Roman VoLiansky, ViTaLly KuzneTsov, VoLobymyR DoskocH, OLEKSANDR TKALENKO

SCIENTIFIC BASIS OF ANALYSIS AND SYNTHESIS
OF OPTIMAL ENERGY-EFFICIENT CONTROL
OF ELECTROMECHANICAL SYSTEMS

MONOGRAPH




3
T .
SWorld =

Germany C

Voliansky Roman, Kuznetsov Vitaliy, Doskoch Volodymyr, Tkalenko Oleksandr

SCIENTIFIC BASIS OF ANALYSIS AND
SYNTHESIS OF OPTIMAL ENERGY-
EFFICIENT CONTROL OF
ELECTROMECHANICAL SYSTEMS

Included in International scientometric databases

MONOGRAPH

ScientificWorld-Net ARhat AV
Karlsruhe 2024



Authors:
Voliansky R., Kuznetsov V., Doskoch V., Tkalenko O.

Reviewers:

Chornyi Oleksii, Doctor of Science, Director of the Educational and Scientific
Institute of Electromechanics, Energy Saving and Control Systems,
Kremenchuk MykhailoOstrohradskyi National University, Kremenchuk,
Ukraine

Tytiuk Valerii, Doctor of Science, Kryvyi Rih National University, Kryvyi Rih,
Ukraine

Scientific basis of analysis and synthesis of optimal energy-efficient control of
electromechanical systems [Text] : Monograph / R. Voliansky, V. Kuznetsov,
V. Doskoch, O. Tkalenko. Karlsruhe, 2024. 291 p.

The authors' achievements in the field of development of control systems theory, where high-
order sliding modes are implemented, was presented. Original methods for optimizing the
accuracy of automatic —control systems for electric drives with nonlinear activation
functions were outlined. The dynamic and static characteristics of control systems with
nonlinear control algorithms were considered, and their stability was analyzed.

For scientific and technical workers engaged in the research, design and operation of modern
automatic control systems, as well as for students and post-graduate students of relevant
specialties.

ISBN 978-3-98924-020-9
DOI: 10.30890/978-3-98924-020-9.2024

Published by:
ScientificWorld-Net ARhat AV
Lupstr. 13
76227 Karlsruhe, Germany
e-mail: editor(@promonograph.org
site: https://de.promonograph.org

Copyright © Voliansky R., Kuznetsov V., Doskoch V., Tkalenko O. 2024

MONOGRAPH 2 ISBN 978-3-98924-020-9


mailto:editor@promonograph.org
https://de.promonograph.org/

Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems
ABOUT THE AUTHORS:

Voliansky Roman, Candidate of Technical Sciences, Associate Professor, National
Technical University of Ukraine “Igor Sikorsky Kyiv Polytechnic Institute”,
ORCID: 0000-0001-5674-7646

Kuznetsov Vitaliy, Candidate of Technical Sciences, Associate Professor, Ukrainian
State University of Science and Technologies, ORCID: 0000-0002-8169-4598

Doskoch Volodymyr, graduate student, Ukrainian State University of Science and
Technologies, ORCID: 0000-0002-9991-1650

Tkalenko Oleksandr, graduate student, Dnipro University of Technology,
ORCID: 0009-0005-7257-7671

MONOGRAPH 3 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

CONTENT

INTRODUCTION ....outiiiiiiiieeeiite ettt e ettt e e e e e etaaeesstaaeeesaeeesssaeesnnseeas 7
CHAPTER 1

METHODS OF ANALYSIS OF ELECTRO-MECHANICAL SYSTEMS.......... 9

1.1. Mathematical description of dynamic SyStems...........cccceeeeereiveeeeeriiveeeenns 9

1.1.1. Equation of dynamics and StQticS................ccccccuviiiiiiieeeciiiiiiiiiaaeeenn, 9

1.1.2. Equations of dynamics of control systems in normal form ................ 11

1.1.3. Converting of equations of linear systems into normal form............. 13

1.1.4. Matrix transfer fUNCLIONS ............cc..eeveeeeeeeeeeiiiiiieeeeeeeeeeeiiieaee e 16

1.2. Development of mathematical models of electromechanical systems...... 18

1.2.1. Fundamental laws of electromechanics ....................cccecevvuvevniinanann, 18

1.2.2. Normalization of differential equations of the control object............ 24

1.3. Controllability and stabilization of dynamic objects ...........ccccceevrvnreennnnns 30

1.3.1. Concept of controllability of dynamic objects..............ccccovvvvviinn..n. 30

1.3.2. Controllability of linear 0bJects..............ccccccovvviiiiiiieeeiiiiiiiiiiieaeen, 30

1.3.3. Controllability of linear time-invariant objects...............ccccc.oooooo..... 31

1.3.4. Invariance of the controllability property of linear transformations. 33

1.3.5. Controllability SUDSPACE ..............c..ccceoviiiiiiiiiiiieeeeeeeeeee e, 34

1.3.6. Canonical form of controllability................ccccccoevveieeiiiiiiiiiiiiiiaaaenn, 34

1.3.7. Canonical forms of eqQUALIONS .................ccccceeiiueiiiieeieeiiiiiiiiiiieeaeeen, 37

1.3.8. Invariance of characteristic equations roots of systems to linear

IPANSTOVIIALIONS .......ccvieeeeiiie e et e e eee e 39

1.3.9. Stabilization of linear time-invariant SyStems ..............ccccccuveeeeeeeennn. 40

1.3.10. Stabilization CriteriON ..............ccccceeiiiiiiiiiiiiiiie e, 41

1.4. Feedback lNEArization ............cccuuiereeeiiiiiieeiiiiiiee et 42

1.4.1. Concept of affine and non-affine dynamic systems............................ 42

1.4.2. Feedback linearization principle ................cccccccccooeeeeeeeiiineenniaaaann, 45

1.4.3. Introduction to Differential Geometry and Lie Group Theory........... 48

1.4.4. Linearization by state feedback..................ccccccccvuiiieiiiiiiiiiiiiinniaanann, 59

1.4.5. Linearization by output feedback .................cccccccoovvvvmmviiiininniiaanann, 68

1.4.6. Linearization by feedback of non-affine systems ...............cccccuuve..... 72
CHAPTER 2

METHODS OF OPTIMAL CONTROLS SYNTHESIS ........cccooiiiiiiieeeee, 76

2.1. Classical and modern methods of calculus of variations...................c...... 76

2.1.1. Euler’s method .............cccccoooviiiiiiiiiiiiiiieee e 76

2.1.2. Pontryagin's maximum principle .....................cccooeeeevivveeniieeeeeeennnn, 79

2.1.3. Dynamic programming ................ceuuveeeiiiiiieiiieeieeeeeeeeeeeeeeeeeeeeeee 86

2.1.4. The Lyapunov’s second method. ..........................ccceevvivvviiiiieenaennnn, 90

2.1.5. Analytical design of controllers .................cccccccoovvveciiviiiiiieeeeeeennn, 93

MONOGRAPH 4 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

2.2. The principle of control systems symmetry and its modification ........... 106
2.2.1. Concept of inverse dynamics problems ..................cccccccueveeeeeeenennnnn, 107
2.2.2. Symmetry property of automatic control SyStems ............................ 111
2.2.3. Modification of the principle of symmetry..............cccccccvvvveeeeeeeennnnn. 113
2.2.4. Correspondence of the modified symmetry principle to

solutions of the problem of analytical design of regulators................. 118

2.3. MOdal CONEIOL....niiiiiieeiiiieee e 122

2.3.1. The concept of modal cONtrol..................cccocvveeevciiiieeiniiieeeeennnn. 122

2.3.2. Standard distributions of the roots of the characteristic equation... 125
2.3.3. Algorithm for synthesizing a modal controller in canonical

COOVAINALE SPACE ... 136
2.3.4. Algorithm for synthesizing a modal controller in normal
COOFAINALE SPACE ...t 138
2.4. Modal Control Communication with modified symmetry principle....... 140
2.5. Regularization of dynamic SyStems ...........cccceeveeeererriciiiiiieeeeee e e, 143
CHAPTER 3
SLIDING MODES IN ELECTROMECHANICAL SYSTEMS ..., 147
3.1. Concept of sliding MOde..........cceeeeieiiiiiiiiiiiiieee e 148
3.1.1. Conditions for the emergence of sliding mode and hitting the
SWIECHING [IN@ .......oooooiiiiiiiiiiiiiee e, 148
3.1.2. Movement along the switching line..................cccccccovvvvviieeeeeennennnnn, 152
3.1.3. Properties of systems operating in sliding mode............................ 156
3.1.4. Real sliding mode .......................cooeeeeciiiiiiiiieeeeeeeccieee e, 161
3.2. High-order sliding modes ............cceoviiiiiiiiiiiiiiieeeiieee e 163
3.2.1. Conditions of emergence and exiStence ................cccocuvvveeeeeeeeennnn. 163
3.2.2. Principles of construction of high-order sliding algorithms............ 166
3.3. Second-order sliding algorithms ............cccooviiiiiiiiniiiiiieee e, 171
3.3.1. TWisSting al@ovithm....................ccoveeeiiiiiiiiiiee e, 171
3.3.2. Nesting AIGOVItRmM....................ocooueeieiiiiiiiiieee e, 173
3.3.3. Super-twisting al@orithim................cccccvvvvviiiiiiiiiiiiiiiiiiieeee e, 174
3.3.4. Modification of the super-twisting algorithm................c................ 178
3.4. Nonlinear activation funCtion .............cccceeeeviiiiiieeeriiiieeeeniieee e 181
3.5. Fractional-order sliding modes ...........cccccuvviiiiiieeiiiiiiiiieeee e, 183
CHAPTER 4
ANALYTICAL STUDIES OF ELEMENTARY -ELECTROMECHANICAL
SYSTEMS WITH IRRATIONAL ACTIVATION FUNCTION................... 186
4.1. Open-100p EMS StUAY ...cceeeeeiiiiiiiiiee et e 186
4.1.1. Nonlinearity at the SyStem iNPUL....................cceeeeeeeiiiuieeeeeeeeeeeeeeennn, 187
4.1.2. Nonlinearity at the SyStem OUIPUL.................ccccevvvverreeeeeeeeeeirneennns 189

MONOGRAPH 5 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

4.2. Mathematical models of closed-loop EMS ..........cccooiiiiiiiiiiiiieeee. 191
4.3. Study of static characteristics 0f EMS ..........ccccoiiiiiiiiiieeeeeee, 195
4.4. Study of time characteristics 0f EMS...........cccooiiiiiiiiiiieeeeeeee, 197
4.4.1. System reSponse t0 @ UNIL SIEP.........cc.uuueeeeieeeaeaiiaiieeee e, 198
4.4.2. System response to a ramping SiQNAl ...............ccccccvveeeeeeeeeeecnnnnnnn.. 203
4.4.3. System response to a of complex shaped demand signal ................. 211
4.4.4. Temporal characteristics of high-order EMS...................ccccecuun.... 215
CHAPTER 5
SYNTHESIS OF CLOSED-LOOP ELECTROMECHANICAL SYSTEMS
WITH NON-LINEAR ACTIVATION FUNCTION.......cooocviiiieeiieeeeee, 226
5.1. Motion of characteristic equation roots of a closed-loop system
with a nonlinear activation fUnCtoON...........ceevvieiiriiiiiniiie e, 226
5.1.1. The concept of free Yoot MOVEMENL ...............cccccuvvveeeeeaeaeeeeeireennnnn 226
5.1.2. Trajectories of free YOOt MOVEMENL ...............cccccuvvveeieeeeeeeeeciierennnnn 235
5.1.3. Stability analysis of closed-loop EMS with nonlinear activation
JUTLCEION ... e e e e e e e e aaaaaeea s 240
5.2. Determination of Control ObjectiVe........ccvvvvieieiiiiiiiiiiiieeee e, 248
5.2.1. General recommendations for justifying the choice of
integral quality fUnctionals...............cccc.ccooevviieeeniiiiiieeiiiiiiee e 248
5.2.2. Determination of the quality functional for linear optimal
COMITPOL SYSEOMLS ... e e e e 255
5.2.3. Construction of integral quality functionals characterizing
control processes of linear systems in closed phase spaces ................ 257

5.2.4. Determination of quality functionals characterizing control
processes in systems with "Square root with sign consideration”
ACHVALION JURCTION ...t e e 263
5.2.5. Determination of quality functionals characterizing control
processes in systems with an arbitrary order irrational activation

JUPLCEIO ... 266
5.2.6. Construction of functionals of additive form for control systems
with irrational activation function ................ccccceeeeeccveeeeeecieeeeeeennn. 270
5.2.7. Construction of quality functionals for control systems with
exponential activation fUNCLION.................ccceeecuuvveieeeeeeeieiiiiiiieeeaeeeens 274
CONCLUSIONS ...t ettt ettt e e s e e 284
REFERENCES ... .ottt ettt ettt e eaaee e 286

MONOGRAPH 6 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems
INTRODUCTION

Currently, the problem of energy conservation is quite acute for industry. This
problem is being addressed at different levels through the use of a series of measures
aimed at both creating fundamentally new approaches to the technological processes
management and modernizing existing ones.

One of these measures is energy conservation through the means of electric
drives. Electrical energy savings can be guaranteed by using energy-efficient laws of
optimal control for electromechanical systems.

The synthesis of optimal control systems, based on solving the problem of
analytical design of controllers using known methods, is carried out using linear or
linearized differential equations of perturbed motion. The advantages of this approach
include the transparency of the mathematical apparatus used at the stage of creating a
control system, and the simplicity of the technical implementation of the synthesized
system. However, along with the advantages, this approach has a number of
disadvantages. The main one is that synthesized discontinuous or linear controls
leading to a change in the coordinates of the perturbed motion according to an
exponential law, are not optimal from an energy point of view. Furthermore, the use of
discontinuous controls leads to significant overvoltages on the power switches of the
converter during switching and can lead to premature aging or destruction of the power
circuit. Known measures to eliminate these drawbacks and improve the dynamic
performance of an electric drive in real-time are subjective and do not have a strict
mathematical justification.

Therefore, recent scientific literature has paid considerable attention to high-
order sliding modes. The control actions that implement them can ensure high
performance and accuracy of classical systems, but without the switching of the control
element. By eliminating overvoltages in the power circuit, these electromechanical
systems have increased reliability compared to known relay systems, and by limiting
the supply voltage at any intermediate level, improved energy performance can be

achieved.
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Based on the above, an urgent problem arises in the development and research

of electromechanical systems with high-order sliding modes.
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CHAPTER 1
METHODS OF ANALYSIS OF ELECTRO-MECHANICAL SYSTEMS

1.1. Mathematical description of dynamic systems

When analyzing and synthesizing control systems for technical objects, one
usually deals with their mathematical models. A mathematical model is an equation or
system of equations that describes the processes occurring in the object under study.
This model can be obtained either experimentally or analytically, based on physical,
chemical and other laws governing the processes in the considered object.

Mathematical descriptions are based on contradictory requirements. On the one
hand, the mathematical model should reflect the properties of the original system as
accurately as possible, and on the other hand, it should be as simple as possible to avoid
complicating the research. Therefore, at the initial stage of the research, a simpler
model should be used, and then, if necessary, the model can be made more complex,

taking into account additional factors that were not considered at the initial stage.
1.1.1. Equation of dynamics and statics

Any control system as a whole and its individual elements convert the input

signal x(?) into an output signal y(®) . Mathematically, they carry out a transformation

of the following form

y(t) = Ax(2), (1.1)
in which each element ¥ ) from the set of input signals corresponds to a certain

well-defined element Y () from the set of output signals. In the above relationship 4
is called an operator. The operator that defines the mapping between the input and
output signals of a control system or its element is called the operator of this system
(or element). To define a system operator means to specify the rule by which the
system’s output signal is determined by its input signal.

In the following discussion, we will consider systems, whose operators can be

MONOGRAPH 9 ISBN 978-3-98924-020-9
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specified using ordinary differential equations.

A mathematical model can be presented as a structure consisting of dynamic
links. A link is a mathematical model of a system or part of it, which is defined by
certain operator. In a particular case, a link can represent a mathematical model of an
element.

The movement of a generalized link can be defined as follows:

2 2
F(y,py,p"y....p"y,u,pu, pu...,p"u)=0, (1.2)
d

where? is an output variable; ¥ is an input Variable;p ~ dr is a differentiation
operator.

The equation (1.2), which describes the processes in a link under arbitrary input
influences, is called the dynamics equation.

From the equation (1.2), a statics equation can be obtained that describes the

steady-state mode with constant values of the output and input variables:
_ 2 _ _ 2 _ _
py=py=p"y=pu=pu=p"u=0. (1.3)

Fy(39,0,0...0,1,,0,0...,0) = 0. (14)

In the general case, when a link is described by a differential equation, the value
of the output variable at a moment in time ! depends on the previous history, i.e. it

depends on the values of the output variable - till the moment ? . In this case we talk
about a dynamic link.

If a link 1s described by a function, that is, its value in the output variable at any
time depends only on the values of the input variable at the same time, then the static
equation coincides with the dynamics equation, and the link is static.

The static mode can be graphically described using a static characteristic. The
static characteristic of a link (or element) is the dependence of the output variable on
the input variable in a steady-state mode. The static characteristic of an element can be
determined experimentally by applying constant influences to its input and measuring
the values of the output variable after the end of the transient process, or calculated

using the statics equation.
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1.1.2. Equations of dynamics of control systems in normal form

If the equation of the system is represented by the highest derivative of the output
variable of 72 -th order, then it can always be turned into a system of 72 equations of the
first order.

The system dynamics equation

-1
py" =F,py,....p" " yu), (1.5)

by introduction of Y1~ V> Y2 = PVse -V = pyn—l, is transformed into the
form
PN =Y P23 o PV S FLyaesvet) (g6
A similar transformation can be performed when the system is described by
several equations of the form
P =F (1, P71 P 1 Y25 PY2o0);
P Y2 =Fy (31, V1> P Y15 Y2, DY 10). (1.7)
Equations (1.7) can be transformed into a system of first-order equations:
DPX) = X5 pXy = X35 pxy = Fi(x), X, X3,%y4,Xs,1);

PXyq = Xs55 pxs = Fy(x),X5,X3,X4,X5,1), (1.8)

e — e 2 1y ey —
where X1 = V1> X2 = PV, X3 = P Vi, X4 = Vo, X5 = PV).
In general, the dynamics equation of the controllable system can be represented

in the following form

xlzﬁ('xlox29 ) n9u17u2 . rat)
pX2:f2(.x1,x2, ) n:ul’u2 o9 ,,,t)

xn:fn(x19x29 XU, U - ourat)'
ylzhl(xlaxb Xy, U, Uy e ,,,f)

Vo = Iy (X1, X005 Xy, U, Uy s Uy ),

ym:hn(xl>x2’ o Xy U, Uy - Upst), (1.9)
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where”? is the number of state variables; 77 — the number of observable

X1sXD5eees X ul,uz...,u

variables; n — phase coordinates; r — control inputs;

VisVoeesVm output variables; I time.

First-order differential equations, written with respect to the first derivative of i
-th state variable, are called a system of differential equations in the normal Cauchy
form or simply a system in the normal form.

In the vector form, the above equations take the form
rx =f(x,u,0); (1.10)

y =h(x,u,?). 1.11)

Here Xitis called a phase vector or a state vector, W is a control vector or simply
the control, as well as input variable or simply input,y 1S an output vector or simply
output.

The set of all state vectors (phase vectors) is called state-space representation or
a phase space.

The equation (1.10) is called the equation of state, and the equation (1.11) is
called the output equation or the observation equation.

Hereafter, all vectors will be considered as column vectors, i.¢.

X = (XI,X2,...,.X”)T;

_ T,
u—(ul,U2...,ur) 5
_ T
y_(y1>y2"'9ym) ’ (1.12)

where T is a transposition operation, i.e. the replacement of the matrix rows
with its columns.

If the input action and the output coordinate of the system are scalar quantities,
then such systems are called one-dimensional or systems with one input and one output.
In the English-language literature, such systems are called single input single output
system (SISO). If at least one of the specified variables is a vector, then such systems
are called multidimensional. In the English literature, multidimensional systems are

divided into:
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» multi input single output system (MISO), if the input variable is vector;
* single input multi output system (SIMO), if the output variable is vector;
» multi input multi output system (MIMO), if both input and output variables are

vectors.
1.1.3. Converting of equations of linear systems into normal form

In the general case, the equation of a one-dimensional controllable system or

object has the form [11]
p'y+apy+-tay=bp u+bp"u+---+bu,m Sn'(1.13)

Let us consider three cases separately: =0 m=n_0<m<n,

« m =0 1In this case, solving the equations (1.13) for the highest derivative, we

obtain

|
p'y=byu—ap" y-...—a,y. (1.14)

_ _ n-1__
Denoting ¥~ X1 PY = X2 P V= X e ot

pxX; = Xy,
PX; = X35
pxn—l - xn;
px, =bu—ax —a, x,—a, ,x;—...—aXx,,
Y= (1.15)
In vector form, this system will take the form
px = Ax+ Bu;
_ T
y =Cx (1.16)

where
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X 0 1
X, 0 0
X= ;. A=
X, 0 0
L Xn | ~4y —dp o T
0 1
0 0
B= ; C=
0 0
_bO_ _O_

« M = N n this case, the equations (1.13) can
px, =X, + ku;

DX, = X5 + kyu;

px,  =x,+k u;

0 0 ]

1 0

0 1
L) 4

(1.17)

be transformed into the form

DX, =—a,X;, —Q, X, —a, ,X;—...—a;X, +ku,
v =X +kyu, (1.18)
i
ky=b,; k = Zajkl.j; i=1,2,--,n.
where J=1
In vector form, this system will take the form
px = Ax+Bu;
_ T
where
MONOGRAPH 14 ISBN 978-3-98924-020-9
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X 0 1 0 ... 0]
X 0 0 1 .. 0
o Ao . SR
X, 0 0 0 1
L Xn | ~4p —Ap —4y —a |
e .
ky 0
B= ; C=
ko 0
|k ] L0 (1.20)

« 0<m<n_Let the controllable system be described by the following transfer

function

byp" +bp" "+ +b
W(p)=Z= Opn 1Pn_1 mo 0<m<n.
Transforming the transfer function (1.21) as follows
byp" +bp" "+ +b
= Opn 1pn_1 my, 0<m<n,

we divide the left and right-hand sides of the resulting expression by its

numerator

1 - 1

— y= - Uu.
bop" +bp" "+ 4, agp" +ap" + ta, (1.23)

Let us introduce a new fictitious coordinate *! , which satisfies the relation

|
bop™ +bp"™ +.. +b,
_ 1
B n n—1 u

from which
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n n—1 — .
(aop” +a1p™ +-+a,)x =u;

y=(byp" +b " +e 4Dy )xp. (1.25)

The first equation of the system (1.25) corresponds to the case 77 = 0 5o it can

be represented as follows

pxp = Xo,
PXy = X35
PXp1 = Xy
1
pxn = ;0 (T/l — anxl — an_l.xZ — . alxn ) .

(1.26)

The second equation of the system (1.25) is the observability equation

yZbome +b1xm +...+bmx1. (127)

Combining the system of equations (1.26) and the observability equation (1.27)

, we obtain a system of differential equations of the original object in normal form

pxp = Xa,
PXxy = X3,
PXp1 = X5
1
px, =— (u —a,X|—a,_1X, —...—alxn),
ao
yZbOxm+1 +b1xm +...+bmx1. (1.28)
1.1.4. Matrix transfer functions
Let us consider a linear time-invariant object
— . — n r m
px=Ax+Bu; y=Cx, xeR",yeR ,ueR". (1.29)

In these equations, ” — the vector X (column matrix 72 X 1) is called the state

vector of the object, 7 — the vector ¥, the components of which are the output signals
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of the object, is called the output vector, and /77 — the vector U is the vector of external
inputs that are applied to the object from the outside. The object matrix A, control

matrix B and output signal matrix C have dimensions 7X7, NXM and XN,
respectively.

Let us define the transfer function for the object (1.29) in matrix form. To do
this, we move the components containing state variables to the left, leaving only control
inputs on the right-hand side. Taking into account that the equations are written in
matrix form, after rearrangement we obtain the following equation

pEXx— Ax = Bu’ (1.30)
or
(PE—-A)x =Bu. (1.31)
Considering the state variables X as unknowns, we solve the resulting equations
x=(pE-A) "' Bu (132)

Conventionally dividing the left and right-hand sides of the equation (1.32) by

U we obtain the following transfer function

W(p) =X _ (E-a)y'B.
u(p) (1.33)

Let's define the matrix transfer function of a closed-loop system. In this case, we

will assume that all state variables of the object are directly measured and used as
object's output signals. Then the matrix C transforms into the identity matrix E so
the second equation of the system (1.29) can be written as

y=Xx (1.34)

The controller, which controls the object, receives the object's state variables as

input signals Mowoo%n and generates control inputs that are applied to the object. We
will assume that the controller is linear, meaning that the generated control inputs are
a linear combination of input signals.

