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 Abstract. Mathematical modeling of the process of braking a mine locomotive 
with a disc brake on a long slope with a non-linear braking moment was carried out. 
 Keywords: mine locomotive, disk brake, frictional pair, relative sliding, clutch 
coefficient. 
 Introduction. The applied braking force and the dynamics of the mine 
locomotive drive during braking are primarily determined by the coupling of the 
wheels with the rails. The braking force under the influence of static and dynamic 
factors that occur during locomotive braking is statistical in nature and arises as a 
result of the frictional interaction between the wheel and the rail [1]. 
 Since the appearance of the first locomotives, numerous studies have been 
conducted aimed at studying the adhesion of the wheel to the rail as a physical 
phenomenon, hypotheses of the formation of the adhesion force in various operating 
conditions have been introduced. Taking into account the influence of the state of the 
surfaces of the friction pair, the physical properties of the materials, the speed of 
movement, the geometry of the wheel rims and the track profile, and the normal load, 
the average values of the coefficient of adhesion were determined, which were used 
for operational calculations. The influence of the undercarriage parameters and 
suspension properties of the mine locomotive on the traction force and braking 
characteristics was studied in detail [2]. 
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 In [3], it is proposed to improve the traction and braking characteristics of a 
mine locomotive by using an elastic bushing assembly, which includes rubber-metal 
elements. In work [4], a mathematical model of disc brake braking of a mine 
locomotive on a rectilinear horizontal section of the rail track was developed and 
tested, which describes the forced oscillations of the elements of the wheel-motor 
unit, taking into account the nonlinear characteristics of the interaction of the wheel-
rail friction pair. The work [5] describes the study of the process of braking a mining 
locomotive on a horizontal rail track with a disc brake, which creates a pulsating 
braking moment on the axis of the wheel pair, in order to realize the maximum 
possible coefficient of adhesion of the wheels to the rails, recommendations are given 
for the analytical selection of the braking moment for different states of the rail track, 
constructive conceptual solutions for the production of a disc brake that creates a 
pulsating braking moment are proposed. 
 The monograph [6] is devoted to the substantiation of the parameters of the 
braking system of the mine locomotive, which ensure an increase in the values of the 
braking force realized by the locomotive and the stability of movement in the track, 
as well as the development of methodological recommendations for the selection of 
rational parameters of braking devices. 
 The braking moment created on the wheel by the wheel-pad brake depends on 
the speed of the mining locomotive, the condition of the rail track and the heating of 
the brake pad, which does not allow to fully realize the possible coupling coefficient. 
Disc brakes used in transport systems do not have this drawback. Research aimed at 
determining the rational parameters of the disc brake of a mining locomotive, 
studying the dynamics of the drive during the braking process, will contribute to 
increasing traffic safety, increasing the carrying capacity of internal mine transport, 
and the development of mining engineering in Ukraine. 
 Presentation of the main material. Forced oscillations of the wheel-motor unit 
of a mining locomotive during braking on a straight section of a rail track with a 
slope by a disc brake, taking into account the nonlinear characteristic of the 
interaction of the wheel-rail friction pair, can be described by a system of six 
differential equations of the second order 
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where sm  is the mass of the rolling stock; 3m , 4m  are combined masses of the 

corresponding wheels; y , 3y , 4y  are linear movements of the locomotive and the 

corresponding wheels; y , 3y , 4y  are linear speeds; y , 3y , 4y  are linear 

accelerations; 3yC , 4yC  are stiffness coefficients of the corresponding elastic 

elements; 3y , 4y  are coefficients of viscous internal resistance of the 

corresponding elastic elements; 3C , 4C  are stiffness coefficients of the 

corresponding semi-axes of the wheel-motor unit; 3 , 4  are coefficients of 

viscous internal resistance of the corresponding half-axes of the wheel-motor unit;   

is angle of inclination of the track (positive when moving uphill and negative when 

moving downhill);   3 3 3 8 coslF S m g  ,   4 4 4 8 coslF S m g   are 

traction forces of the corresponding wheels; 3 , 4  are the coupling coefficients of 

the corresponding wheels; 3S , 4S  are relative slips of the corresponding wheels; g  is 

acceleration of free fall; 2I  is combined moment of inertia of the gearbox, disc brake 

and engine relative to the axis of the wheel pair corresponding to one wheel pair 

(depends on the location of the disc brake); 3I , 4I  are combined moments of inertia 

of the corresponding wheels relative to the axis of the wheel pair; 2,  3 , 4  are 

angular coordinates of the output shaft of the gearbox and the corre angular 

accelerations sponding wheels; 2 , 3 , 4  are angular velocities; 2 , 3 , 4  are 
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angular accelerations; r is the radius of the rolling circle of the wheels; tM  is the 

braking moment on the output shaft of the gearbox (in the case of the location of the 

disc brake on the motor shaft 2t tM u M   where u  is gear ratio of the reducer; tM   

is braking moment on the motor shaft). 
Coefficients of adhesion of wheels with rails 3  and 4  are functions of the 

relative slips of the corresponding wheels and are found by the formula [7] 
 

  3
1 2 3 4 k th k S k S k S      ,                                     (2) 

 
where 1k , 2k , 3k , 4k  are numerical coefficients of the mechanical characteristics of 

the wheel-rail friction pair (depend on the condition of the rail track); S is relative 
sliding of the wheel on the rail (negative in the braking mode and positive in the 
acceleration mode). 
The relative slips at any moment of time can be determined by formulas 
 

 3 3 3 3S r y y    ,      4 4 4 4S r y y    .                            (3) 

 

At small track inclination angles ( 5  ) 

 

1000
isin tg   , 

 
where i  is track slope (positive when moving uphill and negative when moving 
downhill). 

Let's find the maximum absolute value of the sine of the angle of inclination of 
the track, at which the temperature of the working surface of the brake disc will not 
exceed the permissible value dТ  (according to the operating conditions of the friction 

pair) after the locomotive, moving downhill with the engines turned off, has passed 
the path y  at a constant speed v  at a given composition mass. We will assume that of 

the braking means, only the disc brake of each drive trolley is used. 
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At the first stage, the task is reduced to determining the maximum axial force 

maxN , in which after a period of time t y v  the temperature of the friction surface 

of a brake disc rotating at a constant angular velocity  v r u  , at the initial 

temperature 25nТ   С will not exceed dТ . For this we will use the formula [8] 
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where 2r R   is dimensionless radius; r  is current radius; 2R  is the outer radius of 

the disc; 2
1 2Fo a t R  is Fourier criterion (dimensionless time); 

1, 2 1, 2 1, 2 1, 2a c   are thermal conductivity coefficients; 1 , 2  are thermal 

conductivity coefficients; 1c , 2c  are specific heat capacities; 1 , 2  are density; t is 

current time;  1, 2 1, 2 1, 2 2Bi R   are Bio criterions; 1 , 2  are heat transfer 

coefficients, which take into account the specific conditions of the heat transfer 

process;  01 2, nV v   are the kernels of the finite integral Hankel transform, which 

has the form 
 

        01 2 1 2 0 1 0 , n , n n n nV v Bi Y v v Y v J v     

      1 1 2 0 0n n , n nv J v Bi J v Y v   ; 

nv  are proper numbers; 0J , 0Y  is Bessel functions, respectively, of the first and 

second kind of zero order; 1J , 1Y  are Bessel functions of the first and second kind of 

the first order, respectively; 1 1 2R R  ; 1R  is the inner radius of the disk; 

 
 

2

1

 

d n

q t R
Ki

Т Т 



 is Kirpichev’s criterion;  

0
1

t
t

t t

М
q t d

t F t
  

 
  

 
  is heat flow; 
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t max eМ N R  is the braking torque that occurs in a disc brake;   is coefficient of 

friction for a pair of disc and friction pad materials; 
 

3 3
2 1
2 2
2 1

2
3 2 1 cos 

e
R RR
R R









 is 

equivalent friction radius;   is the central corner of the annular sector of the friction 

pad; tt  is braking time;  2 2
2 1 2F R R   is contact area; 1,2  are values that are 

calculated by formulas 
 

    2 2 2
11 тп 1 1

1 1 erfc 1nv Fo Bi Foe Bi e Bi Fo
Fo

    


  
     

 
, 

 
2

тп
2

1  na v Foa e
Fo




 


 ; 

 

 тп 1 1 1 1 1 1 2 2 2c c c         is coefficient of distribution of heat flows, 

which shows how much of the heat generated during friction is transferred to the 

brake disc; 2   ; 
22erfc 1 erf

x
x e d x 




   ; 

2

0

2erf
x

x e d 


   is 

ntegral of probabilities; 2 1a a a ; 2 1   . 

Next, let's substitute the value of the braking torque into the system of 
differential equations tM  , which corresponds maxN . For a disc brake with a multi-

sector disc, we use the formula 
 

    т 0 2 0 1
2 sin sinM M A M A
u

           

      1 2
0 1 0 1 1 2

1 2
1 sin 1 sin      *M A M

 
     

 
 

         
,        (6) 

 
where 0M  is constant component of the braking moment on the axis of the wheel 

pair; А  is the amplitude of fluctuations of the variable component of the braking 
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moment on the axis of the wheel pair;   is he number of sinusoidal periods for one 
turn of the wheel pair; 0 02M M u   is constant component of the braking moment 

on the motor shaft; 2A A u   is amplitude of oscillations of the variable component 

of the braking moment on the motor shaft; u    is the number of sinusoidal 

periods per revolution of the motor shaft; 1 , 2  are coefficients of friction for two 

pairs of disc materials and friction linings. 
The system of differential equations (1) taking into account formulas (2), (3), 

(6) is nonlinear, since the unknown functions are included in it nonlinearly. It is a 
mathematical model of the braking of a mining locomotive with a disk brake on a 
long slope with a non-linear braking moment. Having integrated system (1) taking 
into account formulas (2), (3), (6), we will find the value of the sine of the angle of 
inclination of the track  , at which the speed of the locomotive will remain constant. 

Calculations will be made with the following parameters of disc brakes with 
homogeneous and multi-sector brake discs. Disc brake with a uniform disc: disc 
material is steel 45 НВ 415; friction lining material is 6KH-1; the inner radius of the 

disc's working area 2
1 9.3 10R    m; the outer radius of the disc's working area 

1
2 1.7 10R    m; disc thickness 2

12 2.5 10b    m; the form of friction linings is in 

the form of a ring sector with a central corner 4  ; thickness of friction linings 

2
22 1.1 10b    м. Disc brake with multi-sector disc: the number of sectors of the 

brake disc, alternately made of steel 45 НВ 415 and gray cast iron SCH 15-32 НВ 
200, are eight; friction pads material is 6KH-1; the inner radius of the disc's working 

area 2
1 9.3 10R    m; the outer radius of the disc's working area 1

2 1.8 10R    m; 

disc thickness 2
12 2.5 10b    m; the form of friction linings is in the form of a ring 

sector with a central corner 4  ; thickness of friction linings 2
22 1.1 10b    m. 

Calculation of the maximum axial force maxN  for a multi-sector brake disc, 

we will assume that the disc is not divided into sectors and is made of either steel 45 
НВ 415 or gray cast iron SCH 15-32 НВ 200. As an estimate, we will accept less of 
the obtained values. 
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With the selected parameters of a disc brake with a uniform disc, the mass of 

the rolling stock 45 10sm    kg, track length 1000y   m, speed 3v   m/s and we 

will get rails covered with liquid coal mud sin 0.0139  , which corresponds 

13 9i . ‰. With multi-sector disc brake settings selected and the same output data 

sin 0.0152  , which corresponds 15.2i  ‰. When the rails are wet, clean for a 

disc brake with a uniform disc and a disc brake with a multi-sector disc, we get, 

respectively sin 0.0172  , which corresponds 17.2i  ‰ and sin 0.0188  , 

which corresponds 18.8i  ‰. If the rails are sprinkled with sand crushed as a result 

of the previous trip, these values will be added accordingly sin 0.0185  , which 

corresponds 18.5i  ‰ and sin 0.0198  , which corresponds 19.8i  ‰. If the 

rails are sprinkled with sand, we will have accordingly sin 0.0192  , which 

corresponds 19.2i  ‰ and sin 0.0207  , which corresponds 20.7i  ‰. The 

absolute value of the relative slippage of the wheel on the rail will be 8.5% and 8.0%, 
respectively, for a disc brake with a uniform disc and a disc brake with a multi-sector 
disc with rails covered with liquid coal mud; with rails, wet, clean 6.1% and 5.5%; 
with rails sprinkled with sand crushed as a result of the previous trip, 3.1% and 2.8%; 
With rails sprinkled with sand 2.0 and 1.8. 
 Conclusions. 
 1. On the basis of the developed mathematical model, a comparative analysis 
of the braking of a mine locomotive on a long slope with a disc brake, which creates 
constant and pulsating sinusoidal braking moments on the axis of the wheel pair, was 
performed. 
 2. It was established that with the selected parameters of the disc brake with a 
multi-sector disc, the maximum absolute value of the track slope, at which the 
temperature of the working surface of the brake disc will not exceed the permissible 
value during a prolonged descent for the given track length, speed and mass of the 
train, will be greater than with the selected parameters of the disc brake with a 
uniform disc. For example, with a track length of 1000 m, a locomotive speed of 3 

m/s, a train mass of 5104 kg and wet, clean rails, the slope difference is equal to 
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1.6‰, which is 9.3% of the maximum absolute value of the slope corresponding to a 
disc brake with a uniform disc. 
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