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Let A C R™ be a chaotic attractor generated by a quadratic system of ordinary differential equa-
tions X = f(x). A method for constructing new chaotic attractors based on the attractor A is
proposed. The idea of the method is to replace the state vector x = (z1,...,2,)” located on the
right side of the original system with new vector u(x); where u(x) = K - (h1(21), ..., hn(2n))T,
K € R™*" and h;(z;) are odd power functions; i = 1,...,n. (In other words, a state feedback
x — u(x) is introduced into the right side of the system under study: x = f(x) — x = f(u(x)).)
As a result, the newly obtained system generates new chaotic attractors, which are topologi-
cally not equivalent (generally speaking) to the attractor A. In addition, for an antisymmetric
neural ODE system with a homoclinic orbit connected at a saddle point, the conditions for the
occurrence of chaotic dynamics are found.

Keywords: System of ordinary autonomous differential equations; power function; state feedback;
limit cycle; homoclinic orbit; chaotic attractor.

1. Introduction

The traditional methods of studying chaotic sys-
tems are such that for a given dynamical system,
using various definitions, it is possible to judge
whether this system is chaotic or not. Since vari-
ous engineering applications require more and more
use of chaotic processes, it is necessary to create
new methods that will allow expanding the range of

chaotic systems used in modeling compared to pre-
viously known systems. (See, for example,

w;mmummmm’
2016, 2017, 2018, 2019; [, [2009; Kai et atl, 2017;
mmummmmgmm

Mangﬂl] 129_08 |W3.HQ et alJ 129_0_9‘ Wang et alJ

2018; Wane & Ched, 2013 h[ang_&ilhﬁd 200g:
|Yang et al| lZQld Yu et al, lZQld,
Zhou et all, 2017: Zhu & Dil, lzmﬂ

To this list we can add the artlcle M,

|, which investigates a new chaotic 3D system
with three nonlinearities, as well as the paper m,
M], which considers a 4D chaotic system with
various coexisting attractors and special nonlinear-
ities with multiple zeros. Particularly noteworthy
is the article |Lai et all, |2Q2Qb|], which investigates
a new chaotic system without equilibria and an
infinite number of coexisting hidden attractors for
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various initial conditions. A new modification of
Chua’s system with an absolute element was
studied in [Wu_et all, [2021].

It should be emphasized that among all meth-
ods of chaotic dynamics especially important are
the methods which allow designing models ade-
quately describing the chaotic processes. Now we
will point out several well-known scientific direc-
tions in which the use of chaotic dynamics tools
has led to good practical results.

One such direction is the creation of chaotic
memristor systems. For example, in article [Gu
et al., |2Q21|], a memristor system without equilib-
rium positions was considered; in [Liu_et all, [2019],
a memristor was used to increase the complexity of
the system, and in [Lai et all, [20204], a new mem-
ristor system was constructed from a Lorenz-type
system.

Noteworthy is the work [Wei et all,2017], which
investigates the hidden hyperchaos in an electronic
circuit in a 5D self-exciting homopolar disc dynamo,
review |[Pham & Hond, M] of dynamic models for
axially moving systems, as well as the article [Benk-
ouider et al.,[2021] in the field of security communi-
cation, which considers a 3D chaotic system with
five nonlinearities. The controlled weather model
and its physical applications have been considered
in [Sooraksa & Chen), 2018].

In recent years, methods related to the use of
neural ODEs have become widespread for modeling

dynamic all, 12017: Chen

et al., 3!!5!] Belozy-
orov & Dantsev, ,

2021). We_especially note the article [Haber &
Ruthotto, 129_19], in which the authors proposed new
forward propagation techniques inspired by systems
of ODEs that overcome this challenge and lead to
well-posed learning problems for arbitrarily deep
neural networks.

Note that the type of nonlinearities (activation
functions) involved in the construction of neural
ODEs and their relationships with each other play a
key role in studying the problem of approximating
trajectories described by known time series: these
time series are modeled by solving these ODEs.

Any chaotic process generates a chaotic attrac-
tor that determines the dynamics of this process.
Most modern models of chaotic processes in the
world around us are described by quadratic differ-
ential equations. It is clear that such modeling does
not always adequately describe the behavior of the
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process. Therefore, a problem arises: based on the
known attractor of the quadratic model, it is neces-
sary to build a new dynamic model that will gener-
ate the attractor of the real process. The system of
neural ODEs usually serves as such a model.

Finally, to conclude this brief introduction, the
book [Wang et all, 2021] should be mentioned.

In this book, written by a team of well-known
authors, special three-dimensional autonomous
quadratic chaotic systems are studied without equi-
librium, with only stable equilibria, with equilib-
rium curves, with equilibrium surfaces, and even
with any number and different types of equilib-
ria. The importance of the results obtained in this
book lies in the following. Applying methods of the
present article to the systems investigated in the
book Mgmﬂ, M] it is possible to sharply
increase the number of new chaotic attractors with
highly nontrivial properties.

It should be said that the quality of modeling
depends significantly on the activation functions
used. There are many studies devoted to the
influence of activation functions on the quality
of approximation of continuous functions. In this
work, we will use power activation functions. (The
motivation for this choice will be explained below.)

Introduce the power functions [Belozyorov &

Dantsev, 2020]:
go(u,ac vV j3)
_ {if (u < 0 and B > 0) then — (—u)?, )
if (u >0 and o > 0) then u®

and

if (u <0 and 3> 0) then (—u)?,
ge(“’va\/ﬂ) = 3.

if (u >0 and a > 0) then u®.

(2)
Definition 1 [Belozyorov & Dantsevl, [2020]. Repre-

sentation (Il) () is called an odd (even) activation
function.

Notice. If the parity or oddness of the activation
function is not important, then the subscript “o”

(1PN}

(or “e”) can be omitted.

Consider the following linear combination of
activation functions:

H(u,s) = g(u, 0 V fo) + s19(u, o1 V 5r)
+ -+ spg(u, ap V Br) € Rlul, (3)
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where RJu] is the set of real power functions of one
variable u; 8 = (81,..., 8k, Q1,. -+, Ak, B1,- -+, Bk);
si ERyap >a; >0,80>08,>0,i=1,...,k.

Definition 2. Representation (@) is called the
mixed power activation function.

2. Attraction Regions for Quadratic
ODEs

Let us recall some results obtained in [Belozyorov

et al., 2021)].
Let A= (a,-j),Bl, oo

., B,, € R"*" be real matri-

ces and cq,...,c, be real numbers. In addition, let
. 1

the matrices B, = (bl(j)), oo, By = (bg?)) be sym-
metrical; i, =1,...,n.

X = (1,...,2,)" denotes an arbitrary vector

of R™. Consider the system of ordinary autonomous
quadratic differential equations

#1(t) =1+ Y agjw;(t) + x7 (t) Bix(t)
j=1

En(t) = cn+ Y anga;(t) +x" (1) Bux(t)
j=1

n=3

of order n with the vector of initial values x”(0) =

(3710, e ,xno).
Assume that the region of attraction for the
solutions of system () is a ball

B=(z1+7)2+ -+ (@n+7)°—R*<0

of radius R with center at point (—v1,..., —yn)7.
Let also the elements of matrices Bi,..., B,
satisfy the following three groups of restrictions:

Cl one-term restrictions

202 two-term restrictions

bglg):clfv? + bg)aﬁzaﬁg =0; i#g ,i=1....n

C3 three-term restrictions

) ()

bg’k, TiTjTh + bii (k

]
=0; i#£j#k i,5k=1,...,n. (7)

As shown in [Belozyorov et all, 2021], for small

values of n system (), taking into account restric-
tions ([B)—(T), we get the following form:

x;x;x) + b )a?i:cjxk

i(t) =c1 +anz + -+ a132 + bioxy + b13xz + booy? + bazyz + bsz2?,

J(t) = c2 + ag1x + - -+ + agsz — b1ox? — bygwy + 1372 + a3y + 3327, (8)

(1) = c3 +az1x + - -+ + azzz — byzx® — (bag + c13)TYy — b33z — a3y — c33Y2;

(&(t) = 1 4 a1 + -+ + argt + bioay + bisxz + brazu + boyy?
+ bozyz + bogyu + b3zz? + bagzu + byyu?,
U(t) = co + anx + - - - + agqu — b1ow? — bogwy + 1372 + 17U
+ Co3yZz + Coayu + €3327 + c342u + cagu?,
3(t) = c3 + az12 + - - - + azqu — b13w? — (boz + c13)xy — b3zwz
+ digwu — co3y* — e33y7 + doayu + dgzu + dagu?,
W(t) = g + ag1w + - + agqu — bygx? — (boy + cr4)wy — (b3 + dig)xz

L — byazu — c4y? — (c34 + doa)yz — caayu — dggz* — dygzu.

Note that Eqgs. ([8) and (@) are presented in this detailed form solely for the convenience of users. In
the case of arbitrary n, the system that satisfies the conditions ([B)—() looks like this:

x(t) = ¢ + (A + B(x) — BT(x)) - x.
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Here
n
0 blomy +blygze  blywy + blgze + blswg - Z bl x;
i=1
n
0 0 Blawy + 3w + Vg - D o
i=1
B(x) = )
n
0 0 0 ey b
i=1
0 0 0 e 0

bf”j €R; 4,5,k € {l,...,n}. (It is clear that x? - (B(x) — BT(x)) -x =0.)
The method for finding the radius R of sphere B and its center (—7i,...,—7,)7 is presented in
, 12021].
For example, let n = 3. Then, for the existence of a compact region of attraction, it is sufficient that
the following symmetric matrix

aiz +as a3 +as; bia b3
all 0 -
2 2 2 2
a12 + asy a23 + aso b b
H(v1,72,73) = 5 a22 — +m % bao %
a1z +as a3+ as b1z bas
2 2 ass 7 7 633
Ly, b2ocs b btz bas
12 D) D) 13 2 2
bao 23 bzt B 33
+ Y2 —7 0 7 + 3 2 C23 2
@3 C23 bs3 C33
2 2 @ ) 50

be negative definite.
The last restriction can be achieved if for some real -1, v2,73 the conditions of Sylvester (see Khalil,

1996])
A1 (71,72,73) = a11 — biaya — bizys <0,
Ao (v1,72,73) = (a11 — biaya — bi3y3) (@22 + baay1 — c2373)

(@12 + ag1 + bigy1 — bazya — (baz + c13)73)° - (10)
4 Y

As(y1,72,73) = det H(y1,72,73) <0

are true.

2250218-4



November 16, 2022 19:31

WSPC/S0218-1274

2250218

Odd and Even Functions in the Design Problem of New Chaotic Attractors

3. Attraction Regions for Power ODEs

We introduce the following designations:

hi(u1) = H(u1,s1) = golur, 010 V Bio) + s119(ur, a11 V Br1) + - - + s1pg(ur, cag V Big),

ha(u2) = H(ug,s2) = golug, aag V B20) + 5219(u2, 21 V fa1) + - - - + sarg(ug, cor V Par),

B (up,) = H(up, Sn)

and

H(u) = (hl(ul)v ce ahn(un))T
Here h(u;); i =1,...,n, are mixed activation func-
tions (B]).

Now, instead of system (), we will consider the
following system

#1(t) = c1 + Y arjhy(z;) + H (x) BiH(x)
j=1

En(t) = cn+ Y anghi(z;) + H' (x) B H(x).
j=1

(11)

In a more general form, system (1) can be rep-
resented as the following state feedback system:

x(t) =c+ A-ux) + [ux)"Bux),...,

u(x)’ Byu(x)]", (12)

Vi(z1,... ge(x1, (010 V fro) + 1)

= go(un; (67°00] V ﬂnO) + Snlg<una Qnl \ ﬂnl) + -t Snkg(un; Qnk \ ﬂnk)

|
where u(x) = K - H(x), K € R™" is a feedback
matrix.

Below we will use the following well-known
result:

Theorem 1 (LaSalle’s Theorem [Khalil, [1996]). Let
H C R™ be a compact set that is positively invariant
with respect to (D). Let V : R" — R be a continu-
ously differentiable function such that V(x) <0 (or
V(x) > 0) in H. Let E be the set of all points in H
where V(x) = 0. Let M be the largest invariant set
m E. Then every solution starting in H approaches
M as t — +o0.

We will assume that K = I. Let sq,...,s,
be unknown real constants. Let us construct from
matrices A and By, ..., B, of system (Il the fol-
lowing matrix:

(AT + A)

F(Sl,... 9

+ 511+ + 8By

) Sn) =

Introduce also the following function V
R™ — R:

g(z1, (a11 V fi1) + 1)

@n) = (a10 V Bio) + 1

g(z1, (a2 V fr2) + 1)

+ s
2 (o2 V fr2) + 1

ge(z2, (020 V B20) + 1)
(a0 V fag) + 1

g(z2, (a2 V f22) + 1)

+ 59292

+"'—|—81k

521

(22 V fBa2) + 1

ot

+o ot sa

] ge(37na (anO \ /8710) + 1)

(11 V fi) +1

g(x1, (a1 V Bix) + 1)
(a1p V k) +1

g(xa, (a1 V fo1) + 1)
(21 V fo1) + 1

g(x2, (aor V Box) + 1)
(o V for) + 1

g(xn; (anl \ ﬂnl) + 1)

+ 8171

+ SoX9

(anO V /Bn()) + 1
g<$na (anQ \ /8772) + 1)

+s
" (an2 \ ﬂn?) + 1

+ -+ Spk

Snl

(anl V /Bnl) + 1

g(xna (ank \ /Bnk) + 1)
(ank V /Bnk) + 1

+ SnTn.
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(We remind the reader that the product g,(u) - u
of the odd function g,(u) and the odd function w is
the even function f.(u) := g,(u) - u [Belozyorov &
Dantsev, 2020].)

Thus, due to the fact that (o, VBik)+1 > 1, the
derivatives OV (x1,...,xy)/0z;; @ = 1,...,n, exist
and are finite. Therefore, it is obvious that

Vi = (hy(z1) + 51) - 21 (t) + (ha(z) + s2) - Zo(t)

Foo ot (hn(zn) + 8n) - dn(t). (13)

(Here the derivative V; is defined by virtue of

Egs. ().)
Let R be a positive constant. We define the set
Br C R™ as follows:

Br :={(z1,...,2,) € R"|
,xp) — R* < 0}.

Vzr,. .. (14)

Introduce the following sets:

D_ = {(z1,...,2n) € R"|Vi(x1,...,2,) < 0},
(15)
Dy = {(z1,...,2,) € R*|Vi(z1,...,2,) > 0}
(16)
and
L:={(2z1,...,2,) € R"|Vi(21,...,2,) = O}.
(17)

Theorem 2. Suppose that for system (1) the fol-
lowing conditions:

(1) cl:...:cnzo;
(2) the matrices By satisfy restrictions [A)-(7), in
which substitutions x; — h;(x;) were made,

1=1,...,n;

(3) there are real constants s3,...,s; such that the
matriz F(s},...,s}) is negative definite, are
satisfied.

Then there exists the compact region of attraction
H =Dy # 0 for trajectories of system (Il).

Proof. Condition (1) guarantees that system (ITI)
has an equilibrium point (0,...,0)” € R™. (Theo-
rem [I] is valid only for systems with equilibria.)
Further, condition (2) guarantees that the
forms H” (x)B;H(x) have the type of quadratic
forms x” B;x presented in (&) and @);i=1,...,n.

WSPC/S0218-1274 2250218

In addition, the same condition allows us to say that
the function

‘/;(1'1,...,IL‘”):(51,...,5n)‘AH

+HTF(s1,...,5,)H (18)
[see ([I3)] contains only linear and quadratic terms
and does not contain cubic terms.

It remains only to clarify condition (3). So, let
there exist numbers s7, ..., s, such that the matrix
F(s7,...,s!) is negative definite.

Proof of condition (3) is split into two parts.

(3a) The function V(z1,...,xy,) for s; =0, s;, =0
is positive definite and lim o0 V(z1,...,2n) =
00. Thus, by virtue of the construction of the func-
tion V(z1,...,2,), the sets Br and L are compact.
Therefore, we can choose R such that Bg ND_ # ()
and I C Bg. Then, in the region Br ND_, we can
assert that V(x1(t),...,x,(t)) is a decreasing func-
tion of ¢. Since V(x1(t),...,x,(t)) is continuous on
the compact set Bg, it is bounded from below on
Bgr. Therefore, V(z1(t),...,zn(t)) has a finite limit
as t — o0o. Then, according to Theorem 1, we can
assume that H = Br N ID_ and H is the compact
region of attraction for trajectories of system ([ITI).

(3b) Now we choose the radius R so large that the
set B N Dy = Dy # 0. (Note that, by virtue
of (3), the set D is compact. Therefore, we have
L € Bg.) Then, in the domain Br N D4 the func-
tion V(z1(¢),...,z,(t)) is an increasing function of
t. Since the function V(z1(t),...,x,(t)) is contin-
uous on the compact set Dy, it is bounded from
above on D4 and has a finite limit as ¢t — oco.
Thus, from items (3a) and (3b) it follows that,
regardless of the starting point x (0) € R", the tra-
jectory V(x1(t)), ..., xn(t)) will be attracted to the
boundary Vi(x1,...,2,) = 0 [this is L; see (I8))] of
the compact set D;. This means that there exists
an attractor belonging to the region D, . (An equi-
librium point can act as such an attractor.) W

Comment 1. If in Theorem P condition (2) is
not satisfied, then instead of variables x;, variables
yi = WiTi, i 7 0 should be introduced into sys-
tem  ); ¢ = 1,...,n. After that, we can return to
system ([[1]), but with respect to variables yi, ..., yy.

Comment 2. If condition (3) of Theorem [2is not
satisfied, then one should take K # I and instead
of the matrix F'(sq1,...,sy), it is necessary to work

2250218-6
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with the matrix
(KTAT + AK)
2

+ K" (s1B1 + -+ + 8,B,) K

F(K,Sl,...,sn) =

and system (I2]).

3.1. Attractors generated by
system ((11)

In this subsection, we assume that in the substitu-
tions z — hi(z) = 29V y — hy(y) = y22VP,
z — h3(z) = 2%V5 the functions h;(---) are odd
activation functions; i =1,...,3.

(1) Consider the classical Lorenz system
i(t) = —ox + oy,
yt) = re —y — az, (19)
2(t) = —bz + zy,

where o = 10, r = 24.75, b = —8/3.
Let us check the conditions of Theorem [2 for
this system. We have

1
—— 0 0
2
1
0 - 0
2
Bs= |1
- 0 0
2
0 0 0
Assume that s1 =0, s =0, and s3 = —(o+7).
Then, we have
A+ AT
F = % + SlBl + SQBQ + Sng
—o 0 0
=10 -1 0
0 0 -b

It is obvious that the matrix F' is negative def-
inite. Thus, for system () all conditions of Theo-
rem [] are satisfied, and as the region of attraction,
we can take the ball B = 22 +y?+ (2 — (0 +7))? <
R? [see ([[d])] of large enough radius R such that
D, C Bg. Various modifications of the classical
Lorenz attractor are shown in Fig. [Il

52) Consider the following system M,
|:

(t) = =2z + Ty? + 1322,
§(t) = 181z + Ty + 102 — 3zy,  (20)
2(t) = =10y + 7z — 3zz.

For system (20)), we have

-2 0 0
A=|181 7 101,
0 -10 7
3
0O ——= 0
0 0 O 2
— — 3
B 07 01, B - o ol
0 0 13
0 0 0
3
0 0 —3
Bs=]10 0 0
3
—3 0 0
From here it follows that
A+ AT
F = % + SlBl + SQBQ + Sng
9 1.81 — 359 _3&
2 2
1.81 -3
= =222 o 0
2
3
—% 0 7+ 13s;

Thus, in order for the matrix F' to be nega-
tive definite, it suffices to put s; = —8, s9 = 40,
s3 = 0.6. In this case all conditions of Theorem
are satisfied. Various modifications of the attractor
of system (20) are shown in Fig.