The output signals of the controller can be applied to the object at the same points

through which the measured external inputs are applied.
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Denoting these external inputs through V, and(m xn) _ controller
transformation matrix through P, we get total control applied to the object
u=v-Px. (1.35)
The minus sign in front of the second term indicates the negative feedback on
the state variables of the control object.
By combining equations (1.29) and (1.35), we obtain the following closed-loop

system equation:
px = Ax+ Bu = Ax+ B(v—-Px) = (A -BP)x + Bv. (1.36)

From the equation (1.36), the matrix transfer function of the closed-loop system

can be obtained [34]

o(p)= P _ (,E_A+BP)'B.
v(p) (1.37)

1.2. Development of mathematical models of electromechanical systems
1.2.1. Fundamental laws of electromechanics

The operation of any electric machine can be described with considerable
accuracy by four fundamental physical laws.

* Kirchhoff's (Ohm) law

U=1-R+Eci+Em, (1.38)

IR

where U is a voltage applied to the winding, are current through this

winding and its resistance, Eei is EMF od self-induction, caused by the change in

magnetic flux generated by the winding, Eq, is rotational EMF, associated with the
interaction of magnetic fluxes from different windings.
This law indicates the distribution of voltage applied to the winding of an electric

machine.
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* Faraday's law

d®

dt’ (1.39)

Where @ — magnetic flux in a machine.
This law explains the causes and conditions for the occurrence of EMF in the
winding of an electric machine.

» Ampere's law

where ! is a current through an infinitesimally conductor, dl is a length of an

infinitesimally conductor, B is inductance of the magnetic field created by current /

Ampere's law determines the force acting on a current-carrying conductor in a
magnetic field and connects electromagnetic and mechanical processes in an electric
machine.

* Newton's law for rotational motion

do I
S T M
roia (1.41)
J, o, M. ) . . .
where ! are moment of inertia, angular velocity and torques acting on

the motor shaft.

Newton's law indicates the acceleration with which the motor shaft will move
and the torques that cause this movement.

Depending on the type of electric machine, the above laws are transformed
accordingly [16] and form systems of equations that describe a particular electric
machine.

For example, for a DC machine with series excitation, the equations (1.38)—

(1.41) will take the form
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U =1R+L£+qu)]co;

dt
M, = Kkgl?;
79e_ M,-M,,
dt (1.42)

where U is a supply voltage, { — current in the armature circuit,® — shaft

ko

rotation speed, R,L _ resistance and inductance of the armature circuit,

linearization coefficient of the motor magnetization curve, M. _ load torque on its

shaft, / — moment of motor inertia, K — design coefficient.

In the case of studying the “Motor - Industrial Mechanism” system, where elastic
deformations in the kinematic chains cannot be neglected, multi-mass mechanical
systems are considered. In this case, the equations (1.42) or similar ones must be

supplemented with an equation based on Hooke's law [§]

M., = cdb, (143

Where © 0 are elasticity coefficient and angle of twist of the shaft, respectively.

Considering that the motor shaft twists because its ends have different speeds

®1 and @2, that is,

do
R A
dt (1.44)
the equation (1.43) can be represented as follows
dM
> =c(o - w)
dt , (1.45)
Then the motion of a two-mass mechanical system is described by the equations
do
Ji—+ =M,-M;
dt
dM
s = clo —o,);
dt
do
J,—% =M, -M,,
dt (1.46)
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J1,

where Jo are moments of inertia of the motor and working mechanism.

If there is elasticity not only between the motor and the working mechanism, but
also between the individual parts of the industrial mechanism, the system (1.46) is
written for all significant masses.

From a physical point of view, the system of equations (1.46) is conservative
because it does not take into account energy dissipation during elastic deformations.
Dissipative mechanical systems where energy dissipation occurs during deformations,

can be described if the equation (1.45) is supplemented by a component that takes into

account dissipation

aM, _ .(d(”l _@j

dt e di (1.47)

where p is the energy dissipation coefficient during elastic deformations.

When the electromechanical system operates in positioning or trajectory-
following modes, the equations of its dynamics must be supplemented by the
dependence

pPO=0 (1.48)

In addition to the elasticity of the mechanical transmission, the dynamics of the
electromechanical system (EMS) is significantly influenced by its operating
conditions. Thus, when the working body moves in viscous media, a friction torque

arises, which is generally described by the equation:

_ o
M, =ho", (1.49)

where 7 is the viscosity of the working medium, & — an empirical exponent
that takes into account the mechanical characteristics of the production mechanism.

Thus, the behavior of any EMS can be described, using the above equations

However, in cases where not only the control system of an electric drive, but
also the control system of the technological process or the industrial mechanism as a
whole is being studied, it is necessary to consider the dynamics of this process or

mechanism taking into account known physical laws.
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To formulate the corresponding equations, a clear understanding of the laws of
theoretical mechanics, fluid dynamics, thermal engineering, chemistry, etc. is
necessary. In most cases, these laws are formulated mathematically as partial
differential equations, but with a certain accuracy they can be reduced to linear
differential equations.

For example, the process of heating the windings of an electric machine is
described by the heat conduction equation

dT d*T  d*T d°T

cp-—=A- + +
pdt x> dy*  dZ?

(1.50)
where € P> A are the heat capacity, density and thermal conductivity of the
winding material, respectively, T is the winding temperature.

To solve equation (1.50) correctly, the winding design must be specified, and the
initial and boundary conditions must be defined. But even in this case, solving the
equation (1.50) is quite complex and requires special numerical methods for solving
partial differential equations.

However, a sufficiently accurate temperature distribution can be obtained by

solving the approximate heat balance equation [8]

0,4,C

where are the amount of heat generated in the machine, heat dissipation
from the electric machine to the environment and the machine's heat capacity.

This equation is based on the assumption of homogeneity of materials and design
of the electrical machine.

After some simple transformations, the heat balance equation (1.51)can be

presented in the form of an ordinary linear differential equation

Q_.,.C.&

=T+ .
A A dt (1.52)
Thus, in the future, to describe any processes occurring in electromechanical
systems, we will use ordinary differential equations.

To simplify the notation, we will agree to use the operator form of writing
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differential equations and will use the following designations

df()_)pf k[0 (o) s &)
dt p . (1.53)

Taking into account the designations (1.53), the equation (1.52) in operator form

takes the form

C
2 =T+—pT
4 4 (1.54)
In the following discussion we will deal with object whose differential equations
of motion are solved with respect to the highest derivative, so we transform the

equation (1.54) as follows

pt= —é T+ Q
C C (1.55)
The equation (1.55) is a differential equation in normal or Cauchy form. Not
only single equations, but also systems of them can be written in this form.
Substituting the value of the electromagnetic torque from the second equation of
the system (1.42) into the third equation of the same system and introducing the

electromagnetic time constant into consideration

L
I, =—,
R (1.56)
we can write the system (1.42), supplemented with equations (1.48) and (1.49)

in normal form

PO =
K
PO _ Kke ]2_£®0t;
J J
pl L P L )
I, RI, RI, .57

Hereinafter, the angle of rotation P, speed @ and current { of the motor will

be called the coordinates of the control object, voltage U _—_ controlling input, or

control.
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By generalizing equations (1.55) and (1.57), we can conclude that the dynamics
of any electromechanical object is determined by three components:
* Coordinates, which will include the EMF of the converter, currents in the

windings, torques, speeds, rotation angles, etc. We will denote the coordinates of the

EMF as X , considering I as the index of the variable.
The numbering of variables is carried out from the output of the system to its
input. That is, in a speed control system of a DC motor, the first variable is the speed ,

the second is the armature current and the third is the EMF of the converter.

* Control inputs Uk , which are control voltages generated by controls. The index

k corresponds to the number of the controlled variable. Thus, the control that is formed

by the speed control Ul, current control U, , etc.

: F, . : : '
* Disturbances / acting on the control object. The index J corresponds to the

number of the equation in which this disturbance appears. For example, the load torque

F,

¢ is included in the first equation of the system (1.57) so it is denoted
Taking into account the above, the motion of a generalized electromechanical
object can be represented as follows:

pX, = ZbU X, +m U +¢-F, i=12,.,n,
j= (1.58)

m;,c; : : : :
where 77777 are the coefficients for the object coordinates, control inputs

and disturbances, respectively.
1.2.2. Normalization of differential equations of the control object

The material presented in the previous section reflects the essence of the physical
processes occurring in the control object, but it significantly complicates the analysis
and solution of the dynamic equations. The difficulties arise due to the use of named

physical quantities.
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For example, when analyzing the dynamic or static properties of an electric
drive, which is described by equations (1.57), a situation may arise when it becomes
necessary to sum the second and third equations. From a physical point of view, such
an action is unacceptable, since the equations differ in the dimensions of physical
quantities — the second equation has the dimension rad/s, and the third — A/s.

In order to eliminate this inconsistency and enable performing any operations on
the dynamic equations regardless of the units of measurement, use the operation of
directed normalization is used.

This operation involves switching to a new phase space, which differs from the
original space in scale along each of the axes of the coordinate basis. In this case, the

axes are scaled by switching to relative units. Mathematically, this can be represented

as follows
X;
X, = ,
Xy (1.59)
where X Xy are the current and base value of  -th coordinate of the control object.

In different fields of knowledge, the choice of a base quantity is controversial.

We will assume that for electric motor with series excitation, the rated current,
nominal speed, nominal rotation angle, and nominal voltage are used as the base
quantities.

If we now divide the current, speed and position of the motor shaft by the

corresponding base quantities, we obtain their relative values

_ . o 1
NT W =3 =/
Py @y, I (1.60)
The coefficients of normalized differential equations can be determined through
the parameters of the control object and the accepted base quantities.
Using the accepted relative units, we will make the transition from equations in

named quantities (1.57) to motion equations in relative units. These equations are not

accidentally solved with respect to the derivative — it is the left-hand side of the
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equations that form the system (1.57)that determines which base quantity should be
used to divide a given equation.
Let's consider the first equation of the system (1.57).

In order to keep this equation unchanged, we divide its left and right-hand sides
by the base value — the nominal rotation angle Po. Let us assume that the nominal

rotation angle is the angle through which the motor rotates at nominal speed ®b in one

second, 1.e.

Taking this notation into account, the first equation of the system (1.57) in

relative units will take the form

() . Q) . Q)
p = =
Py P, Op-lc (1.62)
or
= Vo (1.63)

Now let's consider the second equation of system (1.57). We divide its left and

right parts by the nominal speed ©b

®p  Jop o Jop (1.64)
The resulting equation shows the change in the relative value of the motor speed,
but it still contains named units on the right-hand side — armature current / and motor
speed @,

We eliminate these units by multiplying and dividing each component by the
corresponding base quantity

0 _ Ko ,z(f_bjz _L@a[&f

0, Jo, Iy Joy, ), (1.65)

or
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2
o Kkg o 1 h o © *
p 2 =Rlo 2 B el ©
(Db J(Db Ib J(Db (Db

Taking relative units (1.60) into account, the equations (1.66) can be written as

(1.66)

follows

Kkoli 5 hol™t
= Y3 — Y2 -
.](Db J

12%)
(1.67)

The resulting equation (1.67) relates the relative values of acceleration pya,

speed Y2 and motor current 3 , 1.€. 1s the equation of motion in relative units.
We will denote the coefficients of the equations of motion in Cauchy form and

relative units which are associated with the coordinates of the object by a Latin letter

b with two indices: the first indicating the number of the variable in the left-hand side
of the equation, and the second indicating the number of the variable with which this

coefficient is associated. Then, taking into account the notation

_ hoy™ Kk I
by = - B bys = o
©p (1.68)
the equation (1.67) takes the form
— 2
Py2 =byyy +by3y3. (1.69)

We divide the left and right-hand sides of the third equation of the system (1.57)

by the rated current

I_ 1 I Kky I 11

p_:__ _— -—-a) —_— e ———
I, T, 1, R-T, I R-T, I (1.70)
or
1 1 I Kk I o 1 1 U
p—:——-—— -—.—-a) —_— ——— ¢ ———— b‘
fy 1, I, R-T, I, o, R-T, 1, U, (1.71)

Using the relations (1.60), we substitute the relative value of the armature current

into the equation (1.70)
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Dy, = 1 y Kk, O, ys -y, + 1 1 U
L= Yy — Wy Yy Y, +———U,U,,
U
U, =—
where Uy is the supply voltage in relative units.

The equation (1.72) shows the change in the relative value of the armature
current depending on the relative values of speed and voltage.

For the convenience of further use of the resulting equation, we introduce the

coefficients
1 1 ko 1
my=—————Up; by =———"—@p; by3=—_-.
R-T, Iy R-T, T; (1.73)
and represent it as follows
Py = by, vy + by vy + mUs. (1.74)

Analysis of the equation (1.74) with coefficients (1.73) indicates that with
dimensionless relative coordinates of the object, the dimension of this equation is
determined only by the dimension of the coefficients (1.73). Transition to relative units
made it possible to write down the motion equations of the electromechanical object

(1.57), which have different dimensions, in the form of equations in relative units
Py =biayas Yy =bpnys +by3y3:
Py3=b3yyy3+b33y3 +m3Us, (1.75)

where

b, =1. (1.76)

-1
The dimension of each equation in the system (1.75) is ¢ . The corresponding
block diagram of the control object is shown in Fig. 1.1.
The same rule applies to motion equations in relative units of any dynamic

objects.
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b32 le— X [«
\
1 Ys 2 1 Y2 o Y1
T L » " Y3 ’b234’(f—'p [
Y
b33 [ ba2 y*
A

Fig. 1.1. Block diagram of the control object

Previously, the principles of compiling matrix equations for the dynamics of
linear electromechanical objects were considered. The dynamics of nonlinear objects

can also be described by differential equations in matrix form. However, unlike the
linear case, all matrices will be column matrices of dimension 72 X 1. Further we will

call such matrices 7! -matrices.
Let us demonstrate the compilation of dynamic equations for nonlinear objects
in matrix form using the example of equations (1.75). The standard matrix form of

writing the motion equations of a nonlinear object has the following form

py =t(y)+g()U, (1.77)
where
N V2 0
Y=\ | £ =| bpyS +byyi |, g(y)=| 0
V3 by, y2y3 +b33y3 m; (1.78)

The composition of matrices Y and g(y) 1s similar to the linear case, and the

matrix f(y) contains the right-hand sides of the corresponding equations, excluding

control and perturbing influences.
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1.3. Controllability and stabilization of dynamic objects
1.3.1. Concept of controllability of dynamic objects

One of the fundamental concepts in automatic control theory is controllability.
To clarify the general laws and patterns to which controllable systems are subject, let

us consider a dynamic system, whose motion is described by the matrix equation
— n r
px=fx,u,t), xeR ,ueR’, (1.79)
where X is the 7?-dimensional state vector, W is the 7 -dimensional control
vector.

— — T
A control input ¥~ u(@®) = @ () uy @), ..., u,. (1)) is piecewise continuous

if all its components ! () are piecewise continuous. Piecewise continuous controls
are called admissible.

The system (1.79) is called controllable or fully controllable if for any initial

deviations X0 in the phase space R" on a finite interval 70, 2% ] it is possible to

determine an admissible control that transfers the system (1.79) from the initial point
X(t0) = X0 4 the final one X(k) = Xk

In other words, if an object is fully controllable, then it can be transferred by

admissible control from an arbitrary initial state to any other state within a finite time.
1.3.2. Controllability of linear objects

For a linear dynamic object, which can be described by the equation
px=Ax+Bu, xeR" ueR’ (1.80)

the following statement is true:

» the linear object (1.80) is fully controllable if, regardless of the initial position

X(%) = X0 . there is an admissible control, defined on a finite interval [to’tk], that
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transfers the object (1.80) to the final state X(te) = 0, 1.e. to the origin.

* the linear object (1.80) is fully controllable if, regardless of the final state

_Jk
X(tk ) =X , there 1s an admissible control, defined on a finite interval 205t ], that

transfers the object (1.80) from the initial state X(t9) =0 , that is, from the origin, to

_ ok

the final state x(fe) =x :
) R ) X(tk) =0 .
The statement remains valid if in the first part the final point is

replaced with any other fixed point, and in the second part the initial point x(ty) =0

is replaced with any other fixed point.
1.3.3. Controllability of linear time-invariant objects

Let the equation
px=Ax+Bu, xeR" ucR". (1.81)

describe a time-invariant system, that is, matrices A and B contain constant
coefficients.

Let us consider the matrix

Y=[B AB AZB ... A’HB}. )

This matrix is called the controllability matrix.

Controllability criterion for linear time-invariant systems. 7The linear time-
invariant object is fully controllable if and only if the controllability matrix has a full
rank, i.e. when rank equals 7.

Recall that the rank of a matrix is equal to the number of independent rows, the
number of independent columns, and the order of the non-zero minor of the maximum

dimension.

(A, B)

A pair is called controllable or fully controllable if the rank of the

controllability matrix (1.82) equals 7.
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As an example, we will show that an electric motor with a transfer function

0 K

2 b
u TT.p"+T,p+1 (1.83)

where K is the design coefficient of the motor,
is fully controllable.
To demonstrate this, let's compose the equations of motion of the object under

study, by representing its transfer function as follows:

(0 u
K 11, %
I.T,p~+T,p+1 (1.84)
from which we obtain the equations
_ . 2
v=Kxpyu=1T.T,p" x; +1,px; +Xx1. (1.85)

The second equation can be replaced by two first-order equations describing the

motion of the motor

1
DX| = Xy PXy = ﬁ(_xl — T, % +u).
e’m (1.86)
The first equation of the system (1.86) allows us to write the following
observability equation

® = KX (1.87)

From equations (1.86) and (1.87) the object parameter matrices are determined

0 1 0 0
S gl
-1 -T, 1 K (1.88)

Before proceeding to compiling the controllability matrix Y, we calculate the

product AB
AB = =
-1 Ty L ~In | (1.89)

Let’s create a controllability matrix for the object under consideration

MONOGRAPH 32 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

Y=[B AB]=[(1) _;}J

(1.90)
The rank of the matrix Y equals 2, which is confirmed by the presence of non-

zero determinant and minors of the matrix Y .

1.3.4. Invariance of the controllability property of linear transformations

Consider the non-singular linear transformation

x =Tz; det(T) = 0. (1.91)
Under this transformation, the equations (1.80) take the form
pz = Az + Bu, (1.92)
where
A=T'AT;B=T 'BT. (193)
Let's verify that the pair (A,B) i fully controllable. Let's create a controllability

matrix for this pair

Y=|B AB A’B .. A"'B.]
(1.94)
It is easy to verify that
k _ =l Ak k _ p—lpk
A"=T A"T,B =T B'T. (1.95)
Substituting expressions (1.95) into matrix (1.94) , we obtain
Y=T'B AB A’B .. A"'B|=TV.
(1.96)

. . -1 . . .
Since the matrix T  is non-singular and its rank equals 7, than the rank of the
controllability matrix Y of the transformed object equals to the rank of the

controllability matrix Y of the original object.
The controllability property remains unchanged under a non-singular linear

transformation of matrices.
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1.3.5. Controllability subspace

The region consisting of all points of the state space to which a controllable
system can be transferred by admissible control from the origin within a finite time is
called its controllability region.

If a controllable system is fully controllable, then its controllability region
coincides with the entire space. If the rank of the controllability matrix of the
controllable system is not equal to the maximum value (i.e., the dimension of the state
space), but is greater than zero, then the controllable system is said to be not fully
controllable or partially controllable. If the controllable system is partially
controllable, then, as follows from the controllability criterion, the controllability
region coincides with the subspace generated by the set of independent columns of the

controllability matrix. This subspace is called the controllability subspace.
1.3.6. Canonical form of controllability

Let the rank of the controllability matrix of a linear time-invariant controllable

1(<

n ) Let us consider a non-singular transformation

T=[T,T;]

system (1.80) be equal to
Z=TX, where the transformation matrix has the form and is

constructed as follows: T, 18 (nxi )—matrix, and its columns are independent

columns of the controllability matrix; T, 1S (nx(n—1)) -matrix, and its columns are

chosen so that the matrix T is non-singular. Under this transformation, the equation

(1.80) takes the form of the so-called canonical form of controllability

pzV | (A A |2V [By
@1 | 0 Aul,@!T] o
pr 2% (1.97)

or
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2 2
pz® = A2, (1.98)

M is the Z—Vector, Z(z) _(n=0) -vector, Aq_(IxD) -matrix, A

Ay (nlxnl) B, (Ixr)

where Z

(I x nl)

-matrix, -matrix, -matrix.

2)

From the structure of the equations (1.98) it is clear that the vector Z" 7 is

uncontrollable, as its change is not influenced by the control either directly or through

. 1) . . :
other phase coordinates. The vector z) is fully controllable, meaning that it can be
adjusted as needed by selecting the appropriate control.

As an example, let us transform the equation

PX1 — X +X3 + U,

PXy = X,
pPX3 = X,
PXqg = =Xy — Xy4. (1.99)

into the canonical form of controllability.

2 3
The matrices A, B and their products AB, A"B, A'B have the following

form:
0 1 1 0] KN
0O 1 O 0
A - N B = 9
1 0 0 O 0
0 -1 0 -1 1
(0] 1] 0]
0 ,. |0 5. |0
AB=| |1 AB=| | A'B=| |
1 0 1
0] 10 0] (1.100)

Composing the controllability matrix from these matrices, we obtain
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Y=[B AB A°B A3B]=

1

0
0
0

0 1
0 0
1 0
0 0

0

0
.
0

_ (1.101)

The controllability matrix has two independent columns, so its rank is 2.

We choose matrices T, T, and T as follows:

Tl =

S o O =

oS = O O

;T2:

0

1
0
0

0

0
0
1_

The transformation Z = TX has the form

o o o =

0 0 0fx

; T=[T, T,]=

01 0
1 0 0fx
0 0 1

The equations in the new variables take the form

or

oS = O O

le =px1 :X2 +)C3 +u=z3 +22 + U,
Pz = pX3 =X = 71,
PZ3 = pXy = Xy = Z3,
PZ4 = PXg = —Xp — Xy T TZ3 — 2y,

Using vector notation

Zz

le :ZZ +Z3 +Z/l;
Pz = 215

Pz3 = Z3;

Pz4 = —Z3 — Z4-

1 T
) = (Zl 22) and

2P =(z; z,)"

0 0

1 O

0 O

0 1100
(1.103)
(1.104)
(1.105)

, these
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equations can be written as

0 1 1 0 1
2V = 2 4 AL I
1 0 0 1 0

(1 0
@ = 2)

// = ARG
P -1 - 1}

(1.106)
Analysis of the equations (1.106) shows that the phase coordinate 1 is directly
controlled by the corresponding input; the phase coordinate 22 is affected by control

through 1 (“1 is included in the equation #2), but the phase coordinates “3 and “4
are not affected by control, that is, these coordinates are uncontrollable.

Thus, the use of a non-singular transformation made it possible to group

controllable #1, %2 and uncontrollable 23, 24 gtate variables.
1.3.7. Canonical forms of equations

Considering that there are many equivalent forms of equations of state, one can
always choose the most convenient one for use in a particular case. Such forms of
equations are called canonical. Their variety is explained by the diversity of tasks in
which they are used.

Let us consider transformations of the state equations into the canonical form,

called the Luenberger controllable form

_ _ 0]
0 1 0 0
0
0 0 | .. 0
pz=Az+Bu=| | ) : , .oz .
: : : .o 0
T4y T4y T4y —a 1

(1.107)

The characteristic equation of the matrix A of this equation has the form

MONOGRAPH 37 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

det(pE—-A)=p" +a;p"" +...+a, =0. (1.108)

The coefficients of the characteristic equation are the elements of the last row of

the matrix A in equation (1.107) taken with the opposite sign.

In order to make a non-singular transformation of the state equation
px=Ax+Bu,xeR" ucR, (1.109)
and turn it into a Luenberger controllable form (1.107), it is necessary and

sufficient for the pair (A, B) to be fully controllable.

Under a non-singular transformation, the characteristic equations of the original

system (1.108) and the transformed system (1.107) det(pE-A)=0 and

det(pE—A)=0

are 1dentical.

As an example, let us transform the state equation

-1 1 0 0
px=Ax+Bu=|0 -1 0 x+|1|u

-1 o -l 0 (1.110)

. 2
into Luenberger's controllable form. The products AB, A“B and the

controllability matrix Y have the form

—1 1 o]0 [1] -1 1 o|[1] [-2]
AB=|0 -1 O ||1|=|-1]; A’B=| 0 -1 O ||-1|=| 1 |
-1 0 -1]]0] | 0] -1 0 -1 0| |-1
0 1 -2
Y:[B AB AZB::I -1 1
0 0 -l (1.111)
since 9t)=1 e pair (AsB) i fully controllable. Therefore, the

considered equation can be transformed into a Luenberger controllable form.

The characteristic equation has the form
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p+1 1 0
det(pE—A)=| 0 p+1 0 |=

-1 0 p+l
3 3 2
Thus, the elements of the last row of the matrix A will be® = 32 = =3
i _1, and the transformed equation takes the form
0 1 0] [O]
pz=| 0 0 1 |z+|0|u
e st (1.113)

1.3.8. Invariance of characteristic equations roots of systems to linear

transformations

The roots of the characteristic equation of linear time-invariant systems do not
change under a linear non-singular transformation. Let us prove this statement by

considering a linear time-invariant system, described by the equation
px=Ax+Bu, xeR" . ueR", (1.114)

Under a non-special transformation Z = TX | this equation is transformed to the

form

A A
pz=AZ+Bu, (1.115)

A 1 o I
where A=T AT, B=T B
The characteristic equation of the original system has the form

det(pE—-A)=| pE-A|=0 (1.116)

and the characteristic equation of the transformed system has following form

det(pE—A)=| pE—-A[=0. (1.117)
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Let us show that these equations have the same roots.

— -1
By multiplying the matrix E—A o the left by T, and on the right by T

we get

AN
-1 _

Thus, taking into account that the determinant of the product of square matrices
is equal to the product of the determinants of their factors for the characteristic equation

of the transformed system, we find

AN
-1
| TI[(PE-A)||T " |5 pPE-A[=0. (1.119)
) -1
Since the matrix T is non-singular, then TR0 T [0 therefore
VAN
|(PE-A)[=| pPE-A =0, (1.120)

that proves the invariance of characteristic equations of linear systems, the
dynamics of which are represented in different phase spaces. In return, identical
characteristic equations cannot have different roots. Thus, the invariance of the roots

1s proven.
1.3.9. Stabilization of linear time-invariant systems

One of the important concepts when defining control problems is stabilization.
A controllable system is called stabilizable if there is a control law under which the
closed-loop system is asymptotically stable.

Linear time-invariant object
px=Ax+Bu,xeR", ueR", (1.121)
is called stabilizable if there is a control law ¥ = KX yunder which the closed-

loop system PX = (A + BK)x is asymptotically stable.
If an object is fully controllable, then it is stabilizable. However, the opposite is

not true: an object may be stabilizable, but not fully controllable. Therefore, the
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problem of determining the stabilization criterion arises.

1.3.10. Stabilization criterion

Let us consider a non-singular transformation X = TZ that transforms the
equation of the controllable system into the canonical form:

pZ(l) = Allz(l) + A12Z(2) + Blu;

@) )
pr =Apt. (1.122)

The stabilizability of system described by these equations means that there is a

(D 2)

control law ¥ = KZ ynder which the vector variables Z*’ and Z*~ of the closed-loop

system tend to zero at £ — 9. Since in the first of the above equations the pair

1
(Aq1,By1) is fully controllable, then there is a control law ¥ = Kz" under which
the closed-loop subsystem described by this equation is stable, and the vector variable

1 . . . 2 C . .
z(V will tend to zero if the vector variable Z @ (which in this equation acts as an

external disturbance) will also tend to zero at £ — % But, as follows from the second

equation, the latter will take place if and only if the matrix Ao in the second equation
is stable, 1.e. the roots of its characteristic equation have negative real parts.
Stabilization criterion: for a linear time-invariant controllable system, which is

not fully controllable, to be stabilizable, it is necessary and sufficient that the matrix

A in the canonical form of controllability be stable.
Let us study the stabilizability of the controllable system, which is described by
the equations
DX| =Xy + X3+ U; DXy = Xy,
PX3 = X5 pXgy ==Xy — X4 (1.123)
This system was considered in the previous example and, as it was proven, these

equations in the canonical controllability form take the form
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pz(l)z 0 1z(1)+ Lo z? + 1u;
1 0 0 1 0

1 0
2 = 2
27 = .
P -1 —J

(1.124)

In order for the system under consideration to be stabilizable, according to the

Stabilization criterion, the matrix Ay must be stable. The characteristic equation of

-1 0
det| ¥ =p?-1=0
1 p+l

this matrix has the form

(1.125)

pr1a =%l

The roots of this equation are , 1.e. the given matrix is unstable, and,

consequently, the system is not stabilizable.

1.4. Feedback linearization
1.4.1. Concept of affine and non-affine dynamic systems

Regardless of the form of representation of the equations of motion of an
electromechanical system of 7 -th order, its dynamics can be conveniently studied by
examining the phase trajectories represented in a space whose basis is defined by the
state variables of the system under consideration and the independent variable — time.
This approach is because the projections of the motion trajectory onto the
corresponding coordinate planes determine both the phase portraits of the system and
its transient processes. Furthermore, the geometric interpretation of the processes
occurring in the system makes it possible to use the tools of analytical and differential
geometry to analyze the features of the movement of this system.

One of the basic concepts of analytical geometry, which has found application

in control theory, is the concept of affine transformation, which led to the emergence
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of the concept of affine system [17].

Let us consider this concept in more detail.

An affine transformation (from the Latin affinis — connected with, close,
adjacent) is a mapping of a plane or space in which straight lines are mapped to straight

lines. The affine transformation is defined by the following expression
f(x)=Mx+v, (1.126)

where X is the vector of system state variables, M is the invertible
transformation matrix, V is the vector of coordinate displacements.
In other words, a transformation is called affine if it can be obtained as follows:

* Choose a new space basis with a new origin V;

* Assign a point J () that has the same coordinates relative to the new
coordinate system as X in the old one for each point X in space.

Affine transformations are transformations of motion and similarity. There are
two types of transformations:

* Equiaffine transformation is an affine transformation that preserves area (affine
length is also preserved).

* Centroaffine transformation is an affine transformation that preserves the
origin.

An example of an affine transformation is the transformation of one triangle into
another (Fig. 1.2).

This transformation is defined by the following expression

(x,y) > (y—100,2-x+ y—100), (1.127)

Since a change in coordinates of a stationary electromechanical system occurs
under the influence of external inputs, we will refer to systems as affine ones if they
are linear with respect to these inputs. Among affine systems, we will distinguish those
that are affine in control, the dynamics of which are described by differential equations

of the form

pn=ft(m)+gmu, (1.128)
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{-100, 300)

(0,100)

(-100,-100)

Fig. 1.2. Affine transformation: motion and similarity

where M is a vector of state variables, f(n), g(n) are some functions, Uis a
vector of control inputs.
If the vector of derivative state variables of the electromechanical system

depends nonlinearly on the vector of control inputs,
pn=f(m)+gmn,u), (1.129)

then such systems will be called non-affine.

In the general case, the presence of nonlinear functions f(n), g(n), g(n,u) in
the mathematical description of electromechanical systems significantly complicates

the analysis of their characteristics and the synthesis of desired motion trajectories.

Even in the case when functions f(n), g(m), g(n,w) degenerate into linear
dependencies, the nature of the processes occurring in the system differs significantly
with variations in the roots of its characteristic equation and their distribution, caused
by changes in the parameters of the system. Therefore, it is convenient to study the
characteristics and processes occurring in the system, as well as the synthesis of the

corresponding control inputs for a normalized system, followed by taking into account
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the features of the system under study.

We will consider a dynamical system of 7 -th order as a normalized system

pXp = Xy, pXp = X3, ot PXy TV (1.130)
or in matrix form

PX = AXA+V, (1.131)

X1 O 1 0 -0 0

X5 0O 01 -0 0

x=| ¢ LA=|t 1ot o ihy=|:

X, 0O 0 0 --- 1 0
where *n 000 -0 1 (1.132)

with 7 -fold zero root of the characteristic equation

P’ =0 (1.133)

The system (1.130) is affine and can be obtained from systems (1.128) and
(1.129) using feedback transformations [11].

1.4.2. Feedback linearization principle

D(x,Vv)

Let us consider that the nonlinear function is known and used in the

formation of the nonlinear control input
u=a@(x,v) (1.134)
An equation (1.134) is called a feedback transformation if a vector of new
controls V can be determined from it.

According to [11], feedback linearization is the reduction of the motion

equations of a known nonlinear object
pm=1f(m)+gmu (1.135)
to a controlled Brunovsky form using feedback transformation (1.134)

PN = M2 P2 = M35 o Pt =M PN =V (1.136)
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Feedback linearization (FL) is not an approximate, but an equivalent
transformation, so the use of FL allows to obtain a system equivalent to the original
one. In FL, control W is replaced by new control V. The transformation function
includes not only the new control but also the state vector (in a particular case, only
one original variable), i.e. the object is encompassed by feedback in such a
transformation. Hence the name — feedback transformation.

Let us consider FL for an electromechanical object whose dynamics equations

have the form

_ 2
pn=-—an” +bu. (1.137)
We will look for a control input that makes the closed-loop system (1.137)
asymptotically stable, and the motion equation (1.137) takes the form

pn=yv. (1.138)
To do this, we accept the control input as
1 ( 2 ) a - 1
u=—\an"+vj=—m-+-v.
b b b (1.139)

Substituting the found control into the equation (1.137), we obtain the desired
motion equation
_ 2 {a 2, 1 } _ 2 2, ., _
pn=-an” +b-M"+—-v|=—an " +an  +v=v.
b b (1.140)

Thus, the control input (1.139) allows to compensate for the nonlinear

2
component 9N and normalize the intensity of the reference signal, bringing the
coefficient D to unity. Using the control input on an object (1.137)

1
u= —(an2 +v)= gnz _§77

b b b (1.141)
brings the equation of motion of a closed-loop system to the form
p=-gn (1.142)

Analysis of the obtained equation indicates that using a transformation (1.139),

the dynamics of a closed-loop control system for a nonlinear object is described by a
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linear equation corresponding to the motion equation of a first-order aperiodic element.

Thus, the given example allows us to formulate the principle of feedback
linearization: the control input applied to the object must contain two components: the
first compensates for the nonlinearity of the control object through coordinate
transformation, and the second ensures the desired movement of the linearized object.
Moreover, the motion trajectories of the object are completely determined by the
parameters of the selected controller, that forms the control input V. It should be noted
that, unlike other methods, feedback linearization allows to reduce not only nonlinear
but also linear objects to the Brunovsky form. For the latter, feedback transformation
compensates for the internal feedbacks of the object, its time constants and gain factors.

Let us confirm this statement with the following example: let it be necessary to
present the motion equation of a generalized first-order electromechanical object in

Brunovsky form. Let us write the motion equation of the studied object in deviations
pn=am+mu. (1.143)
By equating the derivative P to the new control input V

V=, (1.144)

we define a control input ¥ that compensates for internal feedback 41N and

gain factor "

1
u=—— (V — al ln)
mi : (1.145)
Substituting the control input (1.145) into the equation (1.143) allows to present
it in Brunovsky form

1
pn=am+m — (V—alm)=
mi

m a
=a1m+—lv—m1 lln:
m m

The considered example concerns the case when nonlinearity and control are
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linearly related. However, this is only a particular case of nonlinear systems. In general,
determining the linearizing control input, which brings the motion equations to the
Brunovsky form, is carried out using the methods of differential geometry and Lie

group theory.
1.4.3. Introduction to Differential Geometry and Lie Group Theory

When further considering issues of feedback linearization, the following
concepts must be defined: derivatives of a function with respect to a vector argument,
Lie derivatives and brackets, diffeomorphisms, involutivity, and integrability of a

system of linearly independent vectors.
Let us consider a function OL(I]) that is a smooth function of a vector variable

n= (nl nn) and a vector function
f) =010 o M) e S e M), whose components depend on

the components of the vector variable n
To denote the operation of differentiation of these functions we will use the

operator

v:i:(ﬁ ij
dn \on My )| (1.147)

When this operator is applied to a scalar function 0!(1])’ we obtain a row vector

da(m) 8&01)}

Va=—a(n) = (
5111 5%

(1.148)

and when differentiating the vector function f(n) we obtain the matrix
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oim)  ofi(m)
d om0y
Vi) =—r~Ftm)=| . :
dn o, o, ()
5111 5%

(1.149)
_ 2
As an example, let us differentiate the scalar a(m) = ami +anm; and

f(n)= {al I+ @i

2 J .
vector a2 + a2l functions of a vector variable M~ (nl n2)

_d do(m) da(m) |_
na(")( on on j

_ 8(amf+aznmz) 8(amlz+aznmz) _
on, ony

:(2611111 Tan; aznl) (1.150)

and

d 2a1 M CVALY)
Vf(n)=—f(n)=[ J
dan ayMy Gy M +2apM; ) (1.151)

The Lie derivative of a scalar function au(n) with respect to a vector function

: . L : : :
f(n) is the scalar function ~/ ¢ that is defined by following ratio

Lya =2t =Va(min-= 2 S
L (1.152)

The high order Lie derivatives are determined recursively
tha=1,(La)=v(L alf.
A AN r (1.153)

The zero derivative of a Lie function au(n) with respect to f(n) is the function

itsetf &(M)
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0o . _
Lya=a. (1.154)

The Lie derivatives considered are equivalent to the first and highest partial

of(m) 0" f(n)

n
derivatives on and on from classical differential calculus. Similarly, in

differential geometry there are Lie derivatives, which are analogues of derivatives of

2
AGRY)
the form onou . Thus, the Lie derivative of a function a(n) with respect to

functions f(n) and g(n) 1s defined as follows
LyLra=Ly(Lso)=
= V(Lso)gm) =V (Va(mim)gm) =

oY, ™ 1)

- On;
:Z =l P g;(m).
i=1 i (1.155)

As an example, consider the perturbed motion of a nonlinear EMS in state space

_ 2, _
PN T apNa; P = dapMy HapnMy +mU. (g 56
We will assume that the measured coordinate of the system is related to the state

variables by the following observability equation

y(, M) = ey + My (1.157)
Let us represent the system (1.156) in matrix form
pn=~f(m)+gmU, (1.158)
where
Si(m) a3
f(m)= = ,
o)) {aym, +anm,
gi(m) 0
g(n)= ){ j
gm)) (m (1.159)
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and find the first derivatives of the Lie function » M1M2) with respect to the

functions f(m) and g(n).

According to the equation (1.152) the derivative Lf Y will be

2
L=y agfq") fiw)= ay ) 2 fi+2 ay () Y -

_9(emma +6Mp)
ony

N o(enm, +¢My)
ony

(alzn%)+

(ay My +apnny)=

2
= MapN; +(eny + 6 ) ay My +apnny) =

3 2
=C1apMN2 T QA MMy +C2a21 Mo TG dM M2 62422 M2+ (1.160)

Similarly, the Lie derivative with respect to the function 8 (m) is determined

5 0 0
Lyy= Z ) g = y(")gl(n)+ AUPNOE
i=1 anl T]l N2
_ Olemima +6aMy) L Oenimy +¢My) m, =
ony s

Using the dependencies (1.153) and (1.155), we determine the second

2 2
LfyaLgyaLgLfyaLngy

derivatives

8
Ly =L(L;y)=V(Ly)fm) = fl(n) 4 fz(n) =

= (crapg 1, + craymy + 2c1ay,mm, + Czazzﬂz)an’?z +

2 2 _
+ Beyayny +clag iy + cpayy + clanny + cpanmy Nay i, + axniy);

(1.162)
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OL,y OL,y
g +—=
omny on,

:Clm2><0+0><m2:0; (1163)

Lyy=Ly(Ley) =V(Lyy)g() = g ()=

oL,y oL,y
L~ g +—2
omny on,

= (C1ayiy + Crap 11y + 2c1a0)m1, + Coap1,) X 0+
2 2 :
+Bejapan; +clagm + cag) + clanty + caaynty )my; (1.164)

OL,y OL,y
. Si(m)+ g fo(m) =
on on,

LoLypy=Lo(Lyy)=V(Lsy)gm) = g (M) =

Lngy - Lf (Lgy) - V(LgJ’)f('l) -

2
= imyayo1); + 0% (ayimny + axt,). (1.165)

Now let us move on to the differentiation of vector functions and consider two

smooth vector functions f(n) and g(m) . The definition of Lie derivatives in this case
is similar to the scalar case, but differs from it in that the result of differentiating one

vector function with respect to another is the vector

dg(n)
d

Lg= f(n)=Vgmf(n)=

T

0D o 32 m)}
i=1

[ < %gi() . <
(Z i ; on; on;

=1 on; (1.166)

Using the values of the functions f(n) and g(m) accepted in the previous
L f

: ... L
example, we determine the derivatives /8 and & .
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ogi(m) dgi(m)
ony on, (fl(ﬂ)j_

g,(m) g, () \ f2(m)
on; on,

L,g=Vg(t(n)

%M £ ) 98D p

| ony on, _[OJ.
282 ). 8200 gy | L0
ony ony (1.167)

ogm  9i(m)

_ _ 8771 a772 gl(n) =
Lt =VImem=| o o a5m) Egz(n)j

om  0my

%) %)
N oy SO
_| on on,
0 0
fZ(n) g1(‘l)"‘ f2(")

on o1,
_ 0x0+ 20127’”2772 j _
ay My x 0+ (ayymy + ayy)my
_[ 2anmm j

(ayim + ayy)m;

g,(m)

g,(m)

(1.168)

Analysis of the expression (1.167) indicates that the derivative /8 for dynamic

systems with constant coefficients under control inputs is a matrix-vector with zero
elements.
Lie brackets of functions f(n) and g(m) are a vector function defined by the
ratio
[f,g]=adfg=ng—Vfg=Lfg—Lgf. (1.169)

Using the dependence (1.169), we write first-order Lie brackets for the

previously defined functions f(n) and g(").
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(adfg)l _
(adfg)Z

:[Oj_( 2a,mym, j:_( 2agmyn; ]
0) \(aym +ay)m M1 + a2 ) (4 170)

High order Lie brackets are defined recursively

aa’fg=Lfg—Lgf=[

ad;{rg = adf(adj]i_lg): lf’ adf‘_ng (1.171)

For vector functions T and 8, which were considered in previous examples, we

find the value of the second-order Lie bracket

adj}g =ad (adfg)=V(adfg)f—Vfadfg=

a(adfg)l a(adfg)l

B ony on, [ S(m) j B
d(ad;g), Oladyg); |\ f2(M)

ony o,

ofh(m) ofi(m)
em em, ((adfgn}

ofr(m) 9fHr(n) |\ (ad 18 )2
ony on,
_ O 2a12m2 { alzn% J_
ap my 0 ax MMy +dxMNy

_ 0 2a1yM; ](_( 2a5myM;y B
dy My doM tdx Ay MMMy +dpaMhy (1.172)

The zero-order Lie brackets of functions f(n) and g(n) are identical to the
function g(n)
0 pr—
adyg=g (1.173)

Lie brackets are characterized by the following properties [11]:
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* bilinearity
Loty +aofs, 8] = oy[fy, 8]+ oy [f;, 8] (1.174)
 asymmetric commutativity
[f.g]= —[g,f]; (1.175)
« Jacobi identity

Ladfg(l = Lng(X — LgLf(X, ‘ (1176)

A smooth vector function M~ D (n) defined in a domain Q is «
. . . . . . =0 (n)
diffeomorphism if there is a uniquely defined smooth inverse function :

-1
If the functions (I)(n) and @ (n) are both smooth and defined over the entire

space of real numbers, then D (n) it is a global diffeomorphism.

As an example, let us determine whether the vector function is a diffeomorphism
(A [+
P (m) = =
f2(n) N,
Let us find the Jacobian of the function L)

oh(m aH(n)
dem) _| om  any |_ (1 2‘12j
dn or,(m) 9HL(n) 0o 1/

ony ony (1.177)

Analysis of the obtained expression indicates non-zero values of the Jacobian

rank for any coordinates of the electromechanical system. A function PM) that has

this property is called a global diffeomorphism.

Now let us determine whether a vector function
- (A [
®(m) = )
2\ M2 + M2 is a global diffeomorphism.

Let us find the Jacobian of the function Q)(rl)
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oh(m) ()

adm) _| on  omy _( 0 2112}
dn orh,(m) (M) Lp) 1)

oy My (1.178)

Analysis of the obtained expression shows that the rank of the Jacobian takes

zero values at the origin. Such function (M) is a local diffeomorphisms.
Diffeomorphisms are used to transform nonlinear systems. Let us consider such

a transformation for a nonlinear system

pn=f(m)+gmu. (1.179)
We will assume that there is a diffeomorphism p=2Mm) , then, considering
that
oD od(n
pR= a(n) = a( (£ + g(mu),
| | (1.180)
we get
pu=f(u)+§(u)u, (1.181)
= oD -
f = "2 s 2= "2 Vg
where =0~ () and L =0 (1)

A function '~ d)(n), defined in a vicinity of €2, is a diffeomorphism in this

d(n) _ { acp,}
vicinity if the Jacobian dn My does not vanish in this vicinity.
Set of linearly independent vector functions {fl (m - f.(m) } is

involutive if the Lie brackets of any (not necessarily distinct) functions f;(m) and

f; (m)

from this set are equal to a linear combination of functions from this set, i.e.

: o
there are functions such ~ ¥ that
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[£, (). £ ()] = Do b ().
k=1 (1.182)

The set of linearly independent constant vectors is always involutive. Indeed, the
Lie brackets of two constant vectors are zero and trivially represented by combinations
of the original vectors.

A set consisting of one vector is involutive, since the Lie brackets of two

identical functions are equal to zero:
[f(m),f(m)]=(VOf —(VH)f =0. (1.183)

A set ¥( 7' <N) of linearly independent 7 -dimensional vector functions

{fl m HLm - f (ﬂ)} is integrable if there are /7" independent scalar functions
() ay(m) o e () satisfying the system of differential equations
Vo) =0, i=1.2-mr J=12r ) ey
Scalar functions a (M) oy(m) - o, (M) are independent in some

domain D if the vectors Va;(m), (@=12,,nr) are linearly independent in this

domain. Note that if ¥ =7 =1 the independence of one single vector Voy(n) means

that this vector is not equal to zero:
(@) o) - @y (1)#0.

A set ¥( 7' <N) of linearly independent 7 -dimensional vector functions

{fl m L) - f ('l)} is integrable only if it is involutive. This statement is
used to evaluate the integrability of nonlinear differential equations.

As an example, let us estimate the integrability of the system of differential

equations
. oo oo
3~ T T~ Y
ony  Ony
oo oo oo
—Mi 2N, M3 =0,
on, anp, T Ong (1.185)
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where ¢ a(Mg,M2,M3) is an unknown function.

It is necessary to determine whether this system can be solved.

Let us represent the system (1.185) as follows

d—afl =0;
dan
d—afz = O,
dn (1.186)
S| 2n3 S -
fim)=| fio | -1 | M) =| f2r | =2,
where Js N0 ) S N M3
To answer the question whether a given system can be solved, according to the

f1 9f2

Frobenius theorem, it is sufficient to check the involutivity of the set

The Lie brackets for this set are

[f;.£5]= %ﬂ —fl—t;:fz =
I Iu Iu du 9 Ju
om  Omp Oy i1 Oy 0np 0y o1
| O In In fa |- oo e Y2 h
om Omp, Oy on,  Omp On
Oy I I vk oz 93 s /23
o Omy O om  Om, Om
-1 0 0)2n; 0 0 2\ —n
=0 -2 of-1]-|0 0 o)-29,|=
0 O 1N O 0O 0 O M
— 4
= 2
0

(1.187)
f;,

Lie brackets of each pair of functions from a set f; can be represented as
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linear combinations of functions of this set as follows:
[fl ,f2] - _2f1 + sz,
[f,.1;]1=-f;.f,] = 2f; —0f,;

[fl,fl]:[fz,fz]:()fl +Of2. (1188)

Thus, the set {fl fZ} is involutive and, therefore, the considered system is

integrable.
1.4.4. Linearization by state feedback

Consider the nonlinear system

pn=f(m)+gmu, (1.189)

where f(n), g(“) are smooth vector functions.

We will assume that the free movement of the system (1.189), described by the

equation
pn=£fm), (1.190)
is stable. The origin of the coordinate system is its equilibrium point £(0)= 0.
Let us introduce a new control input, defined by the expression
v=w(u+oe(n)). (1.191)

: . : -1 :
If there is an inverse transformation W  that allows to find the control input ¥

using a known control V
W V) =W (Wl + o(m);
W (v) = u+o(n);
u= W_I(V) —o(m), (1.192)
then in the system (1.189) by selecting functions W and Pit is possible to

compensate for the nonlinearity f(n),g(m) of the control object.
A system (1.189) is linearized by state feedback if there are diffeomorphism

MONOGRAPH 59 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

n="T_TMm) and feedback transformations % ~ a(m) +p(m)v such that the equation
(1.189) takes the form

pii=Af+Mv (1.193)
where
01 0 0 0
0 0 1 0 0
A= : . M=
O 00 - 1 0
000 -0 ! (1.194)

A linearized system of equations (1.193) whose coefficients are determined by
matrices (1.194) is called a system of equations in Brunovsky controlled form. Any
fully controllable linear time-invariant system can be transformed to this form.

For a nonlinear object (1.189), the controllability matrix takes the form
_ 2 e adlg)
Y (g ad g adyg ad’y g) (1.195)
Let us show that the matrix (1.195) is a generalization of the well-known

Y=(M AB AM - A"M)

controllability matrix for linear systems

To do this, we introduce the following notationsf(n) = An,g) =M and
define the Lie brackets

ad ;g=—f ——g=—"--M=-AM;
75 an oy !
df dA
dfg__d_nadfg__d—nnadfg ( A)( AM) A
ad’}” g——ﬁad g=(- 1)”’2 adf*g=(-1)""4""'M.
dn dn (1.196)
Taking into account the fact that the “ —” sign does not affect the rank of the

matrix Y, the obtained relations reproduce the columns of the well-known

controllability matrix for a linear system.
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Based on the previously found first-order Lie brackets for a nonlinear object

(1.156), we construct a controllability matrix

Y=(g ad/g) (1.197)

0 my)

Substituting the function g(m) = and the value of Lie brackets

B T
Lrg=~(2apmyn,  aymymy +aym,) into the expressions (1.197), we

obtain the controllability matrix

0 —2a,~m
Y=( 12MMN) j

My —dy My — Ay (1.198)

Summarizing the above material, we can state that a nonlinear system (1.189)
can be linearized by state feedback in a vicinity €2 of the origin if and only if in this
vicinity the controllability matrix Y has rank 7, the determinant of the matrix Y is

nonzero throughout the entire vicinity £2 (though it may be zero at the origin), and the

2 n—2
ad ad o ad }
set {g 78 78 ;8 composed of n—1 columns of the
controllability matrix, is involutive.

Suppose there are transformations of state
n="Tm) (1.199)
and control

u=a(n)+p(mv (1.200)

such that the variables " and V satisfy a system of linear differential equations

in Brunovsky form

PN =Migts PN, =V, i€[ln—1] (1.201)

Taking into account the transformation (1.199) and equations (1.189), the

equations of motion (1.201) will take the form
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T |
pn; = a(f(ﬂ)Jrg(ﬂ)U): T, ie[l,n—1]

P = 2L (£ o) + g v,
on (1.202)

For a system with single control input, which is included in the last equation of

motion of the object, the functions 8i (") =0i<n and En (n) #0,0< n, therefore

the following expressions will be valid

oT;

l n

g=0,i<n g =0
on on . (1.203)

The relationship (1.203) allows us to write the Lie derivatives

L,T;=0, i<n L,T,#0.

(1.204)
Taking into account the expressions (1.203), we can represent the first equation
of the system (1.202) as follows
. OT .
ph; =—(f(m)="T;,, ie[l,n—-1]
on (1.205)

and get from it the relationship between the transformation functions

Lpli =T (1.206)
from which
VTiadfg=0,ke[0,n-2]
VTiad} 'g#0. (1207)

The expressions (1.207) allow us to conclude that the system of vectors

{g ad ;g ad}g adj’?_zg}

is linearly independent and involutive.
Involutiveness follows from the existence of a function Tl that satisfies the first

(n—1) equation of the system (1.207). Linear independence is explained by the
difference between the first equations of a system (1.207) and the last equation of the

same system.
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g ad,g adjzfg ad;‘p_zg}

Recall that the involutiveness of a set {
means the existence of a transformation function Tl(n), which i1s one of the

components of the transformation vector T(T]). Taking into account and substituting
the previously found values of the Lie derivatives (1.206) into the expression (1.204),

we write the following equality

_ _ n—=lmp _
Lng—LgLan_l—---—LgLf 1, =0. (1.208)
This equality allows us to recursively find all remaining components of the
transformation vector T(m) by differentiating the known transformation function 1
ol dn 0T,
T, =—122="Ltm)+eu)=L, T +L,Tu="T,;
P on di ﬁn((n) g(mu) AT gy 2
oT, dn OT
T, =—2—"="2((m)+gmu)=L,T,+L,Tou=
rT, on di 81]((n) gmu)=L,T,+L,T,
=1 -I—LgLleu =13;
oT, dn 0T
I, =—l"—=—"({fMm)+ w)=L, T, +L, T u=
T, on di an((") gmu)=L,T, +L,T,
_gn n-1 —

Taking into account the obtained derivatives, the system (1.189) can be
represented as follows

PN =N iell,n—1];

pA, = LT + L, L 'Tu.

(1.210)
Last equation by substitution
1 n
Uu=——-—\- le + Vv
L, LT,
grg 7l (1.211)
Can be reduced to form
Py =V (1.212)

Thus, the sufficiency of the theorem is proved and the transformation of an
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arbitrary nonlinear system into a system of linear equations in Brunovsky form is
found.

Let us analyze the controllability matrix obtained in the previous example.

« The matrix Y has a rank corresponding to the order of the control object, i.e.

rank(Y)=2
» The determinant of the matrix Y is found by the formula

det(Y) = 2a;,m?n, (1.213)

0

and is equal to zero only at M2 =Y,

ad ;g adffg ad?_zg}

 Since the set { consists of 77 — 1 columns

of the controllability matrix, then in the considered case of a second-order object, it is

simplified to a set containing only one element {g}'Taking into account that the vector
& contains only constant coefficients, this set is involutive.

Using the considerations reflected in the proof of sufficiency, we can formulate
an algorithm for linearization by state feedback:

 For a given nonlinear system, an observability  matrix

Y=(g ad ;g aa’j%g ad?_lg)

is constructed.
« Based on the observability matrix Y, the possibility of using state feedback
transformations is determined.

« If the observability matrix Y has a non-zero determinant and the set

{g ad ;g adjzcg aa’}f_2

} 1s involutive, then from the relations

VTad;g=0, ie[0,n-2]
1

Vliady g #0 (1.214)

the transformation function Tl 1s found.

* Other vector components T(n) are determined
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Tin =L,T; = LT,

! (1.215)
and the control input transformation is found
1 n
L L’} 1
g (1.216)

» The original nonlinear system is reduced to a controlled Brunovsky form
(1.201).
As an example, let us linearize the nonlinear system
PNy =apps;
PNy = ax MMy +axn, +myl, (1.217)

the controllability matrix for which was constructed in the previous example.

In this case, the relations (1.214) will take the form

ng:[ﬂ a_Tj gJ
o oy )\ g,

:[% 5_T][O oy T,
ony ony )\ m, oy

VIad g-| 0 0| s ]
Ry ony ) (ad ),

(or or 2a1myM;y B oT,
n oy Ay MMy +aym;y il

The first expression of the relations (1.218) indicates that the function 4 does

(1.218)

not depend on the coordinate N2 . The second relation allows us to define the function
Ui as follows
I = f(y). (1.219)
The simplest candidate function h is the function

I =n. (1.220)
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Using the function 4 , all other components of the transformation vector T(n)

can be found. For the considered second-order dynamic object, the function 1 must

be determined

Tz-Lle_wlf_(gi g_ij
M oy

2
a
:(1 0) 1212 =alzn§-

a)1MiM2 +a22n2 (1.221)

Taking into account the found functions I and 1 , the transformation vector

1
T2 a;pM2 (1.222)

1.e., the new state variables, which are interconnected by differential equations

T can be written as follows

in controlled Brunovsky form, are determined through the old state variables by

dependencies
m=n=n;
n=1= alzn%- (1.223)
Now let us define the transformation of the control input (1.216), which for the

linearizable object will take the form

1

u e —
L,L,T,

21 +v)
(1.224)

2
L,L, T  L5Th

Let us find the Lie derivatives and included in the linearizing

control input (1.224). To do this, using the expression (1.221), we write the Lie

derivative Lg Lf h
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L,L,T, =LgT2=VT2g=[% %j[glj:
o oy )\ g,

0

:(() 2a1,M, )[

2
and Lie derivative /1

L?T1=LfT2=VT2f=(% %J(ﬁ}
o o )\ f

)— 2a;,mym;
i (1.225)

a nz

12M2

:(0 2“12112) =
MMy +axMy

=2a;,M, (ay MMy +doMy)- (1.226)

1.e., the desired linearizing control input that brings the original nonlinear object

to the form
PN =My, PN =V, (1.227)
1s determined by the expression

1

u =—(_zalz‘12 (@ MMy +azzn2)+\’) -
2a12m2n2

_ 2a1myny (ay Ny +dpny) LV
2a;,myM; 2a1,myn,

_ (aymmy +aypn,) LV
m, 2a;,myn;

1 %
=—| —(ayMMa +axpny)+ :
m ZPALY)

(1.228)
Analysis of the expression (1.228) indicates that the first component of the

control input ¥ compensates for the nonlinearity of the second equation of the original

nonlinear object, and the second component contains the derivative of the right-hand

side of the first equation of the control object and thus compensates for its nonlinearity.
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1.4.5. Linearization by output feedback

Let us consider a nonlinear system in which the measured output is not the state

vector M, but some output variable Y. The components of the state vector and the

output variable are related to each other by the observability equation
pn=f(m)+gmu, y =h(n) (1.229)
Linearization by output feedback is a transformation of a nonlinear system

(1.229), which allows the relationship between the original variable ' and the control
input ¥ to be described by a linear dependency.
Let's consider the principle of linearization by output feedback for a dynamic

object

PNy = @My +apnmy;
PNy = ax MMy +daxpny +myl,
Y =dpnns- (1.230)

We will differentiate the variable » as many times as necessary to obtain a linear
relationship between the J -th derivative of the original variable Y and the control
input U

py = p(a;pnMy) = ap PNy +ap poNy =
= a5 (@M} + @M MMy + a1 (MM, + My +myut) =
= (ay) + ay))aMoN; + aiaMaN; + a0 My + apmynyi. (1.231)

A linear relationship between the first derivative of the observed quantity and
the control input has been achieved.

By denoting

vV=DrY (1.232)

we can find the control input ¥

2 2 2
== (@11 +a21)a1oNI M2 — @iNM2 — @12d22NiM2
MMy (1.233)

or
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v ap +ay dip 2 axp
- MMy —— My —— MNM».
mpa My ) mj my (1.234)

u:

Substituting the control input (1.234) into the equations (1.230)

2
PN =ap My +apnins,
Py =ay MMy +axpn, +

v ap +ay Ay 2 Ay
+m2( - MM~ MN2—— My |
myajpmy my ) my
Y=apnMs- (1.235)

Taking into account the control input (1.234), the second equation of the system

(1.235) can be represented as follows

A%

2
—a MMz — aoMNy-
412 (1.236)

PN =

Thus, similarly to linearization by feedback along the state vector, linearization
by output feedback completely compensates for the nonlinearity of the control object.

To summarize the above example, we can assert that to obtain a direct
dependency between input and output, the observability equation should be
differentiated.

The number of derivatives required to determine the desired relationship
between output and input is called relative degree or relative order of the system. For
a controllable system, the relative order 7" does not exceed the order 72 of the system.

Let us return to the consideration of the system (1.229) and find the control input

that carries out linearization by feedback in a general form. To do this, we differentiate

the output coordinate 2 with respect to time
dy _ dh dn _ dh
dt dndt dn

=Vht()+VhgMu=Lsh+(Lyh)u.

F()+gmu)=Va(f(n)+gmu)=

(1.237)

If in a vicinity of the origin of coordinates €2 the Lie derivative € becomes
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: iy .. L:h .
zero, then we perform repeated differentiation of the derivative 7 e,

d’y _d(Lh)dy _d(Lsh)

f(n)+ u)=
2 M di (f(n)+g(mu)
=V(Leh) (M) +g(u) =
_ _ 2
= V(L) +V(Lph)gu = Lrh+(LeLhyu.
_ 2
If Lg Lf h= O, then we continue to differentiate the function /. The

r
condition for the end of differentiation of the Lie derivative / 1S a non-zero value

r—1
Lol 'h

of the derivative = &

-1
L;h L L? h

Using the found Lie derivatives and & , we write the desired
feedback transformation
1 r
u = ﬁ(_l’fh +V).
LgL r h

(1.239)

By generalizing the concept of the relative order of a dynamical system, the
following statement can be formulated:

A dynamical system (1.229) in the vicinity of the origin £2 has a relative degree

" if the conditions are met in this region
Lngfh =0,i€[0,r—-2],

r—1
LgLf h=0. (1.240)

This statement allows us to determine the relative order of any dynamic system.

For linear systems, it is identical to the difference between the degrees of the
denominator and numerator of the transfer function. Let's show this with the following
example.

Let the perturbed motion of the control object be described by linear differential

equations
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PNy = appNys PNy = ax My +dxNy + my, (1.241)

and the observability equation has the following form

y=bmy+bym,. (1.242)
Let us write the equations (1.241) in vector form
pn=1f(m)+gmu, (1.243)

where

dipMNo 0
f:[ J» g=[ js h=bm; +byM,.
a2ln1 +a22n2 my (1.244)

Differentiating the function h with respect to time, we find the first-order Lie

derivatives

dh dn _ _
i di Vha(t(m)+g(mu)

a 0
dy My +dxn, my

0

m
ZPALY)
th =(b1 b, )( j=
Ay My TdxMN,
=bjayyNy +by(ay My +axny)- (1.245)

Thus, in accordance with the conditions (1.240), the system (1.241) has a relative

order equal to one. This conclusion corresponds to the result obtained by subtracting

the orders of the denominator @ = 2 and numerator p=1 of the transfer function
b, +b
W(p)=—y 20,
P Taxnp+apd (1.246)

which is compiled on the basis of equations (1.241) and (1.242).
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1.4.6. Linearization by feedback of non-affine systems

Classical feedback linearization was developed for affine control systems
pn=fm)+gmu, (1.247)
however, there are a number of dynamic objects and systems in which the
trajectories of perturbed motion are determined by a nonlinear function of the control
input
pn=Fn,u). (1.248)
An example of such dynamic systems is electric drives, converters and power

sources of which have nonlinear characteristics.

For such systems, the following approach has been developed [18], according to

which a new function K (n,u) is introduced, satisfying the relation
F,(m,u) =F(n,u) -G (m)u (1.249)
and the equations of motion (1.248) are written in the form
=F(nu)+G(mu. (1.250)

For a dynamic object, whose control input is related to the derivative of the

internal state variable itself, it is convenient to take the function G () to be equal to

one, 1.¢c.

G(m=0 o ... 1) (1.251)

The further linearization procedure does not differ from that discussed earlier.
Let us consider some examples.
Let the dynamics of the control object be described by the nonlinear differential

equation

_ 2
m=u. (1.252)
We can transform it as follows:

2
pn=u —u+tu (1.253)

and determine the linearizing control input
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u=v-f(u), (1.254)
where
_ .2
Sw)y=u”—u. (1.255)
Substituting the function (1.255) into the expression (1.254), we obtain
_ 2
U=v-u +u. (1.256)
From this:
_ 2
0=v-u (1.257)
or
—,,2 _
v=us, “—\/;. (1.258)

Thus, an obvious replacement has been found, bringing the equation (1.252) to
the controlled Brunovsky form
m=mv (1.259)
The given example demonstrates that for a first-order dynamic object that is non-

affine in control, replacing the right-hand side of the equation of motion of the control

object J(n.u) in the form of a new control input V allows us to represent the
dynamics of the original object in Brunovsky’s controlled form. In this case, the control

input applied to the object is determined by solving the nonlinear equation
v=f(n,u) (1.260)
with respect to U .

Now let us consider a second-order nonlinear nonaffine object, whose dynamics

is described by the equations:

PN = MiMes

PN =M +\/U_n1- (1.261)

Let us introduce the functions

nm 0
F (1h,u)= - ; Glm,u){ )
MHYU-m -V U 262
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with which equations (1.261) can be represented in matrix form

r=Fmu)+G(muu. (1.263)
For the system (1.263) we find a transformation function I= (Tl I )’ whose
components satisfy the relationships:
VTladfGl 0. (1.264)
Then
G
VTG, :(% %]{ 11]:
o om N\ G,
_(on _QZL)(szzfﬁﬁ_:
\ony omp \1)  om, (1.265)

The expression (1.265) shows that the function 4 does not depend on 2. Thus,
I

~ M1, we can determine

ol 0T, M2
-vrmw-{ 2 2 :
oy oy \-mp+yU-m -U

:(1 O)[ LITIp) _Uj_nmz.

—Ny +U -1y

assuming that

(1.266)

Then the transformation function

M2/ (1.267)

and the control input that linearizes the object under consideration with

feedback,

1
L,LT;

27 +v),
(1.268)

where
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0
LoL,Ty=L T, =VTL,G (nu)=(n, m)(J:m;
(1.269)

2 _ _ 2
Ly =L T =VIF () =nmy =(U —JU =1 +)M 500

Substituting the values of expressions (1.269) and (1.270) into the control
algorithm (1.268), we obtain

U=ni(—nm§+(U—\/U—m +n2)ﬂ1+\’):

1

2
=3 +U—JU -1 +1y +v (1.271)
or
2
0=-n5 —ﬁ“h TV. (1.272)

The desired linearizing control input can be found from the equation (1.272)

JU-M =—n3+m,+v;
U-n=(-1n5+m, +V)%;
U=(-n3+n,+v)>+n;. (1.273)

It should be noted that finding a linearizing control input by solving a nonlinear
equation is a separate task that can only be solved analytically only in some cases. If it
is impossible to determine U analytically, the problem of finding it must be solved

numerically by the control system after finding the control input V generated by the

corresponding controller.
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CHAPTER 2
METHODS OF OPTIMAL CONTROLS SYNTHESIS

2.1. Classical and modern methods of calculus of variations
2.1.1. Euler’s method

The main task of the calculus of variations is to find functions that deliver an
extremum to the functional. Mathematically, this task can be reduced to the analysis of
solutions to the Euler equation, which are the required functions. In the calculus of
variations, functions at which the functional reaches an extremum are called extremals.

Let us find a function that delivers the minimum to the functional

gl
I= j F(x,%,0)dt
fo (2.274)

with fixed boundary points of admissible functions x(ty) = X and X(11) =X

The function F(x,%,t ) 1s assumed to be continuous and twice differentiable with

respect to all arguments. The geometric interpretation of the problem is shown in Fig.
2.1.

It is necessary to find the equation of the curve passing through the boundary

points x(t) and ¥ () , which, when substituted into the functional (2.1) would
minimize it.
It is known that a necessary condition for an extremum is that the variation i

vanishes [19]. Let us apply this principle to the functional under consideration (2.1).

Let us suppose that the extremum is reached at the function * (¢ ) Let us vary this

function and determine the increment of the functional

4] 4]
S = j F(x+8x, % + 8%, 1)dt — j F(x,%,t)dt
‘0 ‘0 : (2.2)
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Fig. 2.1. Geometric interpretation of the variational problem

SX(to) = SX(tl) = 0’ ie.

The variation of the argument is chosen in a way that

the varied line described by the function X, () = x(£) + 0x(7) passed through the

points x(to) and ¥(11).
Let us expand the varied function into a Taylor series

M5x+max}+

F(x+8x,5c+85c,t)=F(x,56,t)+{
Ox Ox

2 . 2 . 2 .
+l 0°F(x,x,t) 8x2+28 F(x,x,t) 8x65c+a F(x,x,t) 52

+R
2 Y OO %%

n?

(2.3)

where R, is the remainder of the third and higher orders of smallness.

The expansion term (2.3) in the first curly brackets is called the first variation,
and it is linear. The expansion term in the second curly brackets is called the second
variation, and it is nonlinear.

To determine the extremum of the functional, it is necessary to study the linear

part of its increment, i.e. first variation . Due to the smallness of the components R, ,

they can be neglected. Then the variation of the functional is determined by the
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expression

‘o ‘o . (2.277)
Let us integrate by parts the second term in (2.4)

A . . A ] .
IMSth=M5x _ Iiwsxdt.

Ox ox ; dt ox
to 0 I (2.278)

The first term in the resulting expression is equal to zero, because

5[)6(1‘0)] - S[X(tl)] =0 according to the conditions of the problem. Taking this into

account, the expression for the variation of the functional takes the form:

?Fﬂ%&ﬂ&—fﬁﬂﬁkﬂs

ol = X}Bxdt
X dt Oox

t
0 . (2:279)

The integral (2.6) is equal to zero when the integrand is equal to zero, i.e.
OF (x,x,t) S _d OF (x,%,t) S¢=0
Ox dt % , (2.280)
The expression (2.7) is Euler equation and extremals of functionals of the form
(2.1) should be sought among the solutions of this equation.
When investigating the extremum of functionals of the form
I

I=[F(x %, x", 0y,

t
0 (2.281)

depending on higher order derivatives, the Euler-Poisson equation should be
used. This equation is similar to Euler equation (2.7), so we present it without
derivation
2 n
d d d
Fy——Fp+——Fi + ---+(—1)"—n (n) =0,
dt = dt dt (2.282)
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Fo . Fw

where £ , X, are partial derivatives of the functional’s integrand
(2.8) with respect to the derivatives of the variable X from 0 to 7 -th order.

Equations (2.7) and (2.9) form the basis of classical variational calculus
methods, which assume the continuity and linearity of the variations of functionals, the
functions studied and their derivatives. This formulation of the variational problem has
limited application in the theory of automatic control, as in most cases the control input
belongs to a closed set, i.e. bounded in modulus.

Moreover, for real control objects, some phase coordinates must be constrained.
Quite often, the extreme value of the chosen optimality criterion is achieved with
discontinuous controls. Discontinuity points may also have derivatives of optimal
trajectories. The position and number of discontinuity points are unknown in advance.

The noted circumstances have necessitated the development of modern methods

of variational calculus that are free from these drawbacks.
2.1.2. Pontryagin's maximum principle

Among such methods is Pontryagin’s maximum principle [20]. Let us consider
its simplified proof from the perspective of its physical meaning.
Let us consider a control object whose perturbed motion is given by the
equations
% = f;(ng--->M,,U1,--,U,), (i =1,...,n), (2253)

and the goal of control is to minimize functional

1= [foMers Uy U, .
0 (2.284)

Let us introduce a new coordinate

Mo = [ fo(ieey Upoee U, el
0 (2.285)
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Then

d
A0 = £ Mo Uy U,
” (2.286)

Let us add the equation (2.13) to the system (2.10) and consider the movement
of the control object in 7 + 1_dimensional phase space

dn; _ .
_fj(n()anl"-ann9U1>---9Ur), (]_0,1,...,7’2).
dt (2.287)

Let us write the system (2.14) in vector form
i _

E_f(ﬁsU),

(2.288)

where M is the vector of state variables in (n + 1)-dimensional space in contrast
to the 7 -dimensional vector M.

We will assume that the functions f are continuous and differentiable with
respect to variables.

Let us formulate the control problem as follows. Among piecewise continuous

functions satisfying the condition

U<l, (2.289)
*
it is necessary to find the optimal control U that minimizes the functional

%k
(2.11) on the trajectories N of the system (2.14) from any initial position n(0) to the
origin () = 0.

*

ES
Let us assume that the functions ' and U are known. Let us consider the

%k
change in optimal control over time (Fig. 2.2). Let us vary U on an infinitesimal

interval €, imposing a needle variation OU on it. The magnitude of the variation must

%
be such that the varied control U =U 40U gatisfies the condition (2.16), 1.e. it does

not exceed the specified constraints. Since the duration € of the needle variation is

infinitesimal, even large values of OU have an infinitesimal effect on the subsequent
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movement of the control object.

U AsUu

Fig. 2.2. Imposing a needle variation

The needle variation, which differs significantly from the smooth variation used
in the classical variational calculus, allows one to expand the class of admissible
functions and is the basis of the maximum principle. Since optimal control was applied

to the object until the moment of time £ = T — € it moved along the optimal trajectory

*
. As a result of varying the control over the interval T—& <7 < T the subsequent

=

~ Uk
movement 'l at = T differs from the optimal one N by the amount of trajectory

*

~

variation 611 “MN~M | The value of 811 at a time { = T can be determined as the

~ ~k
product of the difference in the rates of change "l and N the duration € of the needle

variation

_ (A ol . i
on= — = ,U)— U ) ).
n=e (dtj” i 8(f(n )-f( ))
1=t (2.290)

The variation on of the trajectory is infinitesimal, so the law of its change can

be determined by solving the equations of motion in variations. Equations in variations

are obtained from the basic equations (2.14) after replacing the variables N with
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n;+om;,(j=0,1,---,n) and Taylor series expansion in 6”1:
d(n; +om;)
Jdl‘ /2 = f] (no +6n0,n1 +8n]9""nn +8T‘|n,u1,...,ur) =

= [ (MosNp>oMys Upsens U, ) +

. 3f (Moo MMy s Upsees U,
$on, ) (MosNiseress U )+Rn,j:0’1,.__,n_

i=0 om; (2.291)

Discarding the term Ry of order of smallness greater than two and taking into

account (2.14), we obtain equations in variations

d(n;) o (R.U)

= 20,

s .:091:”'7
7 (J n)

on; L (229
Among all the solutions to the equations (2.19), the value of the coordinate oMo

<t <o)

at any moment in time 7, (t is of greatest interest. This interest is quite

understandable, since 8110’ according to (2.12), represents the variation of the

functional O/ that arose as a result of imposing a needle variation on the optimal

control. Since only optimal control U " can ensure the minimum value of the functional
(2.11), any other control will lead to an increase of I . Hence,
0 =9dn, = 0. (2.293)
Let us introduce a vector V=(Wo Wi y,) such that the scalar product of
N and V s equal to —51’109 ie.
(810, ) = O <0. (2.294)

As is known, the scalar product of two non-zero vectors is zero when these

vectors are mutually perpendicular. Therefore, to fulfill the relationship (2.21), it is
sufficient that the projections of the vectors on; and Vi (=1,.n) were mutually

perpendicular, and the projections oMo and V0 were counter-parallel.
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The scalar product (2.21) for any non-optimal controls will be negative. Only

with optimal control U it vanishes, reaching its maximum. This is the main idea of
the maximum principle.

The needle variation of control ceases at £ = T. At this point, the variation of the
functional caused by the variation of control has reached its maximum value and

remains unchanged for any time t, (t<t<0) :
Thus,
N U = <t<
<8n(t),\|/(t)> const, (T1<¢<o0) (2.295)

from which it follows that

%@’ﬁ(z),ip(z)} =0, (1<t <o)

(2.296)
or
<m,¢;(z)> <5N(t) (“’(’))> 0, (t<i<o0).
dt dt (2.297)
Let us present equality (2.24) in expanded form
L d@n; () & d(wy; (¢
w05 1 S (0 “ ) =
= t = dt
(2.298)

and substitute into it the values of the derivatives from the expression (2.19)

ijwzsn,() IO, S0 20—

J=0 ‘ =0 (2.299)

Changing the order of summation over I and J in the first term of the expression
(2.26), we obtain
L iU dw;©) | _

on; (¢
ZZO M; (t) JZOw]() o 0

(2.300)

from which it follows that
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dyi) _ & NSO
' Eo\""(t) oy (= 0L

(2.301)

Linear differential equations (2.28) are conjugate to the system (2.14).

Let us consider the inequality (2.21) after substituting the value on from (2.17)

into it and dividing by €:

<f(’ﬁ,U),\Tf>—<f (MU >»\Tf>$0’ (2302)

as well as the Hamilton function
H :<f(naU)a\V> (2.303)
From the expression (2.29) it follows that optimal control should deliver the

maximum value of the function H . This is the essence of the maximum principle, the
main provisions of which are quite clearly presented graphically for a second-order

system (Fig. 2.3).

A A
o o E;.n // Y
T+
8= &t Pl
L1 N
- — / e
Ys In* T
|
|
| (o)
Ul
Tz +Wn

Fig. 2.3. Variation of the optimal trajectory

In the plane of two coordinates (M1>M2) , the trajectory of the system under the

influence of optimal control begins at point of initial disturbances n(0) and ends at

the origin. In the three-coordinate space (m’nz’no), the optimal trajectory ' cuts
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off a segment on the axis o equal to the minimum value Lmin of the accepted quality
criterion. Over the time interval T =€ <7 =T there is a variation on of the trajectory
N caused by imposing a needle variation on the optimal control (Fig. 2.3). Further

movement of the system takes place along the trajectory n+0on that cuts off a segment

I i +01

on the axis "0 after the end of the transition process. From the arrangement

of the conjugate system's coordinate axes (\VO’\I}l’wz), it follows that the scalar

product of the vectors on and V at ‘\VO‘ =1 is determined by the relationship
<8ﬁ, \T/> = <8ﬁ07\T]0> + <8ﬁln\T/1> + <6ﬁ2a\T]2> = _SﬁO < O'(2.304)
Consequently, optimal control turns the inequality (2.31) into identity, i.e.

delivers the maximum value to the product <8n’w>, and can be determined from the

maximum condition of the Hamiltonian function

max H(M,y,U)=0.
U (2.305)

In many cases, it is impossible to find the explicit form of the optimal control
from condition (2.32). Then the equations (2.14), the conjugate system (2.28) and the
maximum conditions (2.32) form the boundary value problem of the maximum
principle. This problem has a number of specific features that make it difficult to use

standard numerical methods for solving boundary value problems. These features

Uy, U

include discontinuities of functions r satisfying the maximum condition

(2.32), their non-uniqueness, and the nonlinear nature of the dependence

U=UMmw) when the condition is met (2.16)even in linear systems. In addition, a
feature of solving optimization problems associated with the maximum principle, even
in cases where it is possible to find an explicit form of optimal controls, is their poor
convergence caused by the instability of the joint solution of systems (2.10) and (2.28)
[15].
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2.1.3. Dynamic programming

A very general method for solving optimal control problems, known as dynamic
programming, was proposed by R. Bellman [21]. Let us consider the main provisions
of this method.

Let us start by solving the problem of the optimal speed of transition of the

control object (2.10) from the phase state n(0) to the origin n-= 0. Let us assume that
the trajectory of such a transition exists for any initial disturbances and that the

movement along it occurs in a minimum time under the influence of admissible
controls U .
Let I denote the time during which the movement along the optimal trajectory

is carried out. For simplicity, consider the movement of a second-order control object

from an arbitrary starting point n(0) to the origin n= O. Let us assume that for some

h

time ‘1 o the control object moved from point n(0) to point N1 under the influence

of arbitrary constant control U=U, along a non-optimal trajectory 1 (Fig. 2.4).

upy |

;o)
/_..-'
rd
2 T-|1=T-|(t1)
0 »-
T

Fig. 2.4. Phase trajectory

Starting from point N , the object 1s transferred to optimal trajectory 2. The time

of movement along the optimal trajectory T depends on the position of the starting
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point N1 of transition from trajectory 1 to trajectory 2, i.e. is a function of the phase

coordinates of the system
T'=S8Mn(@)). (2.306)
The function (2.33) is continuous and has continuous partial derivatives with

respect to the coordinates of the phase space everywhere, except for the origin. Moving
along the optimal trajectory, the object will take time equal to I =S((®)) to move
from the point N1 to the origin. As a result, the transition from the point n(0) to the

origin along trajectories 1 and 2 will be completed in time (1 —to) +S(n(t )) If the

movement from the point n(0) had immediately occurred along the optimal trajectory

2, then the control object would have been transferred to the origin in the minimal time
T = S(n(ty))
Hence,
S(t)) < (1 ~to) + S(M(ty)). 2307

Dividing both sides of the inequality (2.34) by the positive duration of the

interval {1~ tO, we get

_SMn)-SMk))
h=1lo (2.308)
Let us move to the limit at h— to:

lim [—iS(n(t))} <l
n—ipl di (2.309)

The derivative (2.36) is calculated using the formula for the total derivative for

the system (2.10)

$05@) . 350 1y

d
——-SM@) =~ N
dt oo 5 o

(2.310)
Then
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. 05(n(1))
- ZTfi(ﬂ»U)S L.
i=1 N 2.311)
Obviously, inequality (2.38) turns into equality only with optimal control in
terms of speed. In other words, optimal control delivers the maximum derivative (2.37)

, which physically represents the rate of decrease of the transition time, i.e.

max{—Z@ﬁ(n,U)}—l

UL M (2.312)
or

min{zyﬁ(n,Uﬂl}—O.

UoLEr on (2.313)

Let us now consider the general control problem that is optimal in terms of
minimizing the integral functional
gl
1= [fonU)d.
o (2.314)

The problem of optimal control of an object (2.10) is formulated as follows: from

all permissible controls that transfer the representing point from its position M) to

the origin, it is required to choose such a control that minimizes the functional (2.41).

Please note that if Jo,U)= 1, the functional (2.41) takes the form
T
1= [dt
0
Therefore, the problem of optimal performance is a particular case of the general

problem considered.

> . .. . . .
Let us assume that Jo,U) O. This condition is satisfied for all integral
quadratic functionals. Let us introduce a new time T on each trajectory, related to the

transition process time by the differential relationship
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dv= fo(,U)dt (2.315)

In the new time, the functional (2.41) is transformed into

0 (2.316)
and the problem posed is reduced to the previously considered problem of

optimal performance.

Let U be a control that transfers the representing point from position M(0) to

position N1, and n) be the corresponding trajectory. Let us suppose that

4
(0= [ fomU)dt.

‘o (2.317)
Differentiating the functional (2.44) with respect to time, we get
dt
- fO (na U)
dt (2.318)

>0

The function ©(?) 1s continuous and monotonically increasing, since Jo

Therefore, there is an inverse function t(’c), for which the following value of the

derivative is true:
ﬂ _ 1
dt  fo(n(v),U(1)) . (2.319)

Consequently, in the new time domain, the control object (2.10) is described by

a system of differential equations

dn; (1) _ dn;(v) di(@) f;(n(x)U(c)
dt dt dv fo(n(x)U(r)) (2.320)

Substituting (2.47) in (2.37) and further into (2.40), we get

mir{f as(n) f;(n.U) +1}—0
v g on fo(U)

(2.321)
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or

. | <= 3S(M)
min| > ——>£;(n,U)+ fo(n,U) |=0.
ulia o (2.322)
The expression (2.49) is called the Bellman functional equation, and SMm) is the

Bellman function.

*
To determine the optimal control U that minimizes expression (2.49), it is
necessary to find the derivative

~ o, oU oU

(2.323)
and solve (2.49) and (2.50) together.

2.1.4. The Lyapunov’s second method

One of the most effective methods for studying motion stability is the direct

Lyapunov method, which is often referred to as Lyapunov’s second method. To reveal

the essence of this method, let us consider some real functions Vin)= V(Th T n”)

defined in the domain
C 2
Zni < K,
i=1 (2.324)

where H is a positive constant.

It is assumed that in the domain (2.51) these functions are single-valued,

continuous and vanish when all "11>""">"n are equal to zero, that is
V(0)=0. (2.325)
If in the vicinity of the origin a function V' can take only values of one sign
besides zero, it is called constant sign (positive or negative, respectively). If a function

of constant sign vanishes only at the origin of coordinates, then the function Vis called
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sign-definite (correspondingly positive-definite or negative-definite). Such functions

V' are used to study motion stability and are called Lyapunov functions.

A sign-definite function has an extremum (a minimum for a positive-definite

function and a maximum for a negative-definite function) at M= =N = O. A

sign-definite function does not have an extremum at the origin.

Let us assume that the positive-definite function V=vm) is continuous along

with its first order derivatives. Then at M= =M= 0 1t will have an isolated

extremum, and all first-order partial derivatives at this point will be equal to zero

) oerm
i Jo (2.326)

Let us expand the function A4 into the Maclaurin series

ov i ot
V=V(0)+ Z(a j = Z oo n NNk + Ry»
i=1 0 lk 1 k 0 (2327)

where R, are the higher order terms of expansion.

Taking into account the relations (2.52) and (2.53), we obtain

1 n
:5 Z VMg + R,
ik=1

(2.328)
Here the constants "k~ Vki are defined by the expression
Vik = 62—1/ :
MMk Jy (2.329)

From the expression (2.55) it is evident that the expansion of a positive-definite

function ¥ into a Maclaurin series in powers N> N does not contain first- degree
terms.

Thus, regardless of the higher-order terms, for sufficiently small modular values
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of ni, the function ¥ will be positive-definite if the quadratic form is positive-definite

~ 1 &

V=3 2 VM-
Lk=1 (2.330)
That is why in control theory the search for Lyapunov functions is carried out in

the class of quadratic functions of the form (2.57).

To determine the positive-definiteness of quadratic forms (2.57), the Sylvester

criterion is used [22]; according to which a quadratic form is positive-definite if all the

main diagonal minors of the matrix of its coefficients Vik are positive.
The direct Lyapunov’s method [23] is based on the following two theorems.

» Lyapunov's theorem on stability of motion. If for the differential equations of

perturbed motion (2.10) it is possible to find a positive-definite function V' whose total
time derivative would be a negative function of constant sign, then the unperturbed
motion is stable.

» Lyapunov's theorem on asymptotic stability. If for the differential equations of

perturbed motion (2.10) it is possible to find a positive-definite function V' whose total
time derivative would be a negative sign-determined function, then the unperturbed
motion is asymptotically stable.

Physically, the Lyapunov’s function can be identified with the excess energy
stored by the system along the trajectories of the perturbed motion, compared to the
energy stored along the trajectories of unperturbed motion. If the excess energy of the
system constantly decreases, as evidenced by the negativeness of the derivative of the
Lyapunov function, then the forces causing the deviation of the actual motion from the
unperturbed one decrease. In this case, the system under study returns to the trajectories
of unperturbed motion, regardless of the initial deviations.

Now let us demonstrate the conditions under which the main functional Bellman
equation corresponds to the direct Lyapunov method.

Let us consider the equations (2.10) and functional (2.11). We will assume that

there is a positive-definite Lyapunov function V(n), and the integrand of the
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functional (2.11) Jo,U) is a positive sign-definite or positive-definite function.
Then, in accordance with the above Lyapunov theorems, a closed-loop control system,

optimal in the sense of minimizing the functional (2.11), will be stable if the conditions

are met
dl;(n) Z VW £ .0y =-fomU)
/ m (2.331)
T X AU+ =0
’ T]i (2.332)

Thus, if a positive-definite or non-negative function is chosen as the integrand
of the optimality criterion, in the process of solving variational problems the Bellman
function can definitely be replaced by the Lyapunov function. This follows from the

comparison of expressions (2.49) and (2.59).

2.1.5. Analytical design of regulators

The analytical solution to the problem of optimal stabilization of linear stationary
objects with a quadratic quality functional [25] was proposed by A. M. Letov, who
identified ways to overcome the difficulties of solving boundary value problems. This
approach is called analytical design of controllers (ADC). Thanks to the clear
formulation of the problem and constructive results, this method has become a common
tool for synthesizing optimal controls for various classes of objects. Simultaneously
with A. M. Letov, research in this areas was carried out by R. Kalman, and in foreign
sources it became known as linear quadratic optimization [26]. Therefore, the ADC
problem is also referred to as the Letov-Kalman problem. Each of these approaches
has its own peculiarities, but both lead to similar results, which indicates the
correctness of the synthesis problem formulation.

Let the perturbed motion of a generalized object of the 7 -th order be described

by a system of linear or linearized differential equations of perturbed motion in the
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Cauchy form

n
pni - Zblknk +miU7 [ = 1923'“9”7
k=1 (2.333)

where bir are constant coefficients.

Among the set of piecewise smooth functions that satisfy the constraint (2.16),
it is necessary to find the optimal control um) that transfers the system (2.60) from
the initial position (M(0),++-,m, (0)) to the origin (M () =0,-++,m, () =0) in
such a way that minimizes the integral functional

o0 o0 n
[=[F(U)dt= | (Zwml-z +cU2]dt

0 0\i=1 (2.334)

Initially, this problem was reduced to the Lagrange conditional extremum

problem. For this purpose, the system (2.60) is represented in the form

n
o;(,U,0)=pn; = D by —mU,i=12,---,n,
k=l (2.335)

and the functional is introduced into consideration
0 n o
%
r=| [F(n,m+in(r><pi<n,u,r>Jdr= [Lm.U b,
0 i=1 0 (2.336)
where Ai() are the undetermined Lagrange multipliers.

Then, by solving Euler's equations, the extremals n; (7) and Ai(1) of the

functional (2.63) are determined. Euler's equations for the function L(M,U,%,0) have

the form
a_L_p oL :Oa(i:19°”9n);
on; ~ o(pny) (2.337)
oL OL
—-p =0.
ou ~ a(pU) (2.338)
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Optimal control as a function of the uncertain Lagrange multipliers is determined

from the equation (2.65)

1 n
U0 == 2 mid (1),
€ k=1 (2.339)

Substituting (2.66) into (2.62), a system of 2n equations with 21 ynknowns

ni(t), i (1) is considered

n 1 n
i = Dbk o D mimy Ly (2);
ik € k=1

n
_ 2 .
p)‘i —2Wi1’]i - Z?\,kbl'k, (l —1,...,7’1).
k=1 (2.340)
To solve this system of differential equations, it is necessary to determine the

21 roots of the characteristic equation of the system (2.67)

2

m mm
b, — b M 1'""*n

nor R :

. m ml m2

DW=| b, - by —n ;—C 2_2 :
2w - 0 —by-p - —b,
0 _an _bln _bnn_Fl (2.341)

which has the property that if His any root of it, then H is also a root [27]. To
ensure the stability of a closed-loop system (2.60) with control (2.66), # roots with a
negative real part are taken into account, and the remaining ” roots lying in the right
half-plane are neglected.

After this, the general solution of the system (2.67) is determined as a sum of

exponential functions
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n
r .
N = 2 A )G (i=1,...,m),
k=1

C t
i = 2 D) Cre
k=1 (2.342)

(n+1i)

where Ai > A"” are the minors of the I -th or -th element of the first row

of the determinant (2.68), Ch are arbitrary constants.

To determine the optimal control algorithm as a function of the phase
coordinates of the system (2.60), the uncertain Lagrange multipliers Ai(t) must be

expressed through the variables ni(t). This is done by eliminating the exponential

Mkf
functions Cie from the system (2.69). As a result, optimal control takes the form

n
U= Zﬁmi-
i=1

Control (2.70) was found without considering the restrictions (2.16). In closed

(2.343)

area that satisfies the condition (2.16), the desired optimal control is determined by the

expression

1 if anﬁini >
i=1
n
U= Zﬁmi if Zﬁmi
/ i=1
-1 if iﬁmi <-1.
i=1

<l

9

L (2.344)
The expression (2.71) has a more compact form
n
U =sat[2]3mi}
i=1 (2.345)

sat(.)

where is a function equal to the argument when its absolute value is less
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than one, and becomes a sign function otherwise.

Let us represent the system (2.60) as follows

n
fi=pni= Xbypng +mU,i=12,.n
k=1 (2.346)

and introduce an additional coordinate "0 , which satisfies the relation

n
2 2
Jo=pno = Zwmi +cU™.
i=1 (2.347)

The system, which is conjugated to the equations (2.73) and (2.74) can be

represented as

n of ;.
_ Joi
po; =— E v ——,(i=0,---,n)
=0 7 on;

(2.348)
The Hamilton function for systems (2.73) and (2.75) has the form
n
H= Zfi\Vi'
i=0 (2.349)

The optimal control that minimizes the functional (2.63), delivers the maximum

of the function (2.76) and is determined from the condition

oH
ou (2.350)
from where, considering the fact that VYo =~ , follows
n
— N\ "My
U=y, 5. Vk
k=1 (2.351)

Thus, optimal control depends on still unknown functions Vi and can be

expressed through the phase coordinates of the control object if the dependence

Vi (M) is determined. To do this, it is necessary to join the conjugate system (2.75)
to the system taking into account (2.78)
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n n m:m .
pn;i = 2bymi + 2 ’2 kyrii=1,n,
k=1 k=1 4€
noof
p\Vl:_z(Pja—]'Jl_Oﬂ 9n
j=0 i (2.352)

System of equations (2.79) is identical to the system (2.67), so the further
solution process does not differ from the one discussed above. As a result, an optimal

control algorithm (2.72) is determined.

Optimal control U(ni), which belongs to the class of piecewise continuous

functions, subject to the constraint (2.16), and delivering a minimum of the functional

I= TF(n,U)dt = T(nT W + cUz)dt
0 0 (2.353)

on the trajectories of motion of the system (2.60), must satisfy the solution of the

main functional Bellman equation in partial derivatives

n
min a—Salni+F =0,
U imon; dt

(2.354)

where S is the Bellman function, which, when synthesizing optimal controls
based on the minimum quality functional (2.80), can be uniquely replaced by the
Lyapunov function, since the equation (2.81) satisfies the conditions of Lyapunov's

stability theorem.

The Lyapunov function i for a system of linear differential equations (2.60)

is a positive-definite quadratic form

n
V)= D vaNiMes Vik = Vii»
i,k=1 (2.355)

or in matrix form
Vin)= 'ITV‘]: (2.356)

whose coefficients satisfy the Sylvester criterion.
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By differentiating the main functional Bellman equation (2.81) with respect to
U , the optimal control that delivers a minimum of the functional (2.80) on the

trajectories of the system (2.60) is determined:

U—_5moV
=1 2¢ O; (2.357)

Matrix V is a stationary solution of the Riccati differential equation
V() =V(@B+B V() - 'V(O)mm! V(©) + W, V(0) = 0. (2.358)

Among all solutions to the Riccati equation (2.85), those that satisfy the
Sylvester criterion must be selected, because only in this case is the A.M. Lyapunov
theorem on asymptotic stability fulfilled. Determining optimal control in this case is
associated with the need to solve the matrix differential equation (2.85), which is a

rather complex mathematical problem. One of the ways to simplify the procedure for

finding optimal control is to move from a non-stationary matrix V) to a stationary

one Y. In this case, the coefficients of matrix V are determined as a result of the

numerical solution of the matrix Riccati equation

VB+B/V-¢'Vmm’V + W =0. (2.359)
n(n+1)
A matrix equation (2.86) represents a system 2 of nonlinear algebraic

equations concerning the same number of unknown coefficients Vik of the Lyapunov
function (2.82). If as a result of solving the equation (2.86) this function is found, then

the optimal control taking into account the constraint (2.16) takes the final form

n
U——sa{Z%Viknk} (i=1,...,n).

k=1 (2.360)

As follows from the analysis of the above solution methods for the ADC
problem, this problem can only be solved numerically and does not have a strict
analytical solution in general form, which makes it difficult to analyze the general

properties of synthesized systems.
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Simplifying the computational procedures when solving the ADC problem was
proposed by A. A. Krasovsky [28]. To do this, an additional term is introduced into the

functional (2.80), taking into account which it takes the expanded form

R n n 2
[:J' Zwl-jnmjnLcUan%{Zmim} dt.

—~ = on;
0571 = : (2.361)

In a functional (2.88) the function yim 1s a quadratic form (2.82) and its

coefficients are determined by solving a matrix algebraic equation

T —
VB+B'V+W=0, (2.362)

where B is the matrix of coefficients bix of the system (2.60) of 72X7

dimension, W s the square matrix of weighting coefficients of the integrand (2.88) of

the same dimension.
The equation (2.89) has a unique solution V> 0, in particular, when the

eigenvalues of the matrix B have negative real parts, 1.e. only when the controlled

object is inherently stable. In this case, the synthesized system will be asymptotically

stable, and the function yim will be a Lyapunov function. Then the optimal control
algorithm is defined as (2.84). When determining the Lyapunov function satisfying the
equation (2.89), it is convenient to use the method proposed by E. A. Barbashin [29].
According to this method, the desired Lyapunov function has the form of a matrix

equation
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2 2 2
0 nooc 2qm, My o 2 e My,
—0,5wy, 1,11 7 Cmr o 2211 7 Gkt Gl
Win CA1,1n " Cndn €220 "7 Cikln 7 Canln
V(1) = 1
(n)= _X —0,5w,, Cl11,22 " Cp22 €222 0 Cigpa o Cup 22
— Wik A1k " Clmik  ©22,ik °° Cikik " Canik
- 0>5Wnn S 7 Clagn €22nm 7 Ciknn 7 Cungnn
(2.363)
C:: . .
where 7% are the coefficients that are expressed through the real coefficients

of the differential equations of the perturbed motion of the control object (2.60) and

are subject to the relations:
Cijkl = Cjiki = Cjilk>
0 if i#j#k#I;
| by if j=Li#k;
Cij,kl —<b b if i=f =] ..
ii+kk 1 L=K, ]J=LL1LF ],
b, if  i=j=k=1,

L u

(2.364)

A is the minor, related to the element of the first row and first column of the

determinant (2.90).

From the equation (2.90) the coefficients of the Lyapunov function Vik are
determined using Cramer’s formulas

A
Vik = i 5
A (2.365)

where Aik are the algebraic complements of the elements of the first row of the
same determinant containing the products MMk

This solution allows us to express the coefficients Vik explicitly through the
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coefficients of the differential equations of perturbed motion (2.60) bix and weight

coefficients Wij of functional (2.88). As a result, the control algorithm of the type
(2.84) 1s expressed in analytical form through the parameters of the control object and
the quality functional. The functional (2.88) is called the generalized operation

criterion, since the last term of the functional (2.88) represents the energy or

generalized operation of optimal control U,

All solutions to the ADC problem considered above lead to linear controllers
with rigid feedbacks along the coordinates of the perturbed motion of the control
object. The control systems synthesized in this way are inherently static and physically

incapable to ensure the fulfillment of boundary conditions at the ends of the phase

trajectories n(®) = O, 1.e. do not guarantee the convergence of integral quality
functionals at £ — % In other words, the asymptotic stability of closed-loop system s
is not ensured even in the absence of coordinate disturbances. The natural presence of
external disturbances exacerbates the situation, because the system acquires a static
error not only for the reference input but also for the disturbances. All attempts to take
into account external disturbances when solving the ADC problem inevitably lead to a
combined control principle, which significantly complicates the control system, but
does not provide a fundamental solution to the problem due to the practical
impossibility of taking into account and directly measuring the entire spectrum of
disturbing influences acting on the object.

Alongside these negative features, the structural property of control systems
synthesized as a result of solving ADC problems, such as stability with unlimited
increases in the regulator gain, deserves close attention. The implementation of
infinitely large gain factors in the domain of linear structures is associated with the
need to have an energy source of unlimited power, which is physically unrealizable.
However, in the works [30] and [31], it was shown that infinite gain factor can be
implemented in relay systems operating in sliding mode. In this regard, the remark of
A. M. Letov is significant. He indicated that the choice of a sufficiently small weight

coefficient € in functionals of the form (2.61) in the presence of a constraint (2.16)
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allows one to approach the relay characteristic of the controller as closely as desired,

implementing the optimal control law [25]. Indeed, when € = 0 the control law (2.87)

takes the form

k=1

n
U=—sign{2mivkink}, (i=1,---,n).

(2.366)
The ADC problem for a relay system was solved for the first time by the

dynamic programming method based on minimizing the functional

0 pn
1= f D winMydt
08,k=1 (2.367)

on the system's motion trajectories (2.60). The optimal control is obtained in the

n
U——sign( ml-a—V],
=1 oM

form

(2.368)

where V' is the Lyapunov function (2.82), whose coefficients for the system
(2.60) and the functional (2.94) are proposed to be determined as a result of solving
Bellman's fundamental functional equation after substituting the control input (2.93)
into it
n
m;——

i=1 I

oV
Z Z ik Nk —

Ni k=1

- z WikNiNk -

k=1 (2.369)

A rigorous solution of a nonlinear partial differential equation (2.96) is
complicated by the presence of a sub-signature expression of the control input (2.95),
standing under the modulus sign. The existing literature lacks data on the methodology
for rigorously solving the equation (2.96). The solution of the equation (2.96) can be
carried out based on the condition of the existence of a stable sliding mode in the
synthesized closed-loop system, one of the conditions for the occurrence of which is
the equality of the average value of the signal at the input of the relay controller to zero,

1.e. fulfillment of the relation
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L 8V
8 =0.
i=1 9T (2.370)
Considering (2.97), the equation (2.96) takes the form
oV
Z szknk = Z WM
L k=1 (2.371)

n(n+1)

The expression (2.98) is a system 2 of linear algebraic equations and is
a particular case of the Riccati matrix equation (2.86). As mentioned above, the
solution to (2.86) is the Lyapunov function (2.90).

The given solution to the ADC problem for the case of a relay system was
obtained without considering of boundary conditions. The work [32] provides a more
rigorous solution to the problem of analytical design of relay controllers by introducing
additional restrictions on the expenditures of control signals. In this formulation, the
problem was named the analytical design of relay controllers based on the criterion of
generalized operation. An additional term is introduced into the functional (2.94),
representing a restriction on the “expenditure of control signals”

n t2
D tyim |
i=1 f

n

szknk

k=1

dt = c[n; ()., (1), (]

(2.372)

where

1 n
5 D v () (t)n (1),
L,k=1 (2.373)

Taking into account (2.99), the quality functional (2.94) takes the form

= J Z WiMedt + D v ()M ()N (8)-

1 k=1
Bk ik (2.374)

In (2.99) V" is an absolute values of restrictions on control inputs resulting
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from the condition (2.16)

u®|
uym(t) o

In the expression (2.99) the quantity

U=

g (2.375)

represents an integral estimate of the expenditure of control signals over a time

interval 1702 14 = 0 and 12~ % then the integral (2.102) estimates the control

signal expenditures over the transient process. With a control input " that is
significantly limited in modulus, a significant expenditure of the control signal is
expected. If such an expenditure rate is unacceptable, it is necessary to ensure a higher

level of control input limitation.

h=h , then the optimal

If the transient process is limited by the time interval
control problem becomes a problem with fixed ends under terminal control. However,

terminal control is often unnecessary and, in this case, the upper time limit remains

ty —> o

free. In this case , the second term of the functional (2.101) vanishes in

accordance with the requirement of asymptotic stability of a closed-loop system

() = O, and the functional (2.101) is transformed to the form (2.94).

It should be emphasized that if not all eigenvalues of a matrix B have negative
real parts and even if there is at least one zero root, i.e. it is not possible to synthesize
optimal controls according to the criteria of generalized operation (2.88) and (2.101)
by solving the equation (2.89) or (2.90) since in this case the principal determinant A
of the equation (2.90) has at least one zero column. This is due to the fact that the
algorithms for optimal control according to the criteria of generalized operation are
calculated based on the Lyapunov function for an open-loop control object and the

closing of the system with feedback loops is not taken into account. In addition,
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arbitrary assignment of weight coefficients Wij in functionals (2.88) and (2.101) may
in some cases lead to the synthesis of controls that do not ensure the stability of the
corresponding closed-loop system s. In the theory of optimal control, it is traditionally
assumed that the optimality criteria are given a priori, leaving the choice of the type of
optimizing functional and its coefficients outside the scope of this theory. The controls
obtained as a result of solving the ADC problem are optimal only in the sense of the
minimum of the assigned functional. In this case, the dynamic properties of the
synthesized system may not correspond to the desired ones. In this regard, the selection
of such integrands of optimizing functionals, in which optimal systems would have

completely defined predetermined properties, is highly relevant.

2.2. The principle of symmetry of self-propelled guns and its modification

The problem of synthesizing automatic control systems (ACS) with the required
dynamic properties is, to some extent, connected with the concepts of inverse dynamics
problems. The solutions to these problems according to a given law of motion of the
system determine the forces or control inputs required to achieve a predetermined
motion of the system. In the broadest sense, inverse dynamics problems include the
determination of the laws of motion control of dynamic systems and their parameters
to ensure that specified trajectories are followed.

Determining the laws of motion control of dynamic systems forms the basis of
the structural and algorithmic synthesis of ACS. On the other hand, determining the
parameters of a dynamic system is a task of parametric synthesis, where the structure
of the control system is assumed to be known a priori. Both of these problems form the
basis of the automatic control theory. Despite the long and rich history of inverse
dynamics problems, they have gained increasing recognition and understanding in
recent years, particularly within the field of automatic control theory (ACT). The
essence of these problems is to construct closed-loop ACS that move along designated

trajectories (trajectories of unperturbed motion) using control laws with feedback based
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on the state variables of the control objects.

In the process of development of classical and modern ACT, regardless of the
progress made in solving inverse dynamics problems, many practical techniques and
methods for creating and calculating ACS of various natures and purposes have been
developed. These primarily include frequency and root methods, as well as the
problems of analytical design of optimal controllers by minimizing integral quality
functionals, as discussed earlier. In any formulation of the synthesis problem using
these methods, the ultimate goal is to determine the structures and parameters of the
ACS that ensure the dynamic processes of the system follow prescribed laws or closely
approximate the processes occurring in a certain reference model, which best meets the
technical design requirements. A similar goal is pursued by solutions of inverse
dynamics problems. This allows us to conclude that the synthesis methods used in ACT
are directly or indirectly connected to the concepts of inverse dynamics problems. In
each of these methods, either explicitly or implicitly, a reference model of unperturbed
motion is defined, and the task is to determine the control law as a function of the state
variables of the controlled object, ensuring the system follows the specified

trajectories.

2.2.1. Concept of inverse problems of dynamics

Let us consider the classical problem of automatic control theory, which involves

determining the structure and parameters of a control law [33]. Using the known

transfer function of control object W(p ), it the task is to find the transfer function of

wW,(p)

the control device such that the closed-loop automatic control system has the

*
desired transfer function @ (p ) In this formulation of the problem, the desired

motion trajectory or the required dynamic properties of the synthesized system are

*
specified by the type of transfer function @ (p ) The required control law is
wW,(p)

represented by the transfer function of the control device . The combination of

MONOGRAPH 107 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

the control object and the control device forms a closed-loop ACS. The determination

of the control law and its parameters in the form of a transfer function (P) based
on the available initial data corresponds to the content of inverse dynamics problems.

The block diagram of the synthesized system is shown in Fig. 2.5.

y*(p)  —n(p) U(p) y(p)

4_’?—’ Wy(p) + W(p) T’

Fig. 2.5. Generalized block diagram

Transfer function of the closed-loop system shown in Fig. 2.5 has the following

form

I 0040
1+ W, (p)W (p) (2.376)

*
Substituting the desired transfer function @ (p) of the closed-loop system
Wy(p),

instead of the transfer function (p) and solving the resulting equation for
we find the desired control law in the form of a transfer function
D*(p)
m .
W(p)(1-D (p)) (2.377)

The expression (2.104) formally solves the problem of synthesizing a closed-

W,(p)=

loop system under the condition of implementing a given transfer function. This
indicates that the traditional problem of automatic control theory is formulated and
solved as an inverse dynamics problem in its direct understanding. The desired motion

trajectory of the synthesized system is specified in the form of a transfer function

k
D (p) of certain reference model, and the desired control law is also defined in the

W,(p) U(p)=W,(p)ly" (p)-y(p)]

form of a transfer function or equation :
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Let us consider the synthesis of a control system that ensures the movement of a
representing point along a specified trajectory as a solution to the inverse dynamics
problem in a different formulation. Let the motion of the control object to be governed

by differential equations

n
Y, = Zbikyk +muu, (i=1,...,n).
k=1 (2.378)

The system of 77 equations (2.105) can be reduced to a single differential

equation of 7 -th order

n
k
> ap v, =myu.
k=0 (2.379)

The task is to determine the control input ¥ that will ensure the movement of

%
the coordinate V1 (t) along the trajectory 1 (t)
In accordance with the basic idea of inverse dynamics problems, we determine

the control input from the equation (2.106)

n
-1 k
u=m, D> a;p"y ().
k=0 (2.380)

%
Substituting the desired value yi (1) instead of the current value of the variable

(0 in (2.107) we will get

k=0 (2.381)
From the expression (2.108), it follows that the desired control input can be
found as a function of time by performing a finite number of operations:
differentiation, addition, multiplication, etc.
Based on the relationship (2.108), general provisions for determining the control
inputs that ensure the system’s movement along the designated trajectory are
formulated. From the comparison of expressions (2.106) ant (2.108), it follows that the

operations of forming the desired control are the inverse of the corresponding
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operations that determine the structure of the mathematical model of the control object.
Integration in the mathematical model of an object corresponds to differentiation in the

control algorithm, summation corresponds to subtraction, and multiplication
* %k

corresponds to division. Ultimately, the output ¥ and input >'1 variables of the control

algorithm block diagram represent the corresponding inverted variables ¥, 1 of the

mathematical model of the controlled object. Thus, the block diagram of the control

part of the system can be obtained based on the block diagram of the control object by

reversing the operations and corresponding variables.

Fig. 2.6 shows a block diagram of the control system, built in accordance with

the equations (2.106) and (2.107) at 77 — 2

Go

Y

T

YR

3=

Fig. 2.6. System block diagram

*

The input variable of the diagram is the trajectory of unperturbed motion 71,
and the output variable is the actual variable Y1, 1f the corresponding operations and
variables are reversed, the direction of the diagram will change, i.e. the output of the
system will become its input and vice versa, and the overall configuration of the block
diagram will not change. As a result of such a reversal, the structural diagram will take
the form shown in Fig. 2.7.

Thus, the following rule can be formulated: the algorithm for forming a control
input is built on the principle of structural symmetry and reversing operations
concerning the structure and group of operations corresponding to the mathematical

model of the controlled process [33].
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W

Qo

2, % *
* Py py; Ui
"U/ 1 D les 1 1
a; J

Fig. 2.7. Block diagram of the inverted system

3=

2.2.2. Symmetry property of automatic control systems

The given block diagrams clearly illustrate the symmetry property inherent in
automatic control systems. These properties unambiguously determine the structure
and parameters of the control part of the system and form the methodological basis for
finding control algorithms for the movement of dynamic objects along a designated
trajectory. In this case, the task of designing control algorithms fully aligns with the

concepts of inverse dynamics problems and comes down to finding a control function

" %

U that ensures the movement of an object along a designated trajectory Yi . In the
considered formulation, the solution to the inverse dynamics problem makes it possible
to determine program controls that provide the system with predetermined dynamic

properties, if the designated trajectory of motion is given by the equation

Py;‘ ()= Zcixi (9),
i=1 (2.382)

where i () are known functions of time; i are constants that uniquely
determine the initial state of the system.
By substituting the expression (2.109) into (2.108) we determine the required

program control

1 n k n
u*(t)=z 1 Zakxl( )(t)+---+cn Zakx,(lk)(t) :
k=0 k=0 (2.383)

It is significant that controls of the form (2.110) ensure the implementation of
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only those motion trajectories, whose structure as functions of time corresponds to the

structure of the solution to the equation (2.106) for ¥ = 0. 1t follows from this that
program controls are implemented only if the conditions for the reproducibility of the
designated trajectories are met.

It is more preferable to implement designated motion trajectories in closed-loop

systems based on control laws with feedback. To find such laws, it is necessary to

cl-xi(k)

express the time functions () in terms of the state variables of the control object.

This problem is easily solved for functions x;(1) that satisfy the relation

Prx(O) = pux,(t),(k=0,1,....n).
i=1 (2.384)

If i (7) in the expression of the designated trajectory (2.109) meets the
condition (2.111), then the program control (2.110) takes the form

1 n
u*(t)= ;ZYicixi (9),
i=1

(2.385)
where the coefficients ! are determined by the expressions
n
Yi = Zakpl-k, (l = 1, cees I’Z)
k=0 (2.386)

To construct a feedback control law based on the program control (2.112), it is

necessary to express functions ¢;%; (1) in terms of system state variables (2.106). Such
k —
variables are P Vi @), (k=0,1,....n—1) . Then, in accordance with the condition of

%
reproducibility of the designated motion trajectory yit) =y (t), the following

expression can be obtained

n
> eipuxi ()= yP @), (k=0,1,...n-1).
i=1 (2.387)

By solving the system of equations (2.114) with respect to the desired variables
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¢;x; (1) , we determine

n—1
c;x;(t) = ZBikpkyl (), @=1,---,n),
k=0 (2.388)

where B ik are constant coefficients.

Substituting expressions (2.115) into (2.112), we obtain the feedback control law

n—1
-1 k
u*(y)=m Y 8 py.
k=0 (2.389)

%
The trajectory of unperturbed motion ) , specified by the equation (2.109),

is implemented in a closed-loop system with a control algorithm (2.116) in which the

n—1
feedback coefficients for the variables »i* PYis+=>P Vi are determined by the

expression

8k =D VB (k=0,1,...,n-1).
i=1 (2.390)

Thus, as a result of solving the inverse dynamics problem based on the principle
of symmetry, a control algorithm for a closed-loop system is obtained in analytical
form as a function of state variables and parameters of the control object, as well as
known time functions that determine the type of the designated motion trajectory,

taking into account the initial state of the system.

2.2.3. Modification of the principle of symmetry

The solution of inverse dynamics problems is based on the assumption that the
desired motion trajectory is known in advance and specified in some form. Methods
for defining such trajectories inevitably contain elements of subjectivity and do not
exclude the possibility of using iterative procedures in the process of finding optimal

solutions that best satisfy the complex of conflicting requirements of technical
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specifications for the design of control systems. The situation is further complicated by
the fact that the presence of natural restrictions on the maximum values of control
inputs and certain state variables of the control object requires the formation of system
motion trajectories, consisting of segments of phase trajectories corresponding to the
solutions of the dynamics equations, meeting these restrictions. This is particularly
relevant to control systems, the synthesis of which places high demands not only on
the accuracy of stabilization of steady-state movements, but also on speed in transient
modes. In the vast majority of cases, the driving inputs for automated electric drive
control systems are step functions, and the implementation of control laws obtained
from solving inverse dynamics problems inevitably leads to the need to construct
trajectory generators for unperturbed motion, which is not always economically and
technically justified.

In this regard, the problem of developing new effective methods for structural-
algorithmic synthesis of control systems that best satisfy a set of conflicting
engineering requirements for control quality under the influence of a wide range of
destabilizing factors is highly relevant. Another important requirement is the simplicity
of computational procedures during the determination of control algorithms and
fulfillment of the conditions for their technical feasibility.

Below in this chapter we will study the tasks of designing control algorithms for
the motion of objects whose dynamics are described by linear or linearized differential
equations, based on general provisions determined by the symmetry properties and
solutions to problems of analytical design of controllers. The use of these provisions
made it possible to develop an effective procedures for the synthesis of control laws,
ensuring the maximum dynamic characteristics of the controlled process under
restrictions on control inputs, while taking into account the requirements for the static
properties of the synthesized structures.

Let us consider the block diagram shown in Fig. 2.6. Moving on to the apparatus

of transfer functions, this scheme can be represented in the form shown in Fig. 2.8
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y*(p) .o U(p) 7o) y(p)

Fig. 2.8. Open-loop system built based on the symmetry principle

It is easy to see that for a linear control object with a transfer function of the

W, (p) = 1P M(p)= gob,-p" N(p)= goal-pl'

general form N(p) , where ' , ' are

polynomials of degree 7 and 7 ( M < 1) respectively; b and %i are real numbers,

the transfer function of the control part has the form

Np) _ 1
M(p) Wy(p) (2.391)

In other words, the transfer function of the control part of the system is the

W,(p)=

inverse of the transfer function of the controlled object. As a result, the equivalent

transfer function of the considered open-loop system equals one, which determines the

%
condition for ideal reproduction of a given motion trajectory 1 — 1. This condition

is realizable only if the zeros and poles of the transfer functions of the controlled object

Wo(p) and the control device Wy (p) cancel each other out. It follows that the
reproduction of given motion trajectories in open-loop systems built on the basis of
the symmetry principle is possible only for stationary objects with frozen parameters
in the absence of external disturbances. For real electromechanical objects, the
considered control principle in an open-loop system is meaningless.

Let us close the system by including an amplifying element with a transmission

coefficient & . As a result, we obtain the block diagram shown in Fig. 2.9.

y*(p)  —np) ") 510 W) y(p)

Fig. 2.9. To the design of a closed-loop system block diagram.
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The transfer function of such system is

y(p) _ Wy (PP (p)

O(p)=—%
1+ gl 14
y (p) gy, (p)Wo(p) 2302)
if the condition (2.118) is met, then it will take the form
_yp) _ 8
O == s
y (p) (2.393)

The expression (2.120) indicates that the use of symmetry properties

theoretically makes it possible to construct an inertialess closed-loop control system,

and condition that & ~> ® ensures that the transfer function of such a system equals
one. Consequently, the control part of the system must fully compensate for the
inherent dynamics of the control object and ensure ideal reproduction of the stepwise
reference input. In real electromechanical objects, this is only possible if there is an
energy source of unlimited power, which is physically impossible. In addition, in
existing electric drive control systems there is always a limitation on the maximum
value of the control input. Taking this into account, we modify the closed-loop system,
the block diagram of which is shown in Fig. 2.9, by introducing an integrating element
into its composition, which contributes to the formation of realistically achievable
maximum dynamic characteristics in a closed state and, if necessary, ensures the
elimination of a steady-state error in the driving force with a limited gain factor. In
addition, we will take into account the limitation of the maximum control input value
by including a saturation function S@! in the appropriate location of the direct
amplification path of the system. As a result, we obtain a system, the block diagram of

which is shown in Fig. 2.10.

Y

\{

$ U*(p) ") y(p)

l i{
S
3
SN—r

v
gk
v

Fig. 2.10. System with an integral component
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In such a system, the control input u(p) directly arriving at the input of the

CPIST )=

*
control object equals to the optimal control (p) if
otherwise.

Let us consider the transfer function of a closed-loop system when

3k
u(p)=u (p ), 1.e. when the control input at the object input has not reached the

saturation level

SW,(pW,(p)
o= 2P _ P

(P) =% . :

y(P) 1+ SW,(p)W,(p)
p (2.394)

If the condition (2.118) is met, the transfer function (2.121) is transformed into
( 1
@(p)= 4P~
y(p) -~ p+1

g . (2.395)

In other words, a closed-loop control system is equivalent to a first-order

*

aperiodic element with a time constant r=1/g . When a stepwise reference input
of a sufficiently large amplitude is applied to the input of the system, its movement will

occur along two segments of phase trajectories. Initially, under the influence of a

*
significant in absolute value input 21, the controller will saturate and the control

system will operate as an open-loop with the maximum permissible control input ¥ = 1

. The motion trajectory of the output variable Y is determined exclusively by the

dynamic parameters of the control object and the level of control input saturation. As

the system accelerates, the error N will begin to decrease until ¥ ~ becomes equal to

one. At this moment, the system will close and further movement will occur

|
—t

exp( j
exponentially & / inaccordance with the transfer function (2.122) until the error
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"0 becomes zero. Thus, by choosing the controller gain &, it is possible to ensure that

the transition process of bringing the system from an arbitrary initial position "0 1o

the origin M = 0 at the final stage occurs with the required intensity. If the control

0

as a function of time is a reproducible trajectory, during the execution of

u (1)

which in any section the control input does not reach the saturation level, then

input

the system remains closed, and behaves as an astatic first-order system. The ideal
reproduction of such unperturbed movements with zero error can be achieved in the
sliding mode, when §=® , and the function sat s transformed into a function S181

2.2.4. Correspondence of the modified symmetry principle to solutions to the

problem of analytical design of regulators

Such an approach to the synthesis of control algorithms under certain conditions
fully corresponds to solutions to the problem of analytical design of controllers. Let us
demonstrate this using the example of a control object of arbitrary order, the movement

of which is described by a normal system of differential equations in the Cauchy form

n
pPyi = Zbikyk +mnu9 (l = 1929'”5’1)9
k=1 (2.396)

where Yk , U are state variables and control inputs in relative units, respectively;

bik, My are constant coefficients.

Let us transform the system (2.123) into normal form
p-);l' :)A/Hl,l:l,Z,,n—l,
n
Py, = Z —a;y; +M,u,
i=1 (2.397)

or in expanded form
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= Vo

PV = V3;

pj;n—l - j>n;

PVp == —ay)y == a,y, + M,u. (2.398)

The transition from system (2.123) to system (2.125) can be achieved using the

so-called linear non-singular transformation. It is important to note that in system

(2.125) Y1 Vn are some fictitious coordinates that have been intentionally

introduced into the system, and some of them may coincide with the real phase

coordinates of the control object. In this case »1 coincides with 1. Systems (2.123)
and (2.125) describe the motion of the same object in different phase spaces.

The last equation of the system (2.125) can be written as

A A ~ 2 A 1A
P =P —ayph —ayp i == aup" i+ My, g 399
expressing all terms on the left and right sides through the derivatives of the

output coordinate, because for the system (2.125)
Ao A A _ 2 ~ _ on-la A _ _na
V=PV V3= P Vs Ve =P VL PVn =P V- (2.400)
The expression (2.126) describes the dynamics of the control object specified by

the transfer function of the form

Wo(p):yl(p): M,

u(p)  p"+a,p" ++ayp+a | (2.401)

a;, (l =1, n) in the last equation of the system (2.125)

Thus, the coefficients
are the coefficients of the characteristic polynomial of the control object (2.123). In
accordance with the modified symmetry principle stated above and the block diagram

in Fig. 2.10, let us find the control input

M_—Sat|:i(ﬂ+az +a3p+---+anp”2+p”1]n1}.
M, \ p

n

(2.402)

Now let us determine the optimal control of the object (2.123) as a result of
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solving the problem of analytical design of controllers, for which we describe its

dynamics by equations of perturbed motion corresponding to the system (2.125)

PN =N i=120n =1

n
pﬁn - _Zaini +MnU9
i=1 (2.403)

N oY /\* . _
where Wi = Vi = Vi> (i=1,-.n) are the deviations of the coordinates of the

true motion of the system (2.125) from the unperturbed one; Uisa stabilizing control.

We will assume that the quality of control is specified by the functional
o0

1=]

0

and find a control Uy, --1n,) that minimizes the integral (2.131) on the

n
A A A 2
Mg +cU™ dt,

k=1 (2.404)

motion trajectories of the system (2.130) from any initial position N10>"">Mn0 o the
origin Ny (0) =---=n,(0) = O_
Let us create the basic functional Bellman equation for the system (2.130) and

the functional (2.131)

n @I} n )
Z pm; + Zwiknmk +cU™ =0,

= ON; i1 (2.405)
or in expanded form
ov ., . :
. (—aml —aNy T ANy, +MnU)+
on,
o . v, AN SN
+5A My +5A N3 +"'+5A n, + Zwiknmk +cU” =0.
M M N1 k=1 (2.406)

To determine the desired control, we differentiate the expression (2.133) with

respect to U
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GAV M, +2cU =0,
My (2.407)
where
_ M,
2¢ Of, (2.408)

In the algorithm (2.135) V' is the Lyapunov function, which is defined by the

expression

n
V= Z Vi Nk Vie = Vi
k=1 (2.409)
Taking into account the Lyapunov function, (2.136)the optimal control (2.135)

takes the form

M A A A A N N
U=-—+ (vlnnl TV, My + TV, My )
C (2.410)

Taking into account the fact that in real systems there is a limitation of the control

input ‘U‘ = 1, and expressing the variables M5ty through 1 — il based on

equations (2.130), we finally get
U= —Sat[%(ﬁln + 9y, pHe, P )nl}.
¢ (2.411)
Comparing the algorithms (2.129) and (2.138), we can see that except for the

a

integral component Z in (2.129), they have the same structure. This conclusion allows
us to state that the solution to the ADC problem can be interpreted in terms of the

concepts of inverse dynamics problems, arising from the symmetry properties of

automatic control systems.
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2.3. Modal control

The results presented in the previous section were obtained based on the
symmetry principle in control systems, which connects their structure to the desired
trajectories of movement. Achieving these trajectories is impossible without properly
assigned zeros and poles of the transfer function of a closed-loop ACS. Therefore, it is
of interest to determine the correspondence between the solution of the problem of
ADC using the modified symmetry principle to the basic provisions of the modal
control theory [34]. However, before moving on to establishing this correspondence,

let us consider the basic methods and approaches of the modal control theory.
2.3.1. The concept of modal control

Modal control is a control method based on placing the roots of the characteristic
equation in a certain predetermined manner [34]. The desired root distribution is
ensured by applying a specially designed linear control input.

Let us prove this statement with the following statements.

Let there be given: a linear time-invariant object
px=Ax+Bu,xeRn,ueR, (2.412)
[ (I <n/2)

and

DPi = Otl' ijbl', (i=1,2,...,l)

pairs of arbitrary complex conjugate numbers
and n—21 arbitrary real numbers
Py =0, (8= 2I+1,...,n).
If a linear object (2.139) is controllable, then there is a linear control law
quTkalxl+k2x2+...+knxn, (2.413)

where the roots of the characteristic equation of the closed-loop control system

are equal to the specified numbers.

Using a transformation X = Tz that turns the equations of the object into the

controlled Luenberger form (2.139), we define the characteristic equation of the object
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det(pE—A)=p" +a,p" " +...+a,=0. (2.414)

In order for the roots of the characteristic equation of a closed-loop system to

be equal to the specified numbers, it must have the form
[ [
H(P —a; — ) (p—o; + jBi)H(P —a) =
i=1 i=1

— -1 —
_pn+01pn +...+Cn_0. (2.415)
The characteristic equation of a closed-loop system will have the following form

if we accept the control law

u=(a, —cy)z + (a1 —cp1)2p +...+(ag =)z, =

=(a—c¢) z, (2.416)

_ T. ._ T
wherea_(a” al) ,C—(Cn Cp-1 - cl) )

Indeed, substituting this control law into the equations of motion of the object,

we obtain
[0 1 0 ]
0 0 ... 0
pz=Az+Bu=| . _ |z
| —C, —Cyp - —Cp | (2.417)

The desired control law can be determined by substituting the expression

z =T X into the formula (2.143)
u= (a—C)TZ = (a_c)TT_lxa (2.418)
or
u=k'x, k' =@a-¢) T (2.419)
A similar statement is true for multivariable control systems: if a linear time-

. PX=Ax+Bu,xeR", ueR’ I(I <n/2)

invariant control objec and pairs of

DPi = O ijbl', (i:1,2,...,1)

arbitrary complex conjugate numbers , as well as
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=0y, (s=2/+1,...,n)

n—2I arbitrary real numbers Ps are given, then it is

possible to determine the control law U = KX, where K is the matrix of (rxn)

dimension, in which the roots of the characteristic equation of the closed-loop system

are equal to the specified numbers.

The above statements can be generalized and used to determine a controller
algorithm that guarantees the desired root distribution. Let us consider a generalized

procedure for the synthesis of such a controller.

Let the characteristic equation of a one-dimensional control system
px=Ax+Bu;xeR",ueR, (2.420)
to look like
P Hap" 4. +a,=0. (2.421)

In order for the characteristic equation of a closed-loop system to correspond to

the desired

plHep" +. +¢, =0, (2.422)
it is necessary to select a control law of the form
u=(a-¢)' T, (2.423)
where
a=(a, a, al)T; c=(, c,.1 -.. cl)T;

T_1=(hT WA .. hTA”_l)r

5

the vector variable " in the transformation matrix T is determined by solving

the following equations
h’B=0;
h! AB=0;

T s n—1p _
h" A" B=0. (2.424)
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2.3.2. Standard distributions of the roots of the characteristic equation

A significant disadvantage of modal control is that the desired roots of the
characteristic equation are considered known or somehow specified. For example, they
can be obtained as a result of empirical research of the control object. In general, the
desired roots of the characteristic equation can be arbitrary, which significantly
complicates the synthesis of a control system. The creation of such a system should be
preceded by determining the influence of the roots on the dynamic and static properties
of the control system. To avoid conducting these studies when synthesizing each modal
controller, several standard polynomials were proposed [34], whose roots follow
certain relations and are located in a specific way on the complex plane of the
characteristic polynomial's roots of the system. The properties and characteristics of
control systems whose characteristic equations correspond to standard polynomials
have been well studied. The most common distributions of the roots of the

characteristic equation and the corresponding polynomials are given in Table 2.1.

Table 2.1. Standard distributions of the characteristic equation roots

n Distribution name Polynomial name
1 | Newton distribution Binomial polynomial
2 | Butterworth distribution Butterwqrth
polynomial
3 Distribution that provides the minimum integral | Corresponding
of the squared control error polynomial
Distribution that provides the minimum integral Corresponding
4 | of the product of the control error and the control :
polynomial

input

In addition to the distributions listed, Bessel and Chebyshev distributions are
sometimes used, implemented with the corresponding polynomials. Other standard
distributions of the characteristic equation roots may also be used.

Let us consider the distributions presented in table 2.1 in more detail.

All standard polynomials depend on the parameter ®o [6]. This parameter

determines the radius of root distribution of the characteristic polynomial. Therefore,
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(D()>O

this value is always positive, that is . It should be noted that as the parameter

®o increases, the control time decreases, but at the same time the control input supplied

to the object increases and therefore, starting from certain values of ®o , the controller
may enter saturation.
One assumption used to justify the choice of standard characteristic polynomials

is to ensure uniformity of all roots of the characteristic equation, and the 72 -fold root

of this equation must be a real negative, with a modulus value of ®0. Then the

characteristic equation turns into a Newton's binomial

D*(p) - (p + )n, (2.425)

expanding which, we obtain the standard desired values of the coefficients of the
characteristic equation.

Newton polynomials from the first to the sixth order are presented in Table 2.2.

Table 2.2. Newton polynomials

Standard Newton polynomial
P+

p2+2030p+(0(2)

p3+3(o§p+3ooop2+cog

p4+4wép+6w8p2+4mop3+mg

P> +505 p+100; p* +1003 p° + 50, p* + o

AN | B W N~

p6 +603(5)p+150;)3p2 +2Ooo(3)p3 +15co(2)p4 +6030p5 +038
As can be seen from the expression (2.152), the characteristic polynomial has

negative real multiple roots, which are equal to:

pi =0, i=1l.en. @.426)

On the complex plane, such a distribution of roots has the form shown in Fig.
2.11.

The roots of the desired polynomial, being negative real, guarantee the aperiodic
nature of transient processes in a closed-loop system, i.e. they allow obtaining transient

processes with zero overshoot.
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A~ + .7

Fig. 2.11. Complex plane of Characteristic Equation Roots

To form the Newton polynomial, it is necessary to know the value of the

parameter 0)0, which is determined based on the method of standard transition
functions.

This method is based on the normalization of transition functions, which is

carried out in time relative to the parameter ®0. As a result, for any value of D0 the
transition function is normalized at a fixed polynomial order. The form of the transition
function corresponds to a transfer function that has only poles and the ratio of the free
coefficients of these polynomials is equal to 1.

Normalization of transition functions is carried out by replacing the value of the

parameter ©o by one. Graphs of normalized transition functions for control systems
whose characteristic equations follow the Newton distribution are presented in Fig.
2.12.

Despite the aperiodic nature of the transient process, such a distribution is
unsuitable for many applications because it does not provide the required speed of
response.

In the standard Butterworth polynomial, all roots are distributed in the left half-

plane of the complex root plane on a semicircle with radius ®o. Moreover, the angle

between adjacent root radius vectors is T / ", and the angle between the closest root

radius vector and the imaginary axis is 0.57 /n.
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Fig. 2.12. Normalized transition characteristics of Newton polynomial

Therefore, the roots of such a polynomial are found by the formula:

p;k =y [cos(—n(zi_l)}rjsin(—R(Zi_l)jj,i—l,...,n.
n n (2.427)

The Butterworth polynomial is described by the following expression

D'(p)=T]r-ri)
i=1 . (2.428)

Butterworth polynomials from the first to the sixth order are presented in Table

2.3. Table 2.4 provides the root values of the polynomials from the Table 2.3.

Table 2.3. Butterworth polynomials

Standard Butterworth polynomial

P+

p2+1,4030p+0)(2)

p3+203%p+20)0p2+0)3

Pt +2,600 p+3,40p p* +2,60,p° + o

p°+3,2400 p+5,240, p* +5,2405 p° +3,240,p" + o)

Q| | AN W N ~S

p° 43,8605 p+7,4600 p* +9,1305 p° + 7,460 p* +3,860,p° + ©)
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Table 2.4. Roots of Butterworth polynomials

Polynomial Roots

(-0,71+0,71)®,

—®y, (=0,5%j0,87)m,

(0,919 0,394)®,, (—=0,381% j0,924)w,

-0y, (-0,812% j0,583)w,, (—0,308+ j0,951)m,

(0,959 j0,284)w,, (=0,714% j0,714)®,, (—0,258 £ j0,966)wm,

N DN | AW N~ I

Graphically, this distribution of roots for a dynamic system of 7 -th order is
shown in Fig. 2.13 —2.18.
Normalized transition functions for a control system whose characteristic

equation roots follow the Butterworth distribution are presented in Fig. 2.19.

T+i T+J
e A = (=071 + j0.70)wy L-="""
N = + ! +
T 7
R Ag = (=0.71 — 50.70)wp >~ _]
Fig. 2.13. Root Distribution of the Fig. 2.14. Root Distribution of the
Butterworth Polynomial for n=1 Butterworth Polynomial for n =2
A= (~05+ 5080w, . J77 A = (—0.381 +j0.924)wo__ TH+J
Ae = (—0.919 + j0.394)wo ,*
Az = _wo ¢ + : +
M 0 \ 0
As = (—0.919 — j0.394)wo .
A3 = (=0.5~70.8T)wo "7 A = (—0.381. — j0.924)wo
Fig. 2.15. Root Distribution of the Fig. 2.16. Root Distribution of the
Butterworth Polynomial for n =3 Butterworth Polynomial for n = 4
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AL = (—0.308 +j0.951)w0 T+J AL = (—0.258 +j0.966)w0 1+J

-

Az = (—0.812 + j0.583)uwp Az = (—0.714+ jO.T4)wq

’

hd L >
\ Ay = (—0.959 — j0-284()wo<‘3/ 0

\
AY

Ae = (0812 +j0.583)uo As = (—0.714 — §0.714)wq

~
-

As =(—0.308 — j0.951)w o | X = (—0.258 — 50.966)wo
Fig. 2.17. Root Distribution of the Fig. 2.18. Root Distribution of the
Butterworth Polynomial for n =5 Butterworth Polynomial for n = 6
h(t)
1.4
1.2p

0.8}

0.6}

0.4r

0.2

Fig. 2.19. Normalized transition functions of a control system
with the Butterworth polynomial

As can be seen from this figure, the overshoot of the normalized standard
transient functions is less than 20%.

The Butterworth and binomial distributions are symmetric coefficient
distributions.

As previously mentioned, the concept of an optimal transition process is closely
tied to minimizing of the integral functional, which characterizes the quality of the
transition process. One of the simplest functionals characterizing transient processes in

a control system is the integral of the squared control error
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%
I, = [(ap(0)) .
0 (2.429)

The functional (2.156) prevents the prolonged existence of control errors, and
the square in the integrand is used to eliminate the influence of the error’s sign on its
integral value. It is evident that the dynamics and statics of the control system under
constant external influences are determined by its parameters. Therefore, the functional

(2.156) can be presented as an explicit function of the parameters of the control object

1
IZZ—F(alaa2a"'aan—l)a

©0 (2.430)

where

F()=

(2.431)

By minimizing this functional over all parameters ai, one can find the standard
forms of the left-hand side of the normalized characteristic equation. These standard
forms for systems from the first to the sixth order are given in Table 2.5.

The roots of the characteristic polynomials indicated in Table 2.5, are provided

in Table 2.6.
On the complex plane, these roots are shown in Fig. 2.20 — 2.25. Analysis of the

given expressions and dependencies shows that the parameter ©0 till does not affect

the relative damping coefficient €, but determines the duration of the transient process.
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Table 2.5. Polynomials that minimize the integral of the squared control error

Polynomial
P+

PP+ oy p+o}

p3+2cogp+oaop2+oo?)

p4+203(3)p+3035p2+0)0p3 +o)g

p5+3033p+3033p2+4c0(2)p3 +030p4+co(5)

NN B~ WIDN =S

p6+3w8p+6w3p2+4o)8p3+50)(2)p4+0)0p5+(08

Table 2.6. Roots of polynomials that minimize the integral of the squared control

cIror

Roots of a polynomial

—a,
(-0,5+0,87)m,

0,57, (-0,215+ j1,31)w,

(—0,395+0,505)w,, (=0,105+ j1,57)w,

—0,41m,, (—0,235% j0,88)w,, (0,06 % j1,7)wm,

6| (-0,315%;0,362)w,, (—0,155£ j1,5)®»,, (—0,03+ j1,78)m,
The choice of this parameter is determined by the required system responsiveness and

DN W= S

the capability to ensure a sufficient range of its linearity — the larger ©o , the higher the
gain of the direct control loop and the smaller the maximum deviation at which system
saturation occurs.

Since in the case under consideration the damping coefficient is less than in the
case of the Butterworth distribution, the system that minimizes the functional (2.156)
has a lower stability margin and is more oscillatory compared to the previously
considered systems. In addition to the above distributions, standard forms are known

that are obtained by minimizing the functional
e
I = Jt1ap(@) |,
0 (2.432)

which is the integral of product of the absolute value of the control error Ay(?)

and time t.
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Fig. 2.20. Poles of the system, optimized
according to criterion /; atn=1

A = (—0.215 + §1.31)wo
4\_|_j

As = (—0.215 — j1.31)wp

Fig. 2.22. Poles of the system,
optimized according to criterion /;

atn=3

Ay =(—0.235+ j0.88)w o _

)\3 = —0.4lwo _—l—
0

A = (—0.235 — 50.88)wg i
)\5 = (—006 —_’}7..7)(00

Fig. 2.24. Poles of the system,
optimized according to criterion

Il at n=>5

A= (=0.5+ 5087w, . J1
! T
| 0

)\2 = (—05 - ]087)LL)0 "

Fig.2.21. Poles of the system, optimized
according to criterion /; atn =2

AL = —(0.105 + §1.57)wq

Az = (—0.395 + j0.505)wp ,+*

’

-l
- ~a

.
A

= (0.395 — 70.505)wg *_

)\4‘ = (—0]05 - ]]57)(4)0

Fig. 2.23. Poles of the system,
optimized according to criterion /; at
n=4

)\;—( 003+]778w0
Ao = 07554‘]1 5)&)0
[ +j

Le”

cl+

A = (=0.315 — ]0362)w0 .

Xs = (—0.155 — j1.5)wp
de = (—0.03 — ]17st$

Fig. 2.25. Poles of the system,
optimized according to criterion /;

at n==6
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I 2

Table 2.7. Polynomials that minimize the integral

Polynomial

P+

p2+1,40)0p+035

P +2,1500 p+1,750,p* + o

Pt 2,700 p+3,400 p* +2,10,p> + o

P +3,4o)3p+5,50)(3)p2+50)(2)p3+2,8030p4+038

AN N | B WIN =S

p°+3,9500 p+7,4500 p* +8,605 p° +6,602 p* +3,250, p° + 0

Table 2.8. Roots of polynomials that minimize functional 1

Roots of a polynomial

oy
(=0,714+ j0,714)w,

—~0,708w,, (—0,521+ j1,068)c,

(=0,626% j0,414)0,, (<0,424 £ j1,263)w,

~0,8960,, (0,576 j0,534)m,, (0,376 j1,291)w,

(=0,735+ j0,287)a,, (—0,581+ j0,783)w,, (—0,309+ j1,263)w,

AN N B | WIND—~| I

The characteristic polynomials and their corresponding roots for systems from
the first to the sixth order are given in Tables 2.7 and 2.8, respectively. Figures 2.26 —
2.31 show a graphical interpretation of the root locations on the complex plane.

Standard forms according to Table 2.7 are widely used in practice, although their
broader application is hampered by the lack of a clear algorithm for compiling these
forms — they were obtained empirically [34].

It should be noted that the considered characteristic polynomials are not
universal, since they provide the desired occurrence of transient processes only for
control objects whose transfer function numerator is constant value. However, even
with other types of numerators, these forms are very useful as a starting point for

finding the optimal root locations.
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Fig. 2.26. Poles of the system,
optimized according to criterion /,

atn=1

A = (—0.521 + §1.068)wp

As = (—0.521 — §1.068)wp

Fig. 2.28. Poles of the system,
optimized according to criterion /, at

n=3

Ay = (—0.376 + 51.29 )
A =(—0.576 + j0.534)w ¢ .+
)\3 = —0.896LUO l’

[y
Y

A= (—0.576 — j0.534<)wo“‘~,

As = (—0.376 — 51.291)wp

Fig. 2.30. Poles of the system,

optimized according to criterion /,

atn=2>5

AL = (—0.714+ j0.7T14)wy  ,-=~

4
4
’

4\+j

- -~

A
A
.

Ay = (=074 — jO.T14)wo "*~.__]

Fig. 2.27. Poles of the system,

optimized according to criterion /,

atn=2
A1 = (—0.424. + 51.263)wy

A2 = (—0.626 + j0.414)wg

’

)
I
1
1
A}
A

Do = (~0.626 — j0.414)w0 ™,

As = (—0.424 — j1.263)wq

Fig. 2.29. Poles of the system,
optimized according to criterion /,

atn=4
A; = (—0.309 + 7.263)wy

A = (—0.581 + j0.783)wp .

.

As = (—0.735 + j0.287)wp

n_l_j

- -

As = (—0.735 — j0.287)wp %,

.

As = (—0.581. — j0O.783)wp  “~#--

X = (—0.309 — §1.263)wp

Fig. 2.31. Poles of the

system,

optimized according to criterion /, at

n==6

The procedure for finding the necessary characteristic polynomials consists of

the following steps:

» Determination of the order of the desired characteristic polynomial, which
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should match the order of the control object.
» Selection of the type of desired polynomial, based on the specified overshoot
and the order of the control object.

» Construction of a normalized transition function
BXOR
wWip)=\D (p)| , (2.433)

b3
where D (p) is the desired characteristic polynomial corresponding to the

chosen order.
k
« Determination of the transition process time 7 .

* Finding the parameter ®0 based on the desired transient process time
£ /1
O) =
0 . (2.434)
* Finding the coefficients of the necessary characteristic polynomials.

As a result of performing the steps outlined above, the necessary characteristic

polynomial is found.

2.3.3. Algorithm for synthesizing a modal controller in canonical coordinate

space

Modal control synthesis in the canonical phase space is simple and is carried out
according to the following algorithm:
* The dynamics of the control object is expressed in the form of linear or

linearized differential equations in normal form

n
py; = a;y; +byu,
i=1 (2.435)

Here and below, a system with one input and one output is considered.
» The dynamics equation of object (2.162) is transformed into canonical form

using a non-singular transformation
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pyj =y je,n=1)

i=1 (2.436)

where the coefficients % are the coefficients of the characteristic polynomial of
the object (2.162).

A matrix of object coefficients is compiled

A=@ @ - @) (2.437)
* The desired polynomial is selected
Pl e p" 4. +c, =0. (2.438)
* The coefficient matrix of the desired polynomial is compiled
C=le ¢ - ) (2.439)
 The matrix of controller coefficients is determined
K =(k ky - k,)=4-C=
=(a a G,)—(c ¢ = ¢,)=
=(@~a ay—c; - a,—c,). (2.440)
* The controller coefficients are determined
l;l:al_cl;lzzzal_cz;“';;n:5n_cn- (2.441)

* The desired control law is recorded
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i =K(y-y)=
(b & - k)
(b B - k)

= k(D -3 + k(35

*

n

~

Y2

~

Yn
N=n

~

%) —372

j}n _j}n

_)'}2)4_...

A
N

Ak

%)

~

Tha O =) (2.442)

where Vi are the desired values of the I -th state variable. Under constant input

%

Y1, the remaining control inputs take zero values due to the system (2.163), so the

control input (2.169) can be written as follows

u=ki(y =y +kyy+-+k,y,.

(2.443)

2.3.4. Algorithm for synthesizing a modal controller in normal coordinate

space

The beginning of the control synthesis algorithm in phase spaces other than

canonical one is the same as the canonical, i.e. the first six steps are fully repeated:

» The dynamics of the control object is expressed in the form of linear or

linearized differential equations in normal form.

* The dynamics equation of control object is transformed into canonical form

using a non-singular transformation.

* A matrix of object coefficients is compiled.

* The desired polynomial is selected.
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* The coefficient matrix of the desired polynomial is compiled.

* The matrix of controller coefficients is determined.

To obtain the desired control law after completing the above steps, the following
additional steps are taken:

» Matrices of object coefficients under control inputs are compiled:

- for an object in a normal basis

B=(0 0 - b,);

(2.444)
- for an object in the canonical basis
B=(0 o - 5,). (2.445)
A matrix of object controllability is compiled:
- based on its equations in the normal basis
Y=|B AB A’B .. A"'B|
(2.446)
- based on its equations in the canonical basis
Y=/B AB A’B ... A"'B|.
(2.447)
* The transformation matrix is calculated
-1
P=YY . (2.448)
 The controller coefficients are calculated
T
K'=(K'P| .
(2.449)

» The desired control law is formulated

MONOGRAPH 139 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

v =KG-y)= _
! yik
Sk k)| -
|\ y:_
J’l—yik
Sk k)2
V=

=K\ =) + k(= 32) + 4 k(0 = 2a)- (2,450

The implementation of these steps is not limited only to the case of controller

synthesis in a normal basis, but extends to any phase spaces.
2.4. Modal Control Communication with modified symmetry principle

Analysis of control inputs synthesized using model control methods shows that
they match, with accuracy up to weighting coefficients, the control algorithms as a
result of solving the problem of analytical design of controllers. This creates the basis
for establishing a relationship between these methods. To do this, let us consider the
equations of perturbed motion of a generalized third-order dynamic object, presented

in canonical form

PN =M2s pPN2 = N3,
pn3 =—amy —ayny —anz +M3U. (2.451)

We will assume that the object (2.178) is subject to optimal control

U =—g(vizng +v23N2 +v33n3), (2.452)

where & is the gain of the controller, Vi3 are the coefficients of the Lyapunov

function
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2
V=vimi +2vionnya +2viznns +

2 2
+Vvoon3 +2vo3MaN3 +v33n3, (2.453)

that minimize the integral quality functional

o0
2 2
1= J[(mm +vo3M +v33n3)” +cU ]a’t-
0 (2.454)

Minimizing the functional (2.181) on the trajectories of the perturbed motion
(2.178) guarantees the asymptotic tendency of all coordinates of the perturbed motion
to zero.

Substituting the control iput (2.179) into the system (2.178), yields the
equations of perturbed motion of the closed-loop control system

PN~ M2

PNz =N3>

PN =@My —apNp —asM3 —Mag(Vam +V3M2 +133M3)  (2.455)

or after collecting terms in the last equation

PN =Mn2;
P2 =M3;
pn3 =—(a1 + M3gliz)ng —(ap + M3gV3)ng —
— (a3 + M3gV33)m3. (2.456)

Substituting the first and second equations into the third equation of the system
(2.183), we obtain a third-order equation describing the dynamics of the closed-loop

system
(a1 + M3gviz)ng +(ap + M3gvo3)pny +
2 3
+(az + M3gv33)p ™+ p ™ =0. (2.457)

Dividing both sides of equation (2.184) by "I, we obtain the characteristic

equation of the closed-loop system
(a1 + M3gvi3) +(ap + M3gvy3)p +
2 3 _
+(a3 + M3gv3z)p” + p~ = 0. (2.458)
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The coefficients “i3 of the Lyapunov function (2.180) are determined through
the parameters of the control object (2.178) [15] by the following dependencies
v33 =l va3 =az;vi3 = ap, (2.459)
therefore, the final form of the characteristic equation is
(a1 +M3gay)+(ay +M3gas)p+
+(ay +M3g)pz+p3 =0. (2.460)
Polynomials (2.185) and (2.187) illustrate a direct transition from the analytical

design of controllers to modal control. However, it is also possible to show the reverse

transition by selecting a certain polynomial

bo +b1p+b2p2+p3 :O, (2461)

the distribution of roots 7/ of which ensures the desired quality of the transition
process. Equating the coefficients for the same degrees p of polynomials (2.185) and
(2.188)
a+MsgVi3=by;
ay+M3gVy3=by;
as+MygVs3=b, (2.462)
it 1s possible to determine the weighting coefficients of the quality functional

(2.181) and control input (2.179)

b—a.  _by—ay = _Dby—a3
» V23 » V33 :
Msg Msg Msg (2.463)

Vi3 =

The polynomial (2.187) can be generalized in case of a dynamic object of
arbitrary order

n—1

-1 1
D (a;+M,ga;)p'~ +(a, +M,g)p"" +p" =0.
i=1 (2.464)

Using a polynomial (2.191) as a desired one in modal synthesis guarantees the

asymptotic stability of the perturbed motion.
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Generalization polynomials (2.191) and (2.185) for the case of control of an
object of arbitrary order with arbitrary coefficients of the Lyapunov function leads to

the following characteristic polynomial

n
—1
Z(ai +Mngvin)pl + pn =0,
i=1 (2.465)

which, depending on the set control goal, ensures that the closed-loop system

has the desired characteristics. At the same time, the dependence of the coefficients of

the found polynomials on the gain factor & is of particular interest. This factor creates
the prerequisites for the synthesis of discontinuous systems without the use of complex

mathematical methods.

2.5. Regularization of dynamical systems

Unlike modal control, the use of which to synthesize control inputs depending
on the selected desired polynomial may lead to overshoots in a closed-loop EMS, the
use of a modified symmetry principle eliminates the occurrence of oscillatory
processes in closed-loop systems. However, the drawback of solving the ADC problem
using the modified symmetry principle is the inability to synthesize control inputs for
dynamic objects with more than one zero root of the characteristic equation without
changing the structure of the control object.

From the perspective of ADC, such a problem is incorrectly posed and to solve
it, regularization must be used, that is, add some additional information to the
mathematical description of the electromechanical object [24]. For an EMS of the 7 -
th order, whose dynamics is represented by equations in Brunovsky controllable form,
such additional information can be a control algorithm for a closed-loop system of
n—1 order. This algorithm is called regularizing.

At the same time, if regularizing control actions are synthesized in each loop by

solving the problem of ADC, there are two possible methods for determining the
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desired control input. These options lead to sequential and parallel regularization,
respectively.

In sequential regularization, the control input applied to the object is formed by
sequentially switched on state variable controls from 2 to # (Fig. 2.32). The input of
the internal ¢ controller is the output i—1 ie. the principle of subordinate control is
implemented.

In parallel regularization, all regularizing controllers are switched on in parallel,
and the reference signals for each controller are determined by the original input signal
and its derivatives (Fig. 2.33), or if we assume that this signal is constant, then the
reference inputs on the internal regularization loops should be taken as zero (Fig. 2.34).

Therefore, the regularization of electromechanical objects in the Brunovsky
form is reduced to a sequential synthesis of the control inputs of n — 1 state variable

with subsequent substitution of the obtained control algorithms into the equations of

the object’s dynamics.

Yni M1 Yn Mn v

Yn—1.
ceoe g g >

Q=
3=

M - v Yn

*
3=

S
<
]

Fig. 2.33. Parallel regularization principle
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Yn—1 v Tt
eoe r i g

Mn - v Un

3 =

3=
<
1

Rice. 2.34. The principle of parallel regularization with a constant

reference input

Let us consider the regularization of the motion equations of a third-order

dynamic object in the Brunovsky controllable form

by =D)2;
PY2 = V35
PY3 = V3. (2.466)

The characteristic equation of the considered object has three zero roots and
therefore, from the point of view of solving the ADC problem, is incorrect, since the
latter requires the characteristic polynomial of the control object to have at most one
zero root. Let us resolve this contradiction by synthesizing control inputs using the
internal coordinates of the object. Substituting the obtained control algorithms into the
original system of equations allows us to eliminate the incorrectness of the object
description. We will call such a procedure regularization.

Let us isolate the last equation from the equations (2.193)

Py3 = V3 (2.467)
and find a control input that guarantees asymptotic stability of the closed-loop
system. Such a control input is control of the form
*
Vszg(ys—)@). (2.468)
Substituting the control algorithm (2.195) into the motion equations (2.193), we
obtain the last two equations

241 _yz,pyz_y3,py3—g(y3—y3)- (2.469)
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Now, let us proceed to synthesizing of variable control Y2 . Unlike the previous

case, the determination of the control input by coordinate Y2 s ambiguous and is

associated with the possibility of connecting controllers in sequentially and in parallel.
%

In the case of a sequential connection of controls, the control input Y3 is formed by a

variable regulator Y2, which implements the following algorithm

yzg(gy—y —y)Zgy—gy—gy.
3 (2 2) 3 2 2 3 (2.470)

When connecting controls in parallel, the system (2.196) must be supplemented
with an input V2
%
PY1 = Y2 DYy = V35 PY3 = 8Y3 —8V3 T Vo, (2.471)
which is determined by the expression
%k %
Vo =8(8(yy —x2) = 3) + g3 (2.472)

Let us determine the control inputs applied to the object. For sequential

inclusion, we substitute the expression (2.197) into the equation (2.195)

% %
v3=g(g(g(yv2—12)=13)+8r3-13) (2.473)
and for parallel — we sum up the expressions (2.200) and (2.195)
2 * 2
Vo +V3=g"y) —g "y —2gys. (2.474)

Expressions (2.200) and (2.201) form various forms of the last equation of the

system (2.193) and make it possible to use the resulting equations to synthesize a
coordinate controller 1 by solving the ADC problem. Depending on the selected

scheme for connecting internal controls, the parameters of the controller coordinate i

and its connection scheme with internal controllers will be different.
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CHAPTER 3
SLIDING MODES IN ELECTROMECHANICAL SYSTEMS

3.1. Concept of sliding mode

The operating mode of relay systems is a self-oscillatory mode, and under certain
conditions the systems begin to move along certain degenerate trajectories, on which
their properties change significantly — a sliding mode appears.

The ideal sliding mode is understood as a movement where the representing
point oscillates relative to the sliding surface with an infinitely high frequency and an
infinitely small amplitude. The actual sliding movement, due to various
“imperfections” of the switching device, occurs with a finite frequency and finite
amplitude. For a system where sliding mode occurs to be stable, three conditions must
be met:

» sliding condition;

» condition for hitting the switching line;

* condition for stability of movement along the switching line.

Let us consider these conditions in detail for a generalized dynamic object, the

dynamics of which is described by nonlinear equations in matrix form:
pn=1t(n,0), (3.475)
while  the  object is  subjected to  discontinuous  control

L Jut (S, if S>>0
u”(S)), if S(n)<0, 5476

where f(m,U) 1S a discontinuous function, u+(S (),u (S(m)) are

+ —
continuous functions, with % (Sm)=u (S (n)), S(m) representing the equation

of the switching line.
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3.1.1. Conditions for the emergence of sliding mode and hitting the switching

line

In the sliding mode, the switching line obeys the relation

S(m=0 (3.477)
and divides the state space R" into two subspaces: subspace

Rl = {n : S(l]) < O} and subspace RZ - {n : S(l]) > O}. In each of these subspaces,

continuous functions f (n,U) and f+ (n’U) are defined. For these functions the

expressions for the left and right limits are valid
S(m)—>-0
fL.m,U)= Ilim f(nU);
S()—>+0 (3.478)

Functions (3.4) determine the movement speed through the switching line

ds(nm) _ dS(m) f(m,U) = VSmf(n,U).
dt dan (3.479)

The gradient of the function S(m) is always directed normal to the surface S in

the direction of increasing the function Sm) (Fig. 3.1).

S(m) <0\ >0

grad S(n)

R* | R}
Fig. 3.1. Switching function gradient

Therefore, to evaluate the occurrence of sliding mode, one can use the limit
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pS M= lim pS()=VSm)xf (n,U),
S(m)—>-0

f mU)=t(n,U ).

(3.480)
Let us consider the limit (3.6). If the speed of movement pS (m) 1s positive,

then the angle between vectors vS(m) and f-(,U) is acute, which means the vector

2 1s directed towards the subspace “*+ (Fig. 3.2) and vice versa, if the speed

- - n
pS (M) 1s negative, then the vector f-(n,U) is directed towards the subspace R-
(Fig. 3.3).

S(n) <0\ <0

Fig. 3.2. Switching function when pS () <0

f_(m,U) Fi(n,U)

R |R"

Fig. 3.3. Switching function when ¥ S (m)>0

Similar statements are true for the limit

pSTM)= lim pS()=VSm)x=f (n,U),
S(n)—+0

£ (m,U)=f(,U"). (3.481)
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_l_ —
Depending on the signs of the product pST(MxpS (n), there are three types

of points on the switching line:

+ j—
« Points of the phase trajectory where the product P ST (xpS-(m) is

positive, i.e.

pST(m)x pS™(n)>0. (3.482)

- +
At these points, the vectors f-(m,U) and f"(n,U) are directed in same
direction (Fig. 3.4 — 3.5).
This type of motion occurs when controlling objects whose dynamics are

described by differential equations with even functions on the right-hand sides, i.e.

FmU)=f (U)=f M-U)=1 (n-U) 5 405

f—(na U) f—l—(na U)

R* | R?
Fig. 3.4. Points on the switching surface

pST()xpST (M) >0

f—(na U) f+(777 U)

R* |R"

Fig. 3.5. Points on the switching surface

pST()xpS™ () >0
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The switching line does not have a significant effect on the nature of the object’s

movement, because the components of the vector of rates of change of state variables

PN 4o not change sign.

* Points where pS+(1]) >0 and pS_(I]) < O.

+ -
At these points, the vectors S (U) and J (U) are directed in different

+
directions: f-(mU); is directed towards the subspace R” , while f-(,U) is directed
Rl’l
towards the subspace “*+ (Fig. 3.6).
f_(n,U) fi(m,U)

R | Rn
Fig. 3.6. Points on the switching surface

pSTM)>0 g pS (M) <0
In this case, if the object starts moving in the vicinity of the switching line, it
will move away from the switching line, and such movement will not be accompanied
by a change in the sign of the control input. An example of a control system where this
type of motion may occur is a positive feedback system.

* Points where the following conditions are met:

pST(m) =VSm)xf (n,U)<0;
pS (m) =VSm)xt (n,U)>0. (3.484)

+ —_
In this case, the vectors / (mU) and / (mU) are directed towards the

switching surface, i.e. phase trajectories near the surface SM) are directed oppositely

(Fig. 3.7).
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f—(na U) f+(n7 U)
R" | R?

Fig. 3.7. Points on the switching surface

+ —
pS (<0 4,5 (>0
In the case where the representing point reaches such trajectories and reaches the

switching line, the sliding process begins. The equations (3.10) describe the existence

of the sliding mode, and the surface S ('l) is the sliding surface. Analysis of Fig. 3.7

shows that in order to achieve the switching line, it is necessary and sufficient that at
S(m)>0 the derivative P S(m) should be negative, and at S(m) <0 the derivative

pS(m) should be positive. The condition for the representing point to hit the sliding

surface is determined by the expression

S(xpS() <0 (3.485)
3.1.2. Movement along the switching line

Since the relay system is nonlinear and the control its action in the sliding mode
is not defined, the problem of mathematical description of such a system while it is
operating in sliding mode.

There are two possible approaches to solving the problem of describing ideal
sliding motion: the axiomatic approach and the approach based on limit transitions.
Recently, the axiomatic description of sliding motion proposed by A. F. Filippov has
become the most widespread [35].

According to this description, the dynamics of a closed-loop system is

represented by free motion equations:

m= fo(n), (3.486)
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where
0 . —
7 () =pf () +(1-wf (), 0<p<l. (3.487)
When determining the parameter M we will assume that the speed of movement

0
along the switching line is directed tangent to this line, and the vector () lies on

this tangent. Since the tangent and the normal are mutually perpendicular, then the

0
following expression is valid for the vectors " (m) and VS(m)

VS’ () =0. (3.488)

0
Substituting the value of the function " (m) into the equation (3.14), we obtain

an equation of the form

0, \_ + B =
VS(f (n)—VS(n)[uf (m)+(1-wf (")}_0' (3.489)

The equation (3.15) allows us to uniquely determine the unknown parameter H

_ VSt ()
VS (m) - () (3.490)

and its substitution into the original system (3.12) yields the equations of motion

for the system in the sliding mode

VS(mf (n)
VSE~ () - ()

VSt (m) - -
- (), S(m(0)) = 0.
VS~ (- E" () (3.491)

Let us illustrate how to use dependencies (3.16) and (3.17) using examples from

m= " (m)-

the analysis of simple relay systems, we obtain the equations of motion of a number of
elementary systems in a sliding mode.

Let us consider a relay servo drive control system (Fig. 3.8).

MONOGRAPH 153 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

y*(p) —n(p) qt' U(p) y(p)

Rt

Fig. 3.8. Relay servo drive control system

Q=

The perturbed motion of this system, in the first approximation, is described by

the differential equation

m=U, (3.492)
Servo drive control is formed in accordance with the relay law

U=sign[S],S=-, (3.493)
The functions /Sy and f +(S (m) will be

f_(S(n))=—1,f+(S(n))=1, (3.494)

Taking into account the previously found dependencies, the parameter Hois

determined by the expression

L VSt -Ix(=) _1
VS -(ETm) X1 205 g0

Analysis of the expression (3.21) shows that in the considered control system,

switching of the control input occurs with a duty cycle of 50%. The obtained result
agrees well with the results of numerical analysis of relay systems.

Let us compose the equation of motion of a closed-loop system in a sliding mode

_ VSt (n) f
- () +
P s -ty

+(1_ VSt~ (). Jf-(,‘)_
VS()(E (W - (" ()

R VR PR U
= 1+(1 2) (-1)=0.

Thus, it can be concluded that in sliding mode, the state variables of the servo

(3.496)
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drive control system do not change, and sliding mode occurs when zero deviation is
reached.
Now let us consider a high-speed electromechanical system with an inertia-free
channel for the generating of electromagnetic torque (Fig. 3.9).
The equations of perturbed motion and the control input in such a system have
the form
pn=—n+U,
U=sign[S], S=-m, (3.497)

- +
and the functions S (S(m) and S (SM) are governed by relations

f_(S(n))=—n—1,f+(S(n))=—n+1- (3.498)
y*(p)_—n(p) $ Up)r1 v

Fig. 3.9. Relay speed control system of

generalized electromechanical system

Then the parameter M is determined by the dependence

_ VSt (n) _ —Ix(-n-1) _n+l
vSmE (-t ) ~Ix((m-D=(m+1) 2 3 450

and the equation of motion of a closed-loop control system in a sliding mode

will take the form
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VS e
VS (- (£ ()

. (1 Vs ‘(n)+ Jf— ()=
VS(m(E (m)-E"(m)

—n;1x(—n+l)+(1—n;1jx(—n—l)=

n+

2 2 ' (3.500)
Summarizing the examples discussed above, it can be concluded that in the
sliding mode the coordinates of the perturbed motion do not change, and the sliding
mode can be considered as a quasi-static operating mode of the electromechanical

system.
3.1.3. Properties of systems operating in sliding mode

Assuming that the ideal relay element is inertia-free, we define its transfer

function as follows:

Ulp) _signSme))_ 1
Sm@E)  Sm®)  [SCe)| (550,

When hitting the switching line, the gain factor of the relay controllers is

stign (p) =

determined by the limit

lim VVsign (p) =
S(m(p))—0 . (3.502)

Therefore, a relay controller in a sliding mode can be considered as a limiting

case of a nonlinear element of the “saturation” type (Fig. 3.10).
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U

Fin. 3.10. Nonlinear saturation type element

A nonlinear system with a limiting element (Fig. 3.10) tends to a relay system

k=tga

(Fig. 3.11) as the slope coefficient of the characteristic , shown in Fig. 3.10,

tends to infinity. For an arbitrarily small deviation of the signal S(m) from zero, the

control input U is constant in absolute value and changes sign with the change in the
sign of the control signal, which allows us to speak about the tendency of the gain
factor, defined as the ratio of the final output signal to an infinitesimal input signal, to
infinity. Then, assessing the properties of a relay system in a sliding mode comes down
to studying the characteristics of a linearized system obtained from a relay by replacing
a relay element with a linear amplifier, the gain of which increases indefinitely (Fig.

3.12).

@ S(n)

Fig. 3.11. 1deal relay element

y*(p)  —n(p) P U(p) W) y(p)

Fig. 3.12. Linearized system with infinite gain factor

MONOGRAPH 157 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

The stability of a linearized system is determined by the location of the poles of
its transfer function or the roots of the corresponding characteristic equation. In this
case, the linearized system will be stable if all poles of its transfer function (or all roots

of the corresponding characteristic equation) have negative real parts with unlimited

increase of k. Transfer function of a closed-loop system with respect to the control

input U0 (Fig. 3.12) is

I+kW(p). (3.503)

Since, in the general case, the transfer function of the control object is the ratio

of polynomials of the 7 -th and 7 -th degrees

w(p)= L)
a(p) (3.504)
then
__ kO(p)
B = o)+ kP () (3.505)
Then the characteristic equation takes the form
O(p)+kP(p)=0, (3.506)
or

%Q(p) 4 P(p)=0
. (3.507)

If we tend K to infinity, then  roots of the equation (3.33) will tend to the
roots of the equation P(p)= 0. This equation can be considered as the characteristic
equation of the limit system, which is obtained from the original one in the limit at
k — o0 1n this case, the equation (3.33) is transformed to the form

P(p)=0, (3.508)
So, the condition for the stability of the sliding mode is the negativity of the real

parts of the roots of the characteristic equation (3.34). The stability condition is one of

the most important criteria for the analysis of sliding modes of relay automatic control
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systems.

The designing of systems that are stable with an unlimited increase in the gain
due to the organization of a sliding mode is a theoretically exhaustive solution to the
control problem under the action of parametric and coordinate disturbances that vary
over a wide range. Indeed, for a system with deviation control, the block diagram of

which is shown in Fig. 3.13, transfer function along the disturbance channel

D(p) = y(p) _ W, (p) ,
f(p) 1+ K (p)W(p)W,(p) (3.509)

tends to zero at Ky (p)—> ©.

yﬁ;(”) LN o) ML (o) |+

Fig. 3.13. To the assessment of static properties

Transfer function with respect to the reference input

y(p) _ K (p)W(p)W,(p)
Y(p) 1+K(pW(p)Ws(p) (3:510)

O(p) =

as Ky (p) >0 tends to one. Consequently, the desired static properties of the
relay system can be achieved by approximating the characteristics of its real sliding
mode closer to the characteristics of the ideal one and thus realizing a sufficient gain
of the controller.

Let us now consider in the most general formulation the problem of the
invariance of systems with an infinite gain to changes in the parameters of the control
object. For the generalized block diagram shown in Fig. 3.14, the following equations

can be written:

x(p)=z(p)—z(p)=z(p)-Wy(p)U(p);
2(p)=y (P)=¥(P)=y (D-W(PU(DP). 3511
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In sliding mode, the signal at the input of the relay element is zero, therefore

2(p)=Wo(PU(P) =0 hence

1
U(p)= z(p).
Wo(p) (3.512)
y*(p) _z(p)  =(p) TF U(p) y(p)

J » W1 (p) g
_ 21(p) Wo(p)

Fig. 3.14 . To the justification of invariance

The variable U(p) represents some equivalent control input. The equation that
determines the movement of the relay system in the sliding mode is obtained by
substituting the expression (3.38) into the equation (3.37)

Wo(p) *
Wo(p)+Wi(p) » ) (3.513)

z(p)=

This equation corresponds to the system, the block diagram of which is shown
in Fig. 3.14, if we replace the relay element with a linear amplifier with an infinitely
large gain. The equation (3.39) is also valid for the system, the block diagram of which
is shown in Fig. 3.15, leading to the conclusion that the movement of a relay system
operating in a sliding mode is not influenced by the parameters of the linear part of the
control object, covered by feedback together with the relay element.

The above considerations show that a relay system in a sliding mode, which
belongs to the class of systems that are stable with an unlimited increase in the gain,
has the property of invariance with respect to certain parametric and coordinate

disturbances.
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y*(p) 2(p) =(p) TF U(p) W) y(p) =

Y

Wa(p)

A

Wo(p)

Fig. 3.15. Equivalent block diagram

Introducing several relays into the control system and creating a sliding mode
for each of them by covering feedback jointly with each element of the linear part of
the control object makes it possible to eliminate the influence of almost all its variable
parameters and compensate for the influence of external disturbances on the dynamic

properties of the system.
3.1.4. Real sliding mode

In real systems, switching of a relay element does not occur on the line described

by the equation S(m)=0 , but in some vicinity of it S(m)+ A(A) (Fig. 3.16).

S =4
S(n) =0
S(n) = -4

Fig. 3.16. Switching of the relay element

The radius of this vicinity depends on the parameter A, which determines
switching imperfections — spatial or temporal delay, dynamics of fast unmodeled
elements of the control system, etc.

As the parameter A approaches zero, the amplitude and frequency of the sliding

mode will satisfy the limits
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lim ®(A) = ; lim 4(A) =0,
A—0 A—0 (3.40)

and real sliding turns into ideal sliding.

In addition to the amplitude A(A)

, the real sliding mode is characterized by the
switching frequency, which can be estimated in accordance with the following

expression

24(A) (3.514)

where 1/ [I=mindll /(LI

The equations for the existence of the sliding mode (3.10) are supplemented by

the inequality
| S(n) [< 4A(D), (3.515)
and for the existence of a real sliding mode the condition
grad S(m)xf*(,U)<0 (3.516)

when the coordinate of the representing point on the switching line S(m) reaches

A(A)

the value

Similar condition

grad S(m)xf (n,U)>0 (3.517)

must be fulfilled when S (1) > —A(A)
Thus, in real sliding modes, the conditions of existence are “smeared” in space
and are considered not on a line, but on a hyperplane.

Drawing up equations for the dynamics of a closed-loop system in a real sliding

0
mode 1s complicated by the fact that the vector ) does not lie on the tangent to
the switching line.
Therefore, for an affine dynamic object, whose perturbed motion equations take

the form
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pn=1t(n)+Mu (3.518)

the speed of the representing point in the sliding mode is determined by the

expression

pS() =VS(m)f(n)+VS(mMu. (3.519)
1 VS(MM =0

, then the control input can be found from the equation (3.45)

__VS(ftm)  pS(m)
VSmM  VS(mM (3.520)

Substituting the control input (3.46) into the equations (3.44) allows us to

determine the motion equations of a closed-loop system in real sliding mode

vSmf(m _pS() j
VSmM  VS(mM (3.521)

Unlike the ideal sliding mode, in the real sliding mode the components of the

pn=f(n)—M><(

system state vector continuously change and therefore the right side of the equation
(3.47) does not turn into zero. This leads to the fact that the coordinate of the
representing point on the switching line equals zero only at certain moments in time
and therefore switching of the relay element occurs with a finite frequency, introducing
disturbances into the control process. These disturbances can be eliminated by

increasing the sliding order.

3.2. High-order sliding modes
3.2.1. Conditions of emergence and existence

In addition to amplitude and frequency, the sliding mode is characterized by the
sliding order. Let us examine this concept in more detail. We will assume that the
perturbed motion of the control object is described by the system (3.44) and is

compensated by ideal discontinuous control
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u=—sign(S(n)). (3.522)

Substituting the control input (3.48) into the equation (3.45), we get an

expression for the motion speed along the switching line
pS(M)=VS(mEf(n)—-VS(m)Msign(S(n)). (3.523)

The equation (3.49) shows how the motion speed along the switching line
changes as a function of the coordinates of the perturbed motion. Moreover, the right-

hand side of the equation (3.49) is discontinuous and depends on the sign of the

coordinate of the representing point on the switching line S (‘1)

A sliding mode for which the derivative of the speed along the switching line

PSM) 145 a discontinuity at S M =0 il be called an ideal first-order sliding
mode. Similarly, a real first-order sliding mode is characterized by discontinuity of the

A(A)

derivative P S(m) when the representing point hits the vicinity of the switching

line.

If the conditions S(m)=0, pS(n)=0 are met, and both of these functions are

2
continuous and there is a discontinuity in the second derivative p-S (n), a second-
order sliding mode occurs. Unlike the first-order sliding mode, which is “flat” and

occurs when the representing point hits the switching hyperplane, the second-order
sliding mode is “spatial” and occurs in space, formed by two hyperplanes S(m) =0

and PS(M) =0 (pig 3.17-3.18).
Generalizing the provided calculations, we can assert that for the emergence of

a sliding mode of the 7 -th order, it is necessary that the switching function itself and

n—1 of its derivatives in the vicinity of the origin be continuous and equal to zero,

and the derivative of the 7 -th order must have a discontinuity at the origin.
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pS(n)

Fig. 3.17. Switching space

b5 (n)

A

Fig. 3.18. Projection onto the plane (S, pS)

The order of the sliding mode can be associated with the order of the control

object if the output is taken as the variable S ('])
Let us demonstrate this using the example of a linear object, whose transfer
function is the ratio of the 7?-th and 7 -th order polynomials
o= SOD _ P(p)
(») :
u  Op) (3.524)

Then, with a relative order of the system equal to one, the derivative ¥ S(m) will

be proportional to the control input and will be discontinuous if the control input itself
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is discontinuous. Thus, the number of the derivative that clearly depends on the control
input, determines the order of the sliding mode. However, in this case it is necessary to
verify the conditions for the occurrence of sliding and hitting the switching line, which
in the case of a sliding mode of arbitrary order 7 can be generalized as follows:

» conditions for the occurrence of sliding

prST() =V VSxfT(mU)--xf" (n,U) <0;

r-1 r—l1
p'ST(m) =V--VSm)xf (m,U)---xf"(n,U)>0.
r=1 r-1 (3.525)

or

p'STm)=p(p" ST (M) <0,r=2,,n;
pST(M=VS(m)xtT(,U);

PSS (=p"'ST()>0,r=2,,1;

pS (M=VSm)xt (n,U). (3.526)

» conditions for hitting the switching line

[1r'sm)<o.
i=0 (3.527)

3.2.2. Principles of construction of high-order sliding algorithms

Let us consider the perturbed motion of a second-order dynamic system, which

is described by differential equations in the Brunovsky form
P = M2
pnp —u. (3.528)
Stable motion of the system from an arbitrary position to the origin, which occurs

under the influence of control ¥, can occur along monotonic (Fig. 3.19), aperiodic

(Fig. 3.20) and oscillatory (Fig. 3.21) trajectories.
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0.8
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0.4

0.2

00 0.2 0.4 0.6 0.8 i
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Fig. 3.19. Monotonic trajectory of a second-order object

0 0.2 0.4 0.6 0.8

t,sec

—-—

Fig. 3.20. Aperiodic trajectory of a second-order object

i T

0.5

.

—0.5 '
0 0.2 0.4 0.6 0.8 L

t,sec

Fig. 3.21. Oscillatory trajectory of a second-order object

The corresponding sliding trajectories are shown in Fig. 3.22 — 3.24.
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Fig. 3.22. Monotonic sliding trajectory of the second-order

T

0.2 .
0.4
06 08

t, sec

-1 pS

Fig. 3.23. Aperiodic sliding trajectory of the second-order

7

0.2 T
0.4(
06 (g

t,sec

Fig. 3.24. Oscillatory sliding trajectory of the second-order

The nature of transient processes shown in Fig. 3.22 — 3.24 is explained by the

unique properties and parameters of closed-loop classical discontinuous control
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systems.
Let us consider their possible modifications, in which high-order sliding modes
arise.
Let a control input applied to the object (3.54) be
u=—kysignn; —k,m,. (3.529)
Then the equations of the perturbed motion of the closed-loop control system
will take the form
PN =Mys PNy =—kysignm —kpm;. