0

∣∣∣∣∣∣∣
= −p

q
lim
t→∞

φ(t)
t

+ b − p

q
c.
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Using L’Hospital’s rule, we get

Λ[ρ] = −p

q
lim
t→∞

φ(t)
t

+ b − p

q
c

= −p

q
lim
t→∞ φ̇(t) + b − p

q
c

= 0.

Consider the function

h(φ) = b11 cos2φ + b12 cos φ sin φ + b22 sin2φ

=
b11 + b22

2
+

b11 − b22

2
cos 2φ

+
b12

2
sin 2φ

=
b11 + b22

2
+

√
(b11 − b22)2 + b2

12

2

× sin(2φ + α),

where

sin α =
b11 − b22√

(b11 − b22)2 + b2
12

,

cos α =
b12√

(b11 − b22)2 + b2
12

.

It is clear that h(φ) �= 0, if

|b11 + b22|√
(b11 − b22)2 + b2

12

> 1.

In this case for the function h(φ(t)), Lyapunov’s
exponent Λ(h) = 0. If

|b11 + b22|√
(b11 − b22)2 + b2

12

≤ 1,

then there exists a point φ = γ such that h(γ) = 0.
In this case Λ(h) = −∞.

From here and (a1) it follows that
Λ(exp(at)ρ2h) ≤ Λ(exp(at)) + Λ(ρ2) + Λ(h) ≤
a + 0 + 0 = a or Λ(exp(at)ρ2h) = −∞. Thus,
from (a2) and (a3) it follows that

Λ
[∫ ∞

t
exp(a(t − τ))ρ2(τ)h(τ)dτ

]
≤ a.

Therefore, from boundedness of x(t) and (a4), we
have Λ[x(t)] ≤ a.

From the third equation of system (12), we get
φ(t) = φ0 − ct + q

∫ t
0 x(τ)dτ. Then from (a4) and

(a5) it follows that

Λ[φ(t)] ≤ Λ[φ0 − ct] + Λ
[
q

∫ ∞

0
x(t)dt

]

≤ max(0, a)

= 0.

As a < 0, then Λ[x] + Λ[ρ] + Λ[φ] ≤ a < 0. It
means that system (12) [or (10)] is dissipative.

The origin is a unique equilibrium of sys-
tem (10). If b < 0 then the origin is a stable node.
Therefore, by virtue of boundedness of solutions it
will be attracted to the origin. If b > 0, then the
origin is a saddle-focus, and we have Λ[x] ≤ a < 0,
Λ[ρ] = 0, Λ[φ] ≤ 0.

(B) According to the conditions of Theorem 4, solu-
tions x(t) and ρ(t) of system (12) are bounded
at any initial data. Consequently for the con-
crete solution x(t,x0) (in polar coordinates it is
(x(t), ρ(t), φ(t))) there is a nonempty, compact,
invariant set L

+ (see Lemma 1).
Assume that a vector solution (x+(t), ρ+(t),

φ+(t)) ∈ L
+. By virtue of boundedness of any

solution x(t), ρ(t) of system (12) there must be
points tk such that ẋ+(tk) = 0; k = 1, 2, . . . .
Therefore, from the first equation of system (12)
and condition ẋ+(tk) = 0, we have h(φ+(tk)) =
−ax+(tk)/ρ+2(tk) > 0.

We will consider that x+
0 > 0. Then from this

condition and the first equation of system (12) it
follows that ∀ t > 0 x(t) > 0 (see the proof of
Theorem 3). As the function h(φ) is π-periodic and
h(φ) ≥ 0, then the relation x+(tk)/ρ+2(tk) is also
π-periodic; k = 1, 2, . . . .

There are only two possibilities:

(B1) The functions x+(t) and ρ+(t) are periodic;
(B2) The functions x+(t) and ρ+(t) are not

periodic.

Assume that condition (B2) takes place. Then
there does not exist a number T > 0 such that
∀ t ≥ 0 ρ+(t + T ) = ρ+(t). Consequently the
inequality

−p

q
φ+(t) +

(
b − p

q
c

)
t

�= −p

q
φ+(t + T ) +

(
b − p

q
c

)
(t + T )
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or

p

q
φ+(t + T ) − p

q
φ+(t) �=

(
b − p

q
c

)
T

follows from (13).
From here it follows that

p

q
lim
T→0

φ+(t + T ) − φ+(t)
T

=
p

q
φ̇+(t) �= b − p

q
c.

Thus, from the third equation of system (12) we
have

∀ t ≥ 0 φ̇(t) = −c − qx+(t) �= b
q

p
− c

and

x(t)+ �= − b

p
.

Then from the second equation of system (12) it
follows that ∀ t ≥ 0 ρ̇+(t) �= 0. It means that the
function ρ+(t) is unbounded. We derived the con-
tradiction. Consequently the condition (B1) must
be valid.

In (A) for any solution (x(t), ρ(t), φ(t)) the con-
ditions Λ[x] ≤ a < 0, Λ[ρ] = 0, Λ[φ] ≤ 0 were
obtained. In addition, we know that the periodic
solution (x+(t), ρ+(t), φ+(t)) exists. From here it
follows that in system (12) [or (10)] there is either
a limit cycle L

+ = (x+(t), ρ+(t), φ+(t)) or a limit
torus (if Λ[φ] = 0). �

Consider the following system


ẋ(t) = a11x(t) + h(cos φ(t), sin φ(t))ρ2(t),

ρ̇(t) = a22ρ(t) + c11x(t)ρ(t),

φ̇(t) = −a23.

(15)

This system is obtained from system (8) at values of
parameters: a12 = a13 = a21 = a31 = c12 = c21 = 0,
c11 = c22 �= 0, and a23 �= 0. System (15) will
be used for the construction of discrete models for
system (7).

4. Discrete Dynamics of System (15)

Theorem 5. Let a22 > 0. Then under the con-
ditions of Theorem 4, a discrete dynamics of sys-
tem (15) is determined by the following 2D implicit

iterated process:


xk+1 = xk exp
[
2πa22

a23
+

2πc11

a23

× [uk+1xk+1 − ukxk]
]
,

uk+1 = uk + 1; k = 0, 1, 2, . . . .

(16)

Proof

(A) In the beginning we will consider a system
which is obtained from system (15) at the values
of parameters b12 = 0 and b11 = b22:{

ẋ(t) = a11x(t) + b11ρ
2(t),

ρ̇(t) = a22ρ(t) + c11x(t)ρ(t).
(17)

Let x0 > 0 and ρ0 > 0 be the initial values for
system (17).

It is clear that system (17) has two equilibrium
points, one of which is located in the first orthant:

O1 = (0, 0);

O2 =
(
−a22

c11
,

√
a11a22

c11b11

)
.

It is possible to check that the point O1 is saddle.
At the point O2, the Jacobian matrix of system (17)
has eigenvalues

µ1,2 =
a11

2
±

√
∆
2

, a11 < 0,

where ∆ = a2
11 + 8a11a22. Hence, if ∆ ≥ 0 then

point O2 is a stable node; if ∆ < 0 then point O2 is
a stable focus.

Thus, in a small enough neighborhood of point
O2 the solutions of system (17) look like:

(a) ∆ ≥ 0,




x(t) = −a22

c11
+
(

x0 +
a22

c11

)

× exp((0.5a11 + 0.5
√

∆)t),

ρ(t) =
√

a11a22

c11b11
+
(

ρ0 −
√

a11a22

c11b11

)

× exp((0.5a11 − 0.5
√

∆)t).
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(b) ∆ < 0,


x(t) = −a22

c11
+ exp(0.5a11t)

×
[(

x0 +
a22

c11

)
cos(0.5

√−∆t)

−
(

ρ0 −
√

a11a22

c11b11

)
sin(0.5

√−∆t)
]
,

ρ(t) =
√

a11a22

c11b11
+ exp(0.5a11t)

×
[(

x0 +
a22

c11

)
sin(0.5

√−∆t)

+
(

ρ0 −
√

a11a22

c11b11

)
cos(0.5

√−∆t)
]
.

Introduce the designation

u(t) ≡

∫ t

0
x(τ)dτ

x(t)
. (18)

We will consider an asymptotic behavior of function
u(t) at t → ∞. From conditions x0 > 0 and ρ0 > 0,
it follows that x(t) > 0 and ρ(t) > 0. Then the
Bendixson Criterion [Kuznetsov, 1998] asserts that
in the quadrant x ≥ 0, ρ ≥ 0 limit cycles do not
exist. Consequently, any trajectory of system (17)
will tend to the point O2. Therefore, at t → ∞,
from (a) and (b) it follows that

lim
(x(t),ρ(t))→O2

u(t)

= lim
(x(t),ρ(t))→O2

∫ t

0
x(τ)dτ

x(t)

= lim
(x(t),ρ(t))→O2

−a22t

c11
+ g0 + g1(t) exp(0.5a11t)

−a22

c11
+ g2(t) exp(0.5a11t)

= t.

(Here g0 = const; g1(t) and g2(t) are bounded
functions on interval [0,∞).)

Thus, at t → ∞, we obtain the asymptotic
estimates: u(t) = t + O(1) and∫ t

0
x(τ)dτ = −a22

c11
t + O(1).

(B) Now we will consider that even one of the
parameters b12, or b11, or b22 is not equal to zero.

Let x(ti) = xi, ρ(ti) = ρi, φ(ti) = φi, where
ti are roots of the first equation ẋ(ti) = a11x(ti) +
h(cos φ(ti), sin φ(ti))ρ2(ti) = 0 of system (15), i =
1, 2, . . . . We can consider that · · · < φi−1 < φi <
φi+1 < φi+2 < · · · .

We can also consider that the following variant
takes place: tk, tk+1, . . . are sequential maximums of
function x(t); k = 1, 2, . . . .

From system (15) we have:

x(tk) = −ρ2(tk) · h(cos φ(tk), sin φ(tk))
a11

,

k = 1, 2, . . . (19)

According to Theorem 4, system (15) must have
a limit cycle. Let T be a period of this cycle. Then
from (19) we have

x(t + T )
ρ2(t + T )

=
x(t)
ρ2(t)

=
x(tk)
ρ2(tk)

= −h(cos φ(tk), sin φ(tk))
a11

. (20)

Consider the fraction

xk+1

xk
=

ρ2
k+1 · h(cos φ(tk+1), sin φ(tk+1))

ρ2
k · h(cos φ(tk), sin φ(tk))

.

From (19) it follows that ∀ i the magnitude
φ(tk+1) − φ(tk) = φ(T ), where φ(T ) is a period
of the function h(cos φ(t), sin φ(t)). Then from here
and (20), we have

h(cos φ(tk+1), sin φ(tk+1))
h(cos φ(tk), sin φ(tk))

= 1.

It is clear that the period of the function
h(cos φ(t), sin φ(t)) is equal to π. Therefore, period
T of the function x(t) (or ρ(t)) is nπ, where n is an
integer. Let n = 1. Then from the third equation of
system (15), we have

φ(tk+1) − φ(tk)

= −π = −a23(tk+1 − tk); a23 > 0.

(If a23 < 0, then φ(tk+1) − φ(tk) = π.)
Therefore, the fraction xk+1/xk may be rewrit-

ten as

xk+1

xk
= exp

[
2πa22

a23
+ 2c11

∫ tk+1

tk

x(τ)dτ

]
. (21)
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We consider the sequence of systems of
type (17):{

ẋk(t) = a11xk(t) + h(cos φ(tk), sin φ(tk))ρ2
k(t),

ρ̇k(t) = a22ρk(t)+ c11xk(t)ρk(t),

k = 0, 1, 2, . . . . (22)

Since h(cos φ(tm), sin φ(tm)) = h(cos φ(tn),
sin φ(tn)) for any m,n = 0, 1, 2, . . . , it is possible
to consider that b11 = h(cos φ(tm), sin φ(tm)) > 0,
m = 0, 1, 2, . . . . Therefore, for any t0, t1, . . . the
equilibrium points of system (22) coincide with
points O1, O2 having the type: a saddle and a sta-
ble node or a stable focus. Thus, in a small enough
neighborhood of point O2 for any k = 0, 1, 2, . . . ,
we obtain the same solutions (a) and (b) of sys-
tem (22) that in the section (A): xk(t) = x(t) and
ρk(t) = ρ(t).

Rewrite relation (18) in the form∫ t

0
x(τ)dτ = x(t)u(t), (23)

where u(t) is differentiated on the interval [0,∞)
function.

Differentiate relation (23) on t. Then taking
into account (15), we derive

u̇(t) = −u(t)
[
a11 + h(cos φ(t), sin φ(t))

ρ2(t)
x(t)

]
+ 1.

Introduce the designation

f(t) ≡ −
[
a11 + h(cos φ(t), sin φ(t))

ρ2(t)
x(t)

]
,

where f(tk) = −ẋ(tk)/x(tk) = 0; k = 0, 1, . . . . Then
we will have

u̇(t) = f(t)u(t) + 1. (24)

Let ξ be any fixed point of the increasing
sequence t0, t1, t2, . . . ; limk→∞ tk = ∞. (In other
words, f(ξ) = 0.)

We choose a small enough positive interval
(ξ − δ, ξ + δ) containing the point ξ. (Here δ → 0.)

As x(t) = −a22/c11 + o(1), then f(t) = o(1) at
t → ∞. Let fmax = maxt |f(t)|, t ∈ [ξ − δ, ξ + δ].
Instead of Eq. (24), we consider equation

v̇(t) = fmaxv(t) + 1. (25)

(It is clear that ∀ t ∈ (ξ − δ, ξ + δ) u(t) ≤ v(t).)

The solution of the linear equation (25) at t → ξ
has the form

v(t) =
v0 exp

(∫ t

0
fmaxdτ

)
− 1

fmax
.

The Taylor-series expansion of the exponent in
a neighborhood of the point t = ξ gives such a
result:

v(t) = lim
τ→ξ

v0 + v0fmax(t − ξ) + · · · − 1
fmax

=
v0 − 1
fmax

+ v0(t − ξ) + lim
τ→ξ

v0

fmax

×
∞∑
i=1

1
(i + 1)!

f i
max(τ − ξ)i+1

= v0(t − ξ) +
v0 − 1
fmax

+ o(1).

As v(t) does not depend on δ, then
limδ→ξ v(t) = β(t − ξ) + (u0 − 1)/fmax = βt + α;
α = const, β = const. The last relation results in
the formula

vk+1 − vk = βtk+1 + α − βtk − α

= βtk+1 − βtk = β
π

a23
. (26)

With regard to (23) equality (21) adopts the
form

xk+1

xk
= exp

[
2πa22

a23
+ 2c11(xk+1vk+1 − xkvk)

]
.

(27)

In order that the process (27) tends to the equi-
librium point O2 it is necessary that limk→∞ xk =
−a22/c11 and v0 = 1. From here and (26) it follows
that β = 1.

Fulfill the replacement of variables: v → πu/
a23. Now a union of Eqs. (27) and (26) completes
the proof of Theorem 5. �

The following obvious assertion is derived by
the calculation of a fixed point of map (16).

Corollary. Under the conditions of Theorem 5 sys-
tem (15) has a limit cycle which is a circumference

y2 + z2 =
a11a22

c11b11

situated in the plane x = −a22/c11.
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Notice that the value u substantially depends
on the initial data. Therefore, for a hit on the limit
cycle, it is necessary that time t was large enough.

Assume that in systems (7) and (8): a11 = a,
a12 = a13 = 0, c12 = c21 = 0, c11 = c22 = p, a22 = b,
a23 = c,

s =
b11 + b22

2
, d = ±

√
(b11 − b22)2 + b2

12

2
.

Then we have


ẋ(t) = ax(t) + b11y
2(t) + b22z

2(t),

ẏ(t) = a21x(t) + by(t) + cz(t) + px(t)y(t),

ż(t) = a31x(t) − cy(t) + bz(t) + px(t)z(t)

(28)

and


ẋ(t) = ax + (s + d · sin(2φ + α))ρ2,

ρ̇(t) = (a21 cos φ + a31 sinφ)x + bρ + pxρ,

φ̇(t) = −c + (a31 cos φ − a21 sin φ)
x

ρ
.

(29)

Here a < 0, b > 0, s > 0, s− |d| > 0, p < 0, and the
angle α is defined in Sec. 3.

System (29) can be rewritten as following


ẋ(t) = ax + (s + d · sin(2φ + α))ρ2,

ρ̇(t) = q · (cos(φ + β))x + bρ + pxρ,

φ̇(t) = −c − q · (sin(φ + β))
x

ρ
,

(30)

where

q =
√

a2
21 + a2

31, sin β = − a31√
a2

21 + a2
31

,

cos β =
a21√

a2
21 + a2

31

.

Introduce a new variable under the formula
ξ(t) = φ(t) + β. Then system (30) transforms to
the system



ẋ(t) = ax + (s + d · sin(2ξ + α − 2β))ρ2,

ρ̇(t) = q · (cos(ξ))x + bρ + pxρ,

ξ̇(t) = −c − q · (sin(ξ))
x

ρ
.

(31)

Below we will consider the simplified vari-
ant (31) of system (8).

5. Chaotic Dynamics in System (31)
and Lambert Function

There are different methods to establish the pres-
ence of chaotic dynamics in the nonlinear sys-
tems. We will adhere to the following approach:
at first 1D discrete map P : R → R which can
generate chaos in system (31) is built; after that
its chaoticity (in the sense of both Li–Yorke and
Devaney) is proved [Belozyorov, 2012; Belozyorov &
Chernyshenko, 2013].

System (31) is called chaotic if the map P is
chaotic.

In [Belozyorov, 2011b] the discrete map

zk+1 = zk · exp(λ − α2kzk − α2k+1zk+1);

k = 0, 1, 2, . . . , (32)

describing a chaotic dynamics in systems (7) [or (8)]
at a21 = a31 = 0 was obtained. (Here λ, α0,
α1, . . . are known positive real numbers.)

For system (15), Theorem 4 gives a more gen-
eral result. The point xk of process (16) depends
only on the parameters of system (15). At the
same time, process (32) depends not only on the
parameters of system (7), but also on the character
of its solutions. (This character is included in the
sequence of coefficients α0, α1, . . . of process (32).)
Seems that in the case of system (7) [or (8)] to get a
simple discrete map of type (32) is already impossi-
ble. Nevertheless for research of chaos in system (8),
we have applied the same approach as for the con-
struction of map (32) [Belozyorov, 2011b].

The solution of the second equation of sys-
tem (31) can be represented in the form

ρ(t) = ρ0 exp
[∫ t

0
(b + px(τ))dτ

]

+ q

∫ t

0
x(τ) cos(ξ(τ))

× exp
[∫ t

τ
(b + px(τ))dτ

]
dτ

= exp
[∫ t

0
(b + px(ω))dω

]

×
[
ρ0 + q

∫ t

0
x(τ) cos(ξ(τ))

× exp
[
−
∫ τ

0
(b + px(τ))dτ

]
dτ

]
, t > τ.

(33)
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Suppose that ∀ ρ0 > 0, x0 > 0, t ≥ 0 and
∀ q ∈ R, the condition

∀ t ≥ 0 ρ(t) > 0 (34)

is valid.
Let m be a positive integer. With the help of

formula (32), we define the real implicit 1D iterated
process by the rule

zk+m = zk · exp[m · λ − α2kzk

− (α2k+1 + α2k+2)zk+1

− · · · − (α2k+2m−3 + α2k+2m−2)zk+m−1

−α2k+2m−1zk+m]; k = 0, 1, . . . (35)

Here λ, α0, α1, . . . are the same numbers as that
in (32).

Consider the discrete 1D map

xk+1 = xk · exp(λ − α0xk − α1xk+1),

k = 0, 1, 2, . . . (36)

Lemma 2. If α0 = α1 then map (36) is not chaotic.

Proof. Let α0 = α1 = α. Then by replacement of
variable αx → y map (36) can be reduced to the
form

yk+1 = yk · exp(λ − yk − yk+1), k = 0, 1, 2, . . .

(37)

It is clear that the point y∗ = λ/2 is a fixed point
for map (37).

The next fixed point is determined from rela-
tion yk+2 = yk+1 · exp(λ − yk+1 − yk+2), where
yk+1 �= yk; k = 0, 1, 2, . . . .

From the last formula and (37) it follows that
yk+2 = yk · exp(2λ − yk − yk+2 − 2yk+1).

Let yk+2 = yk. Then we have λ = yk + yk+1

and from here and (37) it follows that yk+1 = yk.
We get the contradiction. Consequently, all itera-
tions of map (37) has a unique fixed point y∗ = λ/2.
Therefore (37) cannot be chaotic. �

Theorem 6. Let the point (0, 0, 0) be a unique equi-
librium of system (28). Suppose also that for sys-
tem (31) conditions a < 0, b > 0, s > 0, s−|d| > 0,
d �= 0, p < 0, c �= 0, q �= 0, and (34) are valid. Then
at some values of parameters λ(q), α0(q), and α1(q)
a dynamics of system (31) defined by process (36)
becomes chaotic.

Proof. The conditions a < 0, b > 0, s > 0,
s − |d| > 0, d �= 0, p < 0, and c �= 0 are the corol-
laries of Theorems 3 and 4 applied to system (31).
Thus, the solutions x(t) and ρ(t) of system (31) are
bounded.

Suppose that in formula (33) the variable t
takes two values: tk and tk+1. Then we define the
numbers ρ(tk) = ρk > 0 and ρ(tk+1) = ρk+1 > 0.
Introduce the designation

∆(t) = exp
[∫ t

t0

(b + px(ω))dω

]
.

Then from formula (33) it follows that

ρk+1 = ρ0∆(tk+1) + q∆(tk+1)
∫ tk+1

t0

∆(−τ)x(τ)(cos ξ(τ))dτ,

ρk = ρ0∆(tk) + q∆(tk)
∫ tk

t0

∆(−τ)x(τ)(cos ξ(τ))dτ

and

ρk+1

ρk
= ∆(tk+1)∆(−tk) + q

∆(tk+1)
ρk

∫ tk+1

tk

∆(−τ)x(τ)(cos ξ(τ))dτ

= ∆(tk+1)∆(−tk) +
q∆(tk+1)∆(−tk)

ρ0 + q

∫ tk

t0

∆(−τ)x(τ)(cos ξ(τ))dτ

×
∫ tk+1

tk

∆(−τ)x(τ)(cos ξ(τ))dτ.

Then according to the method in Sec. 3 from the last relation, we get that for any integer k takes the
following form

1450025-11
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xk+1

xk
=
[
ρk+1

ρk

]2
= exp

[
2
∫ tk+1

tk

(b + px(ω))dω

]

×


1 +

q

∫ tk+1

tk

x(τ)(cos ξ(τ)) exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
dτ

ρ0 + q

k−1∑
i=0

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ




2

; tk+1 ≥ tk + τ > tk.

(38)

Consider the series (k → ∞) located in a denominator of expression (38):

ρ0 + q

∞∑
i=0

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ. (39)

(A) Assume that series (39) converges and it has a finite sum; this sum is denoted by

S = ρ0 + lim
k→∞

Sk > 0,

where Sk is a kth partial sum of series (39). Then there exists a constant K > 0 such that

0 < exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
≤ K, tk < τ < tk+1. (40)

By virtue of convergence of series (39) the following condition takes place:

lim
k→∞

exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
= 0. (41)

Take advantage of equality (41). Then from (38) we have the following chain of transformations:

lim
k→∞


1 +

q

∫ tk+1

tk

x(τ)(cos ξ(τ)) exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
dτ

ρ0 + q

k−1∑
i=0

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ




= 1 + q lim
k→∞

exp
[
−
∫ tk+µk

tk+νk

(b + px(τ))dτ

] ∫ tk+1

tk

x(τ) cos ξ(τ)dτ

S
= 1.

Here µk > 0, νk > 0, tk ≤ tk + νk < tk + µk ≤ tk+1.

(B) Now let conditions (41) and S = 0 be valid. Then ρ0 + limk→∞ Sk = 0,

ρ0 + q
∞∑
i=0

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ = 0

and

S − Sk − ρ0 = Rk = q

∞∑
i=k

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ,

where Rk is a residual of series (39). In addition, Rk → 0 as k → ∞.
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Introduce the designation

F = lim
k→∞


1 +

q

∫ tk+1

tk

x(τ)(cos ξ(τ)) exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
dτ

ρ0 + q

k−1∑
i=0

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ


 =

(
1 +

0
0

)

= lim
k→∞


1 +

q

∫ tk+1

tk

x(τ)(cos ξ(τ)) exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
dτ

q

∞∑
i=k

∫ ti+1

ti

x(τ)(cos ξ(τ)) exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ


. (42)

Applying the L’Hospital’s rule to the fraction located in large square brackets of formula (42) we get

F = lim
k→∞


1 +

exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
dτ

∞∑
i=k

exp
[
−
∫ ti+τ

ti

(b+ px(τ))dτ

]
dτ


. (43)

Introduce the designation T = maxk(tk+1 − tk) > 0. (By virtue of construction of the sequence
t0, t1, . . . , tk, . . . the sequence t1 − t0, t2 − t1, . . . , tk+1 − tk, . . . is uniformly bounded.) Then, by virtue of the
boundedness of the positive function x(t), for i ≥ k we have estimations

exp
[
−
∫ ti+τ

ti

(b + px(τ))dτ

]
dτ ≥ exp

[
−
∫ ti+τ

ti

|b + px(τ)|dτ

]
≥ exp

[
−
∫ ti+1

ti

|b + px(τ)|dτ

]

≥ exp
[
−
∫ ti+1

tk

|b + px(τ)|dτ

]
≥ exp

[
−(i − k)

∫ tk+1

tk

|b + px(τ)|dτ

]
.