2250218-7
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38,

28
z(t)

181

x(t)
(a3)
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x(t)
(ad)

Fig. 1. The attractor of systems ([[d) (al) and its modifications: (a2) z — z°V!, y — V1 2 — 21Vl (a3) 2 — 22V

1v1 2v1

y—>y5V1,z—>z and (ad) z — ,y—>y5V1,z—>z

(3) Consider the following Chen system [Wang &

Chen, [2013]:

z(t) = 1lz — yz,
y(t) = —15y + a2, (21)
2(t)=x—z+zy.
System (2I)) does not satisfy condition (2) of
Theorem Pl Therefore, we make a change of vari-

ables * — x/v2, y — y, z — 2. In this case, we

have
.

i(t) = 11z — 2yz,
Tz

V2 (22)

)=z — 2+ 2.

V2

y(t) = —15y +

\

1.005Vv1

System (22)) already satisfies condition (2) of
Theorem 21 [To simplify the notation in the newly
obtained system (22), we left the same variables as

in system (Z2I]).]

We introduce a positive definite function
Vz,y,z) =z + 9% + 22
Then, taking system (22]) into account, we have
Vi = 2222 — 30y% + 222 — 222

Surface V; = 0 is a cone with the vertex at the ori-
gin, and the region D_ will be the interior of this
cone. Thus, according to Theorem B2l VR > 0, we
have

BRQD_#Q.

Various modifications of the Chen attractor are
shown in Fig.

2250218-8
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z(4

4 YO

y(®)

1,2

x(t)
(a3)
Fig. 2. The attractor of system @20) (al) and its modifications: (a2) z — a7V y — otV 2 Z133VE (a3) o — £0-27TVL
y — y3V3, 2 — Z1,62\/1 and (8.4) T — 1‘0'27\/1, y — y5v5’ PN 21‘62\/1.
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x(t)

14 04 06 16
¥(t)
(ad)

0-
2(6) —Q-Sj
z(t) ]
-L.40 Fesd o]
350 1 3p  xit)
2.400 ] ECH S ———— )
T a0 50 0 26 P .
x(t) yit)
(a5) (a6)

Fig. 3. The attractor of systems (ZI) (al) and its modifications: (a2) z — V!, y — 33V3, 2 — 23V3; (a3) z — V!

)
y — ySVS, PN Zlvl; (a4) T — xlvl, y — y3v5, PN Zlvl; (a5) T — ml\/l, y — yl\/0‘95, PN Z1‘5VO'85 and (a6) T — x0‘95\/0‘55’

yﬂy1V0.95, PN 21.5V0.85.
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2(t) 100

= vt
. |15
-M,G
24 0,4
x(t)
(a5)
Fig. 4. The attractor of systems ([23) (al) and its modifications: (a2) z — &'Vl y — yt-5VE2 5 o ZLOVEZ (33) o g1V
y — gV o VB ) o glVE g o g SVIS L ASVLS. a5y gtV 07sv2s o 1sv0.T2 g

)
1V17 N y04275v2.27 PN 2145V0.2’

(a6) z — x y
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14) Consider another Chen system M,
]

z(t) = 0.4z + y,
y(t) =z + 0.3y —zz, (23)
2(t) = 0.1z + 9% — 1.

System (23)) does not satisfy the conditions
of Theorem [Pl However, applying the methodsI

in(t) = an1 - fn 25%)%‘ n 7gn)

=1

\

with the known vector of initial Values (10, - - -,

Tn0)T.  (Here aik,ﬂgj), o ,ﬂkj , ,...,fyé") are
known real constants; ¢ = 1,. n k=1,...,
n+1.)

System (24]) will be called the system of neu-
ral ODEs. (The right parts of system (24]) are con-
structed according to well-known results on the

approximation of continuous functions of several

variables (see, for example, [Belozyorov & Dantsevi,
2023)).)

Let us introduce two real functions (u) and
¢(u) of one variable u having a common root a :
¥(a) = ¢(a) = 0. Let ¢(u) be a continuous increas-
ing function on the interval (a,00). (It is clear that
¥(u) > 0 for u > a.) Similarly, let —¢)(—u) be a con-
tinuous increasing function on the interval (—oo, a).
(It is clear that —(—u) < 0 for u < a.)

We also define functions 6(u) and n(u) in
exactly the same way as functions ¢(u) and 1(u).

In what follows, for simplicity, we will assume
that ¢ = 0. Moreover, in order to generalize the
results obtained in [Belozyorov & Dantsev, 2022],
we restrict the rate of growth of the function ¢(u)
(¥(u)) by the following conditions:

lim (¢(u) —u®) <0,

a>0 ( lim (¢Y(—u) — (-

U——00

u)?) <0,520>.

i1(t) = an - fi Zﬂl $g+’h +--

n
Tt anag - fa Zﬂgﬁl,ﬂj + Yng1

WSPC/S0218-1274 2250218

described above have made it possible to obtain new
types of attractors from the attractor of system (23))

(see Fig. H).

4. On the Existence of Homoclinic
Orbits in Neural ODEs

Let real functions f;(u); i = 1,...,n, of one variable
u be defined and be continuous on the set (—o0, 00).

Consider the following system of autonomous
differential equations

n
1 1
+ a1 pr1 - fi E ﬂgll,jfﬁj + 72421
j=1

(24)

(n)

J=1

Introduce the following activation functions
[compare with formulas (), @)]:

hi(u) := ¢i(u) V ¥;(u)

if (u < 0) then — 1b;(—u),
B {if (u>0) then ¢;(u); i=1,...,n,

(26)
or

gi(u) := Oi(w) V ni(u)

if (u < 0) then n;(—u),
if (u>0) then 6;(u); i =1,...,n.
(27)
As in cases ([I) [or ([@)], we will call repre-
sentation (26) [or 7)) an odd (or even) activa-
tion function. (For example, the activation func-
tion ReLU ,120117], widely known
in the theory of neural networks, is an odd func-
tion (26) for which ¢;(u) = aju, a; > 0, u > 0;
w’b(u) - ﬂlu = _ﬂl : (—U), u < 07 /B’L > 07 and
o #Bii=1,...,n.)
We introduce the following vector functions:
h(x) := (h1(z1), .., hn(2s))"

= (¢1<$1) v 1#1(561)7 s a‘bn(xn) \% %(%))T
(28)

2250218-12
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--agn(fvn))T
1) Vi(x1), ..., On(2n) V 77n(37n))T~
(29)

Definition 3. Vector function f(x) = (fi(x1),...,

fn(z,))7T is called the odd (even) activation fumctiomI

a1(t) = f1 Zﬂﬁ-)ﬂ?g‘ +91Y
j=1

ZIB CC]‘i"yl

(To simplify the notation, we left in system (B0)
the previous designations of the parameters of sys-

tem (24)).)

Consider the simplest version of system (B0)

&1(t) = filanzr + -+ + a1y + 1),

&o(t) = folagizt + -+ + agnay + p2),
(31)

\i'n(t) = fn(anlxl + -t apney +pn);
where a;;,p; are known real constants; i,j =

1,...,n.
Along with system (B1I), we will also consider
the system

(&1(t) = ar fi(z1) +
To(t) = ag1 fi(z1) +

c alnfn@/‘ﬂ)a

c a2nfn(1:n)a
(32)

Jjn(t) = anlfl(l‘l) +--+ annfn(l‘n)

(Note that if det A # 0, then with the help of the
change of variables x — Ax + p it is always pos-
sible to pass from system (BI]) to system ([B2) and
vice versa; p € R™. Therefore, in what follows, we
restrict ourselves to the study of system (B2).)

We introduce the notation
(fi(x1),. ..

f(X) = afn(l‘n))Ta

if all its components f;(z;) are odd (even); i =
1,...,n.

Suppose that in system @4) fi(u),..., fn(u)
is the odd activation functions. Then, as shown in

Beloz Dantsevi, 2022], using the recalcula-
tion of parameters, system (24]) can be represented
in the following form

+-+ f1 Zﬂﬁl,ﬁfr%ﬁl

j=1
(30)
n n)
Z ﬂn—i—l ]x] + Tn+1
7j=1
h(X) = (hl(wl)a 7hn($n))Ta
g(x) = (gl(xl)a agn($n))T
and
f(x) = h(x) + Kg(x), (33)
where the functions h;(z;) and g;(z;); i = 1,...,n,
are defined by formulas (26]) or (27). The matrix
K = diag[(-1)",..., (=1)*],

where k;, = 0 or k; = 1, and situations such that
Vie{l,...,.n} ki=0o0rVie{l,...,n} k; =1are
excluded.

Taking into account (B3], we introduce the fol-
lowing function

V(ml,...,xn)—/fl(sl)dsl+---+/fn(sn)dsn
:‘/1(1'1;"'71:%)+‘/2($17~~'7:En)7

where

Vi(z1,...,2p) —/hl(sl)dsl+---+/hn(sn)dsn,

Vo(x1,...,xp) = /(—1)k191(81)d81

+ -+ /(_1)kngn(5n)d5n-
(34)

2250218-13
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The integral of the function h(x) is defined by
formulas:

(1) if hi(s;) is even then

if z; > 0 then /hi(si)dsi = / Z oi(si)ds;
0

0
else /hi(si)dsi = / i(si)dsq;
(2) if hi(s;) is odd then

if z; > 0 then /hi(si)dsi = / Z oi(si)ds;
0

else / hi(s:)ds; = — / 0 n(si)dss.

Similarly for the function g(x), we use formulas:

(1) if g;(s;) is even then

if z; > 0 then /gi(si)dsi = / Z 0;(s;)ds;
0

0
else /gi(si)dsi_/ ni(si)dsi;

i

(2) if gi(s;) is odd then

if 2; > 0 then /gi(si)dsi = / Z 0;(s;)ds;
0

0
else /gi(si)dsi = —/ ni(5:)ds;.

3

Here functions 6;(s;) and 7;(s;) have the same prop-
erties as functions ¢;(s;) and ¥;(s;); i =1,...,n.
We also introduce the following restrictions:

im (¢i(i) — 6i(xi)) > 0,

lim  (¢i(xi) —ni(xi)) > 0;

T;——00

1=1,...,n.
(35)

(Sometimes we will use the notation h(x) > g(x)
instead of inequalities (35]).)

Theorem 3. Assume that in system (32) the matriz
A = {a;;} is antisymmetric: AT + A = 0. Let all
components of the vector function h(x) be odd acti-
vation functions. We also assume that for vector
functions h(x) and g(x) conditions (33) are sat-
isfied. Then any solution x(t,xq) of system (33)
is periodic. In addition, if all components of the
vector function g(x) is odd, then there ezists a

WSPC/S0218-1274 2250218

vector of initial conditions Xy such that trajectory
x(t,x() is the homoclinic orbit connected at equilib-
rium point 0.

Proof. Tt is known |[Belozyorov & Dantsenl, 21!211]

that the integral of the odd activation function
hi(z;) is the even activation function. Therefore, we
have Vi(x1,...,2,) > 0.

Compute the total derivative with respect to ¢

of the function V(z1,...,xy,):
. . . 6V(m1,...,xn)
Vi(zy,...,2,) = 0.5 [$1(t> e
. aV(l‘l,...,IL‘n)
8V($1, e ,l‘n) .
oV (xy,...,zn) .
4+ %l‘l(ﬂ]
= 0.5f7 (%) (AT + A)f(x)
= 0. (36)

Further, by virtue of inequalities (35]) and the
fact that Vi (x1,...,2,) > 0, we have

Ty
lim fi(si)ds;
zi—oo |
0 x;
= lim fi(s;)ds; + lim fi(si)ds;
zi—00 J_ o r;—oo Jo
>0 i=1,....n.

This means that limg, .o V(z1,...,25) > 0; @ =
1,...,n. In addition, from (3@ it follows that for a
sufficiently large value ||x¢||, we have V' (z1(t),...,
zn(t)) = const = V(x10,...,2n0) = V(xg) > 0.
This implies that the set S = {V (z1(t),...,2,(t)) —
V(z10,...,2n0) = 0} is compact. Therefore, any
trajectory x(t,xg) of system (B2) is closed and
periodic.

Now we will assume that all components of the
vector function g(x) are odd.

Let the vector of initial conditions xj # 0 be
such that V(x§) = 0. Therefore, if the function
g(x) is odd, then the function V(x) is even. From
here it follows that V(xj) = V(—x{) = 0 and in
addition, V(0) = 0. Consequently, there is a tra-
jectory of the system (B2), which leaves some point

2250218-14



November 16, 2022 19:31

WSPC/S0218-1274

2250218

Odd and Even Functions in the Design Problem of New Chaotic Attractors

I A O S~ — - AN
(\\{'\\ \\16”'(”'/////%\“
I ) SN ———— 2\ )
AN \\v—w————/?/////‘t /|
VIANAANNNS 2 S
(R J F 1)
o N RS K
" ARN |
] RN |
0,2 N L
: M Aty %
Z(t) 050_ j | 1
] RN |
1 / 11 )
-0,2] (A [
] \ 2 V177 [
-0’4: é(;,s’ X(t) “ / “/ / d / / \ f
T W\~ \ =~ ~
0,5 -025 00 025 0,5 \“W7 P N
y(t) \~ \ = 41
(al)
Fig. 5. Homoclinic orbits in systems ([B7)(al) and B3)(a2).

X0 7 0 arbitrarily close to x;; =~ 0 and as t — Fo0
approaches the point 0.

Let us introduce instead of function V'(z1(t),
.oy Zp(t)) the function V(z1(—7),...,2p(—7)).
As a result, instead of analyzing the equation
V(x(t)) = V(xq) > 0, we come to an analysis of
the equation V(x(—7)) = V(xc) > 0. Thus, based
on the structure of even function V(x(t)), we have
V(x(r)) = V(x(—t)) = V(x(t)) = V(xc) > 0 and
limy, oo V(Xe0) — limg, oo V(x§) = 0. This means
the existence of a homoclinic orbit. MW

4.1. FExamples of homoclinic orbits
Consider the following system [see ([B2)), (33)]:

B(t) = (y° +32°) + (—y® + 32),

y(t) = (=2 + 2°) + (23 + 2), (37)

£(t) = (—32° — ) + (32 + ¢*).
Here
0 1 3
A=1]-1 0 11,
-3 -1 0

K = diag(—1,-1,1),

Consider also another system with odd non-

power nonlinearities:

5
. Y 3
t) = — - )
#) =~ 05 T1asm?0y) Y
(38)
) =
Y= 05 1 sin?(100)
Here
0 -1
A= :
1 0
K = diag(—1,1),
25 Yo T
h(X) = D) ) D) )
0.5 4 14sin*(10z) " 0.5 + 14 sin*(10y)

g(x) = (z,9°)".

Graphs of homoclinic trajectories of these sys-
tems are presented in Fig.

Thus, for both systems ([B7) and (B8]) the con-
ditions of Theorem [ are satisfied.

5. On Conditions for the Existence
of Chaos in Neural ODEs

It is known that the following question often arises
when modeling chaotic processes: can the created
model generate chaotic behavior? We will try to

2250218-15
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answer this question for the following system:

X(t) = g(x) + (A = Do)h(x). (39)
Here matrices A, Dy € R™*", the matrix A is anti-
symmetric, and the matrix Dy = diag(d; > 0,...,
d, > 0); the vector functions g(x) = (g1(x1),...,
gn(wn))" h(x) = (h1(z1),... ho(zs))" € R are
defined by formulas (29) and (28]). (Immediately,
we note that in Eq. [39), function (28) should only
be odd, and function ([29]) can be either even or odd

or mixed.)
Further, in this section, we will assume that
Jg(x)
det 0. 40
o | (10)

Let us construct for system (B9]) a positive def-
inite function Vi(x1,...,2,) [see (B4)]. Then, we
will have Viy(21,...,2,) = 0.5 - (hT(x)g(x)) +
(&7 (x)h(x)) — hT (x) Doh(x).

We denote by W the set of all points from R"”
such that "/it(:cl,...,arn) < 0. Let also L € W be
the set of all points in W such that Vlt(:cl, ceyTp) =
0. We also denote by X C W an open set in W such
that Vx = (21,...,2,)7 € X Vig(z1,...,2,) < 0.
(Thus, XUL =W.)

Let r = min(dy,...,d,) > 0.

Theorem 4. Assume that the components of the
vector functions h(x) and g(x) satisfy condi-
tions (33) (h(x) > g(x) > x), and the components
of the function h(x) are only odd. Let also the point
0 be a unique equilibrium point for system (39) in
W for which condition [{0]) is satisfied.

Suppose that:

(1) point O is a saddle point;

(2) for the components of vector h(x), there are
constants o; > 0 and B; > 0 such that con-
ditions (243) are satisfied, i = 1,...,n;

(3) there exists a value of parameter r = r. > 0
such that for an arbitrary vector of initial data
(210, ...,2n0)" € X the solutions x1(x1g,...,
Tnost)y .oy Tn(T10y -+, Tno,t) of system (39)
satisfy equality

liminf Vi (z1(z10, ..., Tnost)y .- -y
t—o0

. ,xno,t)) =0.

Then in system (39)
dynamics.

Tn (710, - - (41)

there exist chaotic

WSPC/S0218-1274 2250218

Proof. We use the well-known Cauchy—Bunyakov-
sky inequality: for any continuous functions u(x)
and v(x) € R", we have

u’ (x) - v(x) < Ju@)] - [vx)l.

~ Let us apply this inequality to the function
Vit(x1,...,x,). Then, taking into account inequal-
ities ([B3]), we obtain the estimate

Vig(z1,..,20) < [h(x)[| - [g(x)|| - (b))

< (1-7)|hx)|*.

Thus, if the number r» = r( satisfies condition 1 < 7,
then Vlt(:vl, ..., Zp) < 0 and the solutions of sys-
tem (B9) are bounded. Therefore, for r = ry the set
W is a compact positively invariant set with respect
to system (B9).

According to LaSalla’s theorem every solution
of system (B9)) starting in W approaches the largest
invariant set M C L as ¢ — oo (see [Khalil, 1.
In our case, by assumption AT + A = 0 and condi-
tion (1) of Theorem @l the role of the set M can be
played either by a limit cycle or by a homoclinic tra-
jectory connected at the saddle point 0 (see [Wig-
gins, 2003]). If both conditions (1) and (3) of The-
orem [ are satisfied, then there exists a sequence
of values r = rg > rg1 > rgo > -+ > rop > -
of parameter r such that limy_ .79 = 7. > 0
and the set M(r.) at the critical value 7. is the
homoclinic orbit. (Indeed, let Ny and N, be sta-
ble and unstable manifolds of the point 0 ,
]. Let us denote by xg = (zo1,...,2on)’ € Ny
the starting point. Since at the point xg we have
Vt(aﬁOl, ..., Zon) > 0, then the solution x(xg,t) of
system (B3) should be attracted to a certain limit
cycle in L. According to condition (3) of Theo-
rem [ this limit cycle for some value of param-
eter r will pass arbitrarily close to the origin (to
the manifold Ny). In other words, near the saddle
point 0 on trajectory x(xg,t) there will be point
x1 = (z11,...,71,)" such that V}(:vll, cey T1p) < 0.
Therefore, there must be the value r. of parameter
r for which Ny NN, # (). This means the existence
of homoclinic orbit.)

The last statement enables us to construct a
discrete mapping for system ([B9). To do this, it is
necessary to approximate the odd functions (20) by
odd power functions 23): ¢;(u) < u®, ¥;(—u) <
(—u)%. (A similar approximation must be per-
formed for even functions (21).)
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Let us introduce the function

B(ar,. . 1y = /(zl)alvﬂldxl

R /(l'n)a"vﬁ"dl‘n,

where
x%‘—l—l
/(l’i)aiv’gidl’i = OZZ—F if Z; Z 0 or
_p\Bitl
% if x; < 0;
Gi +1
1=1,...,n.

It is obvious that

,:cn)—/hldxl—i-----l-/hndxn
P(

Tlyeey X))

Vi(l‘l,...

IN

[see (B4)].
Introduce the vectors

h(x) = (l’?lvﬂl, . mo‘”vﬁ")T and

r'n

g(x) = (2], ... a7

Now we estimate the function Vlt(ml, I

Vie(z1 (1), ..., za(t)) = Vig(t) as follows:

Vlt(:nl, ceyy) < @Dt(zl, cey Ty)

< (h(x), g(x)) = r|h(x)|?
Plats)/(atl) _ p p2a/(a+1)

IN

yal

where po = po(q,s,7) > 0, p1 = pi(g,s) > 0,
and 1 < (¢+s)/(¢+1) < 2¢/(¢+1) < 2
g = min(aq,...,an,01,...
Yy 01y -+, 0p), and g > s.
Now we take advantage of condition (2) of
Theorems @l After that, it is necessary to use the
technique of proving Theorem 4.1 [Belozyorov &
Dantsev, M] and Theorem [I] [Belozyorovl, M],
and construct an appropriate one-dimensional dis-
crete mapping depending on some parameters:

,Bn), s = max(y,...,

Cp1 = Py eXP(plq’;(fH)/(QH) - po‘l’iq/(ﬁl));

E=0,1,2,.... (42

Note that mapping ([#2)) has two fixed points:
®7 = 0 and ®3 > 0, where point ®3 is the root of
equation p; — po®@@ts)/(a+1) — (.

It can be shown that for some values of the
parameters, ®7 = 0 is a repellent point, and point
®5 # 0 is an attractive one (this means the exis-
tence of a limit cycle in system %(t) = g(x) + (4 —
Do)h(x).)

Further, let

Dy =0, g(x)=0.

Then Eq. (9) has only periodic solutions. There-
fore, the matrix Dy and the function g(x) act as
generators of nonperiodic processes that may arise
after bifurcations of the solutions of equation

x(t) = Ah(x).
In addition, in [Belozyorov & Dantsed, [2027]
it is also shown that for some r = r. map-

ping ([@2) under the condition liminfy .. ®p = 0
(Theorem [ [Belozyorov, 2019]) generates a chaotic
attractor. In turn, the fulfillment of the conditions
Vi(xy,...,2n) < ®(21,...,2,) and ) guaran-
tees the existence of the mentioned parameter r,
(see [Belozyorow, 2017, 2018, 2019], where the func-
tion p(t) must be replaced by Vi(t)). Therefore,
system [BI) at r = r. will also exhibit chaotic
behavior. W

Comment. In Theorem @l the matrix A — Dy can
be replaced by a matrix A— A, where the matrix A
is antisymmetric, the matrix A, is symmetric posi-
tive definite, and r > 0 is the minimum eigenvalue
of matrix Ag. (For applied problems, A; = [ is
usually assumed.)

5.1. Checking the existence
of chaos in system (39)

In system (BY) we will make the following substitu-
tion:

g(x) — Bx + AKg(x).
Then system (B9) will take the following form
x(t) = Bx+ (A — Dg)h(x) + AKg(x),
h(x) > g(x) > x.

(In this case, the assertion of Theorem [ remains
valid.) Note that the system (B2), which gener-
ates periodic and homoclinic orbits, can be consid-
ered as_a _template |Letellier et all. [2006: Veeman
et al.,12029], for system @3) (Dy # 0), which allows
[unlike system (B2)] to generate strange chaotic
attractors as well.
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(1) Consider the following version of system ({3)

(i(t) = 1.9z + (—rz® + y° + 32°) + (—y3 + 32),
y(t) = =04z —y + 2.62 + (—2° — ry® + 2°)
+ (23 + 2),
2t)y=2 -3y —z+ (=32° —y° —r2P)
+ (323 4+ y3).

(44)

Here Dy =rI, r > 0, K = diag(—1,—1,1),

19 0 0

B=|-04 -1 26|,
1 -3 -1
0 1 3

A=|-1 1],
-3 -1 0

AKg(x) = (=9 +3z,2° + 2,323 + ¢3)T.

Figure @l shows the attractors of system (44)) for
various values of r.

Figure [M shows the results of the verification of
Theorem @ for system ([@4]). (Here the equilibrium 0
is a saddle point. The Jacobi matrix at this point
has the following eigenvalues: 2.3188,—0.2094 +
2.7798i.)

(Note that system ({4)) is topologically close to
the system presented in paper |Wu et al], I2Q21|])

1,4
0,4
z(t)
-0,6
)
1
0 x(®
BN i A
22 -1 1] 1 2

Fig. 6.
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(2) Now consider the system
i(t) = —2x + 10yz — az?,
y(t) = 3zz — by?, (45)
2(t) = 32 — xy — c25,

where a > 0, b > 0, and ¢ > 0. (A detailed analysis
of the dynamic behavior of system ({3l at a = 0,
b = 6, and ¢ = 0 was investigated by Zhang (see

reference in article [Benkouider et all, 2021]).)

Let us set
Vi(t) = 0.5(z%(t) + y2(t) + 132%(1)).
Then for system ([@3]) we have
Vi(t) = —22%(t) + 3922(t) — az’(t)

— byt (t) — 13c2(1).

(We could choose function (z%(¢)+y°(t)+2%(t))/6 as
the function Vi (t). However, in this case, the study
of system (45)) would be more complicated.)

5.2. Constructive way of designing
nonstrange chaotic attractors
based on the concept of
antisymmetry

Let us go back to system (B2). We also assume that
the conditions of Theorem [] are satisfied for this
system.

In order to consider a specific example of
designing a chaotic system, we assume that n = 4.
In addition, we introduce the following odd func-
tions: g(x) = (2,9, z,u)” and h(x) = (z-|z|,y-|y|, z-

|z|,u- |u)T. The invertible antisymmetric matrix A
1,3
0,3
z(t)
0,7
17I'llllll|||||||||..|-rzlo X(t)
-2 -1 0 1 2
y(®
(a2)

Attractors generated by system (44) for various values of r: (al) r = 0.01 and (a2) r = 0.
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Fig. 7. The behavior of the function Vi(t) = (2®(t) + y°(t) + 25(¢))/6 for system @) at r = 0.01 (al) (the limit cycle;
liminf;—o Vi (t)) # 0), » = 0.001 (a2) (the limit cycle; liminf;—o V1(t)) # 0) and r = 0 (a3) (the chaotic attractor;
lim inf; .o V1 (t)) = 0).
can be chosen in an arbitrary form, for example: characteristic polynomial of such matrix is
0 -3 1
3 0 2

q()\) = )\4 + CLQ)\2 + a4,

1
0 ) where a4 # 0. Depending on the coefficients a9
-1 =2 0 4 and a4 there are four different sets of roots for
1 0 -4 0 this polynomial: (1) ¢(\) = M + a2A? + ay =
(A2 + p1)(A2 + p2), p1 > 0, p2 > 0 and all roots
It can be shown that if g(x) = (z,y, z,u)”, then  are purely imaginary; (2) ¢(\) = A + aa\? +ay =
the Jacobian matrix of system ([B2) at the point 0  (A? + p1)(A%2 + p2), p1 > 0, p» < 0 and two real
has the form AK. Therefore, in case n = 4, the  conjugate roots and two purely imaginary roots;

A=
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x(t)

(a3)
0,2 y(t)
F 1,8

x(t)

(ab)

The dynamics of system ([@H) for different values of parameters a and ¢ (b = 6). Limit cycle: (al) a = 0.1, ¢ = 0.02;

(a2) a = 0.05, ¢ = 0.02; (a3) a = 0.03, ¢ = 0.02. Homoclinic orbit: (a4) a = 0.01, ¢ = 0.01; (a5) a = 0.005, ¢ = 0.01. Chaotic

behavior: (a6) a = 0.00, ¢ = 0.00.

(3) q(N) = X 4+ aA? + as = (A + p1)(A? + pa),
p1 < 0, po < 0 and four real pairwise conju-
gate roots (all these cases are shown respectively
in Figs. IHIA); (4) q(\) = M + )2 + a4 =
(A2 +p+is) (A2 +p —is), s # 0 and all roots are
complex conjugate.

We introduce a positive definite function [see

BD)]

z y
Vi(z,y,z,u) 2/ s1|s1|ds1 +/ EMERIED
0 0

z u
—|—/ s3|s3|dss —I—/ S4|s4|dsy
0 0

(x| + 2|yl + 2°[2] + u®[ul),

Vio = = (z§|2o| + y§|yo| + 28] 20| + ud|uol)-

Wl = Wl

From here it follows that

V. _%5& —l-%'-i-%é _,_%u
= "o 6yyt 92 " ou !

= wlz|ze + ylylge + 2[212 + ulufiy,

where the derivatives are determined by virtue of
the equations of system ([B2)). (It should be noted
that the derivative Vj; of the function Vi(z,y, z,u)
was calculated separately for intervals ¢ > 0 and
t<0.)

Let us now consider the behavior of the solu-
tions of system (B2) with the given matrix A and
different matrices K (see Figs. [0HI2).

We put in Theorem @ g(x) — Ag(x), B = 0,
and Dy = 0. Now it can be applied to system (B2))
(see Fig. I3).

Let Ay > --- > A, be the Lyapunov exponents
for a dynamical system in R™. Assume that j is the
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Fig. 9. The behavior of the function Vi (¢
(a2) a =0.01, b =6, ¢ = 0.01 and (a3) a

) = (@*(t) + )
=0.0, b=6, 0 0.
largest integer for which Ay +--- 4+ A; > 0. In this
case, the Kaplan—Yorke dimension is given by the
formula (see [Bankd, [1999)):

A+ + A

LFEI

Let n = 4. Then we can show (see [Belozy-
orov et al., 2021]) that the Lyapunov exponents
for system ([B2) can be ordered as follows: A; >
A2 > A3 = —A2 > A4 = —Al. Thus, the Kaplan—
Yorke dimension is dg; = 4 and coincides with

dxr, =7 +

y2(t) 4+ 22(t))/2 for system @H) at (al) a = 0.1, b = 6, ¢ = 0.02;

the usual dimension of the Euclidean space for sys-
tem (B2). This means that the considered system
has a nonstrange attractor, which is chaotic only in
case A1 > 0. (The last condition is achieved only in
the case K # diag(1,1,1,1). If K = diag(1,1,1,1),
thenA1 == --=A4=0.)

Comment. It is easy to verify that all the results
obtained in Sec. [{ remain valid if the matrix K =
diag[(—1)*1,...,(=1)¥] is replaced by the matrix
Ky = diag[ki1, ..., kas], where det Ky # 0. Indeed,

2250218-21
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z(t)

x(t)

z(t)

Fig. 10. The behavior of the trajectories of system ([B2]) (3D projection) for K = diag(1,1,1,1) and various initial conditions.
The Jacobian matrix at point 0 has a characteristic polynomial g(\) = M 43102 4 100, whose roots 45.22903i¢, F1.91240¢ are
purely imaginary. All solutions of this system are periodic; there are no homoclinic orbits.

(a) (b)

z(t)

2 x(b)
18

y(®) y(t)

Fig. 11. The behavior of the trajectories of system (B2) (3D projection) for K = diag(—1,1,1,1) and various initial con-
ditions. The Jacobian matrix at point 0 has a characteristic polynomial g(\) = A%+ 922 — 100. Tt has two real and two
purely imaginary roots: +2.54280; 33.93267¢. There are homoclinic orbits. However, for given parameters, there is no chaos in

system (B2)).
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Fig. 11. (Continued)

3 x(t
0 x(® b1 X(t)

- 1,1

x(t)
- 1,6
0,45 -0,05 0,59
y(®
(a3)

Fig. 12.  The behavior of the trajectories of system ([B2) (3D projection): (al) K = diag(1,—1, 1, —1), characteristic polynomial
qg(A) = At = 2922 £ 100 of the Jacobian matrix in point 0 and its roots +2, F5; (a2) K = diag(1,—1,—1, 1), characteristic poly-
nomial g(\) = A% —21A2 4100 of the Jacobian matrix in point 0 and its roots £2.70156, F3.70156; (a3) K = diag(—1,1,-1,1),
characteristic polynomial and its roots are the same as in case (al); (ad) K = diag(—1,1, 1, —1), characteristic polynomial and
its roots are the same as in case (a2). There are homoclinic orbits and chaos (see Fig. [I3)).
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The function Vi(¢) from Theorem @ (bl) K
(b2) K = diag(—1,1,1,1) (see Fig. M) (there is no chaos). The same function Vi (¢)): (b3) K = diag(—1,
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(b4)

= diag(1,1,1,1) (see Fig. [0) (there is no chaos) and

1,-1,1) and

(b4) K = diag(—1,1,1,—1) [see Figs. [2(a3) and [[2(a4)]: there is chaos).

in this case, the characteristic polynomial g(\) =
A+ 192 + 74 of matrix AK| retains the form of
characteristic polynomial ¢(\) = A* + a\? + a4 of
matrix AK.

6. Conclusion

New concepts of even and odd functions, general-
izing the well-known classical definitions of similar

functions, are introduced (see [Belozyorov & Dant-
sev, 12020, 2022; Belozyorov et all, M]) Based
on these concepts, a new method for constructing
chaotic attractors of antisymmetric neural ODEs is
proposed. The essence of the method is the intro-
duction of system ([B2), which is guaranteed to con-
tain a homoclinic orbit. Further, system (B2)) is
used as the template for system ([43]), which can
generate an arbitrary number of chaotic attractors.
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(However, as shown in Fig. [[3[b2), the presence of
the homoclinic orbit does not always lead to chaos

in system (32).)
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