Suppose that the moments tr and tr+1 from sequence t0, t1, . . . such that T = tr+1 − tr.
We have F > 0. On the other hand from (43), it follows that

F ≤ lim
k→∞


1 +

exp
[
−
∫ tk+τ

tk

(b + px(τ))dτ

]
dτ

∞∑
i=k+1

exp
[
−(i − k)

∫ ti+τ

ti

(b + px(τ))dτ

]
dτ




≤ lim
k→∞


1 +

exp
[
−
∫ tk+1

tk

|b + px(τ)|dτ

]
dτ

∞∑
i=k+1

exp
[
−(i − k)

∫ tk+1

tk

|b + px(τ)|dτ

]
dτ




≤ lim
k→∞


1 +

exp
[
−
∫ tr+1

tr

|b + px(τ)|dτ

]
dτ

∞∑
i=k+1

exp
[
−(i − k)

∫ tr+1

tr

|b + px(τ)|dτ

]
dτ


.
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The denominator of the last formula is a
decreasing geometrical progression 1 + θ + θ2 + · · · ,
where for q �= 0 we have

θ = exp
[
−
∫ tr+1

tr

|b + px(ω)|dω

]
, θ < 1.

Hence,

F ≤ 1 +
[
1 − exp

[
−
∫ tr+1

tr

|b + px(ω)|dω

]]

≡ 1 + ε(q) < 2,

where the function

ε(q) = 1 − exp
[
−
∫ tr+1

tr

|b + px(ω)|dω

]

is defined for q �= 0.
Thus, we obtain 0 ≤ ε(q) < 1, and from (38) it

follows that

xk+1

xk
< exp

[
2
∫ tk+1

tk

(b + px(ω))dω

]

·
[
2 − exp

[
−
∫ tr+1

tr

|b + px(ω)|dω

]]2
.

Now let only condition (40) be valid. Then
series (39) diverges and the partial sums are uni-
formly bounded. Thus, from (38) we obtain

xk+1

xk
= exp

[
2
∫ tk+1

tk

(b + px(ω))dω

]
· (1 + ε(q))2,

where 0 ≤ ε(q) < 1 and ε(q) = 0 is valid only at
q = 0.

There is another possibility. Series (39) diverges
and the partial sums are uniformly unbounded. In
this case, if only one from inequalities (40) or (41)
is fulfilled, then ε(q) = 0. Otherwise we again get
ε(q) �= 0.

Let ti,i+1 ∈ [ti, ti+1] be a minimum point
bounded on [ti, ti+1] function x(t). The func-
tion x(t) is monotone decreasing on interval
[ti, ti,i+1], and it is monotone increasing on interval
[ti,i+1, ti+1]. Then for any continuous function w(t),
we have (the second theorem is known on average
value):∫ ti+1

ti

w(τ) · x(τ)dτ

=
∫ ti,i+1

ti

w(τ) · x(τ)dτ +
∫ ti+1

ti,i+1

w(τ) · x(τ)dτ

= x(ti + 0)
∫ ξi

ti

w(τ)dτ + x(ti+1 − 0)

×
∫ ti+1

ζi

w(τ)dτ

= α2ixi + α2i+1xi+1,

where ti ≤ ξi ≤ ti,i+1, ti,i+1 ≤ ζi ≤ ti+1; α2i =∫ ξi

ti
w(τ)dτ, α2i+1 =

∫ ti+1

ζi
w(τ)dτ .

As 0 ≤ ε(q) < 1 then the designation η =
2 ln(1 + ε(q)) is correct. Thus, we have

exp
[
η + 2

∫ tk+1

tk

(b + px(ω))dω

]

= exp
[
η + 2b(tk+1 − tk) + 2p

∫ tk+1

tk

x(ω)dω

]

= exp(λ − α2kxk − α2k+1xk+1), (44)

where

λ = η + 2b(tk+1 − tk),

α2k =
2p
∫ tk,k+1

tk

x(τ)dτ

xk
,

α2k+1 =

2p
∫ tk+1

tk,k+1

x(τ)dτ

xk+1
;

tk,k+1 is the point of minimum of the function x(t)
located between two sequential maximums of that
function.

A cascade of bifurcations of a continuous 3D
system begins from the bifurcation of a limit cycle.
For the discrete 1D maps, this means the bifurca-
tion of 1-cycle. Consequently, the 3D system has to
contain a limit cycle.

Suppose that

lim
k→∞

α2k = α0, lim
k→∞

α2k+1 = α1.

It means that process (32) has l-cycle (integer l ≥ 1)
and system (31) has a limit cycle (it is a periodic
solution).

Taking into account the process (32), it is pos-
sible to rewrite it in the form (36). (The coefficients
α0 and α1 do not depend on k.)

In [Belozyorov, 2012] it is shown that the
dynamics of process (36) at q = 0 and some λ >
0, α0 > 0, and α1 > 0 become chaotic. (In accord
with Lemma 2, α0 �= α1.) This means that at some
small enough values of q, process (36) will also
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remain chaotic. Finally, the uniqueness of the saddle
point (0, 0, 0) eliminates the possibility of the limit
equalities limt→∞ ξ̇(t) = 0 and limt→∞ ξ(t) = const.
Hence we have limk→∞ tk = ∞. Then from bound-
edness of x(t), ρ(t) �= 0, and third equation of sys-
tem (31), it follows that limk→∞ ξ(tk) = −∞, the
equation sin(2ξ(tk) + α − 2β) = m(|m| ≤ 1) have
solutions ξ(tk), and process (36) takes place. This
completes the proof of Theorem 6. �

We notice that if in (31) q = 0, then in (32),
(35) and (36), λ = 2πb/c. In the case q �= 0, we have
generally speaking λ ≈ 2πb/c.

Let q = 0. By virtue of (31) periodic solutions
of the system have period π. If q > 0 then solu-
tions become already kπ-periodic, where an integer
k > 1. Therefore, for the description of discrete pro-
cesses in system (31) for q > 0, it is necessary to use
formula (35) at m ≥ 2.

We remind that at q = 0 solutions of sys-
tem (31) have period π and its discrete dynamics
is described by the map (36). If 0 < q < q∗, where
q∗ is a real number, a bifurcation of the limit cycle
of system (31) takes place and its period becomes
equal 2π. The discrete dynamics of system (31) will
be already described by two consequent iterations:

xk+1 = xk · exp(λ0 − α0xk − α1xk+1)

and

xk+2 = xk+1 · exp(λ1 − β1xk+1 − β2xk+2);

k = 0, 1, 2, . . .

Eliminating from the last formula the variable xk+1,
we get

xk+2 = xk · exp(λ0 + λ1 − α0xk − β2xk+2

− (α1 + β1) · Θ(xk, xk+2)); k = 0, 1, 2, . . . ,
(45)

where

Θ(xk, xk+2) = [xβ1

k xα1
k+2 exp(λ0β1 − λ1α1

−β1α0xk + α1β2xk+2)]
1

α1+β1 .

(We note the occurrence so that α1 = β1 = 0. Then
map (45) must be changed by the formula xk+2 =
xk · exp(λ0 + λ1 − α0xk − β2xk+2).)

A further scenario is obvious: if q∗ < q < q∗∗,
where q∗∗ is a real number, the next doubling of
period will be described by four processes (36) and
so on. In conclusion, we notice that all parameters
λ0, α0, α1, . . . , β2 implicitly depend on q.

Equation (45) has a very composite structure.
In connection with this remark, we introduce new
concepts and denotations.

We remind that a function y = y(x) is called the
Lambert function if the following conditions hold:
∀x ∈ [0,∞) y(x)·exp(y(x)) ≡ x. By Lam(x) denote
the function y(x). Thus, y(x) = Lam(x).

Now we replace the variable x in Eq. (36) by
the variable α1z. Then we have zn+1 exp zn+1 =
zn exp(λ − µzn), where µ = α0/α1. The use of the
Lambert function results in relation

zn+1 = Lam(zn exp(λ − µzn)), n = 0, 1, 2, . . .
(46)

This is an explicit iterated process. If we wish to
obtain the dependence of zn+2 on zn, then from (46)
it follows that

zn+2 = Lam[Lam(exp(λ − µzn))

· (exp(λ − µLam(zn exp(λ − µzn))))],

n = 0, 1, 2, . . . ,

and so on.

6. Other Discrete Maps Describing
Behavior of System (31)

In this section we represent new discrete processes
determining the chaotic dynamics of system (31).

It is well known that infinite number of changes
of a sign of derivative at least for one of the phase
variables at t → ∞ in any nonlinear system of ordi-
nary differential equations, the appearance of chaos
in such system is a necessary condition. Precisely
this condition (ẋ(t) = 0) was fixed as the basis
of construction of process (46). Below the cases
ρ̇(t) = 0 and ξ̇(t) = 0 will also be considered.

(i) Let ρ̇(t) = 0. Then from the second equation of
system (31), it follows that

q · (cos ξ(t))x(t) + bρ(t) + px(t)ρ(t) = 0. (47)

The period of function cos ξ(t) is 2π. Assume that
t0, t1, . . . , ti, . . . are the sequential points of maxi-
mums of the function ρ(t). Let ρi = ρ(ti) be the
maximums of ρ(t). By xi = x(ti) (ξi = ξ(ti)) denote
the values of the function x(t) (ξ(t)) at the points
ti; i = 0, 1, 2, . . .. Then from (47) and the condition
ξi+1 − ξi = 2π, we have

q cos ξi = −(b + pxi)ρi

xi
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and

(b + pxi)ρi

xi
=

(b + pxi+1)ρi+1

xi+1
; i = 0, 1, . . . (48)

Introduce the designation ∆ = ti+1 − ti > 0.
The first equation of system (31) has the solution

x(t) = x0 exp(at) +
∫ t

0
exp(a(t − τ))

× (s + d sin(2ξ(τ) + α − 2β))ρ2(τ)dτ ;

t > τ.

Taking into account the introduced designation ∆
from the last relation, we get

xi+1 − exp(a∆)xi

=
∫ ti+1

0
exp(a(ti+1 − τ))

× (s + d sin(2ξ(τ) + α − 2β))ρ2

× (τ)dτ − exp(a∆)
∫ ti

0
exp(a(ti − τ))

× (s + d sin(2ξ(τ) + α − 2β))ρ2(τ)dτ. (49)

Let f(t) = (s+d sin(2ξ(t)+α−2β))ρ2(t). Sup-
pose that t = ti → ∞. Consider the chain of trans-
formations of formula (49):

xi+1 − exp(a∆)xi

= exp(a(t + ∆))
∫ t+∆

0
exp(−aτ)f(τ)dτ

− exp(a(t + ∆))
∫ t

0
exp(−aτ)f(τ)dτ

= exp(a(t + ∆))
∫ t+∆

t
exp(−aτ)f(τ)dτ.

We again apply the second theorem about the
average value to the last relation. Then we get

xi+1 − exp(a∆)xi

= exp(a(t + ∆))
∫ ti+1

ti

exp(−aτ)

× (s + d sin(2ξ(τ) + α − 2β))ρ2(τ)dτ

= ρ2(ti) exp(a(t + ∆))
∫ ξi

ti

exp(−aτ)

× (s + d sin(2ξ(τ) + α − 2β))dτ

+ ρ2(ti+1) exp(a(t + ∆))
∫ ti+1

ζi

exp(−aτ)

× (s + d sin(2ξ(τ) + α − 2β))dτ

= α2iρ
2
i + α2i+1ρ

2
i+1; i = 0, 1, . . . (50)

Here ti ≤ ξi ≤ ti,i+1, ti,i+1 ≤ ζi ≤ ti+1, and

α2i = exp(a(t + ∆))
∫ ti,i+1

ti

exp(−aτ)γ(τ)dτ

≤ s + |d|
−a

(1 − exp(a∆)),

α2i+1 = exp(a(t + ∆))
∫ ti+1

ti,i+1

exp(−aτ)γ(τ)dτ

≤ s + |d|
−a

(1 − exp(a∆));

γ(τ) = (s + d sin(2ξ(τ) + α − 2β)) > 0.

We can consider that α2i = α0, α2i+1 = α1. In
this case, the formula (49) can be rewritten in the
form

xi+1 = exp(a∆)xi + α0ρ
2
i + α1ρ

2
i+1.

We also introduce the designations: λ =
exp(a∆) (since a < 0, then λ < 1), and

ui =
−p

b
xi, vi =

√−p√
b

ρi.

Then combining relations (48) and (50), we get 2D
implicit 3-parametric iterated process


ui+1 = λui + α0v
2
i + α1v

2
i+1, 0 < λ < 1;

vi+1 = vi
ui · (1 − ui+1)
ui+1 · (1 − ui)

,

0 < ui < 1; i = 0, 1, . . .

(51)

Here λ, α0 and α1 are positive parameters.
(ii) Let ξ̇(t) = 0. Then from the third equation of
system (31) it follows that

c + q · (sin ξ(t))
x(t)
ρ(t)

= 0. (52)

We will consider that for some q ∈ R, Eq. (52) has
a solution t∗ ∈ [0,∞].

Applying reasonings of item (i) to (52), we
obtain such relation

xi

ρi
=

xi+1

ρi+1
; i = 0, 1, 2, . . .
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Note that the points of maximums of the
function ξ(t) do not coincide with the points of
maximums of the function ρ(t) (or x(t)). However
at the conclusion of formula (50) this fact was not
used. Therefore, it is possible to use this formula.
In total, we get


ui+1 = λui + α0v
2
i + α1v

2
i+1, 0 < λ < 1;

vi+1 = vi
ui+1

ui
; i = 0, 1, . . .

(53)

We mark that sequences ui, vi in processes (51)
and (53) are different.

It is clear that 2D maps (51) and (53) are
more complex than 1D map (46). On the other
hand, maps (51) and (53) are rational while (46)
is exponential. (Notice that system (53) can be
reduced to the explicit form: ui+1 = ϕ1(ui, vi);
vi+1 = ϕ2(ui, vi).)

7. Examples

Consider the following system


ẋ(t) = −2x(t) + 7y2(t) + 13z2(t),

ẏ(t) = qx(t) + 7y(t) + 10z(t) − 3x(t)y(t),

ż(t) = −10y(t) + 7z(t) − 3x(t)z(t).

(54)

In the polar coordinates system (54) takes the
form [see (8)]


ẋ(t) = −2x + (10 − 3 · cos 2ξ)ρ2,

ρ̇(t) = q · (cos ξ) · x + 7ρ − 3xρ,

ξ̇(t) = −10 − q · (sin ξ) · x

ρ
.

(55)

Let us construct the iterated process (36) for
system (54). We have b = 7, c = 10, and p = 3.

Note that ∀ q ≥ 0 we have

Ψ = lim
k→∞

λ(q)
α0(q)xk + α1(q)xk+1

= − p

b(tk+1 − tk)

∫ tk+1

tk

x(t)dt ≈ 1.

This equality can serve as a criterion for the
verification of correctness of calculations.

(1) Let q = 0. Then for formulas (36) and (44), we
obtain: tk = 45.155, tk,k+1 = 45.312, tk+1 = 45.469,
and xmax = xk = xk+1 = 2.408. Besides, for sys-
tem (55), ξ(tk) = 451.55, ξ(tk+1) = 454.69 and

2.26

2.28

2.3

2.32

2.34

2.36

2.38

2.4

x(t)

45 45.5 46 46.5 47
t

(a)

106

108

110

112

114

116

i(t)

45 46 47 48 49 50
t

(b)

Fig. 1. The graphs of dependence (a) x(t) and (b)
R

x(t) on
t for system (54) at q = 0.

ξ(tk+1) − ξ(tk) = π. From Figs. 1(a) and 1(b), we
have:

α0 = α1 = 0.5 · 6 · i(45.469) − i(45.155)
xk

= 0.5 · 6106.222 − 105.489
2.408

= 0.913;

xk+1 = xk exp(4.396 − 0.913xk − 0.913xk+1);

k = 0, 1, . . .

and Ψ = 0.999. This is a π-periodic process. (Here
ε(q) = 0.)

Now assume that q ≥ 1.65.
Note that at increase of parameter q, the

parameter λ changes approximately in accord to
the formula λ = 2πbm/c; m = 1, 2, 4, . . .. However
at the values q ∈ (1.25 − 1.26), q ∈ (1.32 − 1.33),
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Fig. 2. The phase portraits of system (54) at different values of q. (a) q = 1.65. There is 1-cycle, (b) q = 1.7. There is 2-cycle,
(c) q = 1.71. There is 4-cycle and (d) q = 1.713. There is 8-cycle.

Fig. 3. The phase portrait of system (54) at q = 1.81. There
is chaos.

q ∈ (1.37−1.38), q ∈ (1.53−1.54), bifurcations take
place violating this process.

(2) Let q = 1.65. From Fig. 4(a) it follows that
tk = 30.94, tk+2 = 33.31, tk,k+2 = 32.78, and
xmax = xk = xk+2 = 4.88. Besides, for system (55)
ξ(tk) = −83.157, ξ(tk+2) = −89.440, ξ(tk,k+2) =
−84.693, and ξ(tk+2)− ξ(tk) = 2π. From Fig. 4(b),
we have:

α0 = 6
i(32.78) − i(30.94)

xk

= 6
73.975 − 69.721

4.88
= 5.234;

β2 = 6
i(33.31) − i(32.78)

xk+2

= 6
75.225 − 73.975

4.88
= 1.534.
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Fig. 4. The graphs of dependence (a) x(t) and (b)
R

x(t) on t for system (54) at q = 1.65.

Thus, process (45) for system (54) at q = 1.65
has the form

xk+2 = xk exp(33.180 − 5.234xk − 1.534xk+2),

k = 0, 1, . . .

(56)

and Ψ = 1.024. This is a 2π-periodic process.

(3) Let q = 1.70. In this case, a period-doubling
bifurcation takes place. Therefore, we take advan-
tage of formulas (44) and (45).

From Fig. 5(a) it follows that tk = 33.62,
tk,k+1 = 35.60, tk+1 = 36.06, tk+1,k+2 = 37.70,
tk+2 = 38.406, and xmax = xk = xk+2 = 4.89,
xmax 1 = xk+1 = 4.616. Besides, for system (55)

ξ(tk) = 89.366, ξ(tk+2) = 101.936 and ξ(tk+2) −
ξ(tk) = 4π. From Fig. 4(b), we have:

α0 = 6
i(35.60) − i(33.62)

xk

= 6
79.474 − 74.966

4.89

= 5.531;

α1 = 6
i(36.06) − i(35.60)

xk+1

= 6
80.387 − 79.474

4.616

= 1.187;

1

2

3

4

5

x(t)

30 32 34 36 38 40
t

70

75

80

85

90

i(t)
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Fig. 5. The graphs of dependence (a) x(t) and (b)
R

x(t) on t for system (54) at q = 1.7.
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β1 = 6
i(37.70) − i(36.06)

xk+1

= 6
84.221 − 80.387

4.616
= 4.886;

β2 = 6
i(38.40) − i(37.70)

xk

= 6
85.625 − 84.221

4.89
= 1.722.

For results calculation, we construct two iter-
ated processes:

xk+1 = xk · exp(34.160 − 5.531xk − 1.187xk+1),

xk+2 = xk+1 · exp(32.844 − 4.886xk+1

− 1.722xk+2); k = 0, 1, 2, . . .

Thus, process (45) for system (54) at q = 1.70
has the form

xk+2 = xk · exp(67.004 − 5.531xk − 1.722xk+2

− 6.06 · Θ(xk, xk+2)); k = 0, 1, 2, . . . ,

where Θ(xk, xk+2) may be calculated like (45). Here
Ψ = 0.96 and the process is 4π-periodic.

(4) Let q = 1.81. In this case, we have: tk = 33.45,
tk+1 = 36.20, tk,k+1 = 35.77; xk = 4.947, xk+1 =
3.958; ik = 69.530, ik,k+1 = 74.717, ik+1 = 75.390.

For results calculation, we construct the iter-
ated process:

xk+1 = xk · exp(38.501 − 6.291xk

− 1.020xk+1); k = 0, 1, . . . (57)
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Fig. 6. The iterations of map (58) and its fixed points at different n. (a) n = 1; y = f(x), (b) n = 4; y = f(f(. . . f(x))) =

f(4)(x), (c) n = 6; y = f(f(. . . f(x))) = f(6)(x) and (d) n = 8; y = f(f(. . . f(x))) = f(8)(x).
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Let us compare processes (56) and (57) between
themselves. For this purpose, we will take advan-
tage of formula (46). Then we get for processes (56)
and (57)

zn+1 = f(zn) ≡ Lam(zn exp(33.18 − 3.40zn)),

n = 0, 1, 2, . . . ,
(58)

zn+1 = g(zn) ≡ Lam(zn exp(38.50 − 6.17zn)),

n = 0, 1, 2, . . . .
(59)

From Fig. 6, it follows that map (58) is not
chaotic because at different n a number of fixed
points of map f (n)(x) remains limited. At the same
time from Fig. 7, it does not follow that map (59)

is chaotic. Nevertheless a verification showed that
for n ≤ 10 the number of fixed points of the map
g(n)(x) is multiplied with the growth n.

Let us build a bifurcation diagram of map (46)
at µ = 6.17 and λ ∈ (30, 40).

From Fig. 8 it is clear that the map g(z) is
chaotic at λ = 38.5. It means chaotic of system
(55) [or (54)] at q = 1.81.

Finally, we note that Theorem 6 for all indi-
cated values of parameters a = −2, a12 = a13 = 0,
b11 = 7, b22 = 13, c12 = c21 = 0, c11 = c22 = −3,
a22 = 7, and a23 = 10 of system (54) remains valid
at 0 < q ≤ 2.27. (At the indicated values of q the
point (0, 0, 0) is a unique equilibrium point of sys-
tem (54).)

The analysis of the resulting examples shows
that a dependence of parameters λ, α0, and α1 on
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Fig. 7. The iterations of map (59) and its fixed points at different n. (a) n = 1; y = g(x), (b) n = 2; y = g(g(x)) = g(2)(x),

(c) n = 4; y = g(g(. . . g(x))) = g(4)(x) and (d) n = 8; y = g(g(. . . g(x))) = g(8)(x).
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Fig. 8. The bifurcation diagram of the map g(z) =
Lam(z exp(λ − 6.17z)).

q in process (36) at other fixed parameters of sys-
tem (54) [or (31)] is continuously discrete. For the
continuous change of parameter q on the interval
(1.54−1.69), period T1 is 2π; if q ∈ (1.69−1.71) then
period T2 = 4π; if q ∈ (1.71−1.713) then period
T3 = 8π. Chaos is observed at q ∈ (1.74−1.83).
Besides, we note that in all considered examples
the function ε(q) = 0 or ε(q) ≈ 0.

8. Conclusion

• There are a few methods to prove the existence of
chaotic attractors in nonlinear dynamic systems.
For example, in [Tucker, 1999] the proof of exis-
tence of the Lorenz attractor is based on a combi-
nation of normal form theory and rigorous numer-
ical computations. In the present work, another
idea was developed: for the quadratic 3D system
a suitable discrete 1D mapping [(36) or (46)] is
built; its chaoticity is then proved. In our opinion
there is a more simple way of proof of existence
of chaotic dynamics in system (6).

• The method allows the known quadratic 3D sys-
tem (6) to construct the quadratic 2D system (4)
such that from boundedness of the solutions of
system (4) follows the boundedness of the solu-
tions of system (6) being offered.

• It is shown that chaotic dynamics in system (4)
at a21 = a31 = 0 and in that system at a21 �= 0
or a31 �= 01 is described by the same discrete
map (36). In addition, it is shown as with the
help of the Lambert function to pass from the
implicit process (36) to the explicit process (46).

• The present work, in which was assumed that
the discriminant Disc < 0, is connected to works
[Belozyorov, 2011b, 2012], where Disc > 0 was
assumed and establishes the theoretical bases for
research on chaotic process in system (6).

• The study of discrete map (46) depending on the
parameters λ and µ is of independent interest.
In the future the author hopes to get back to
researching the properties of its map.
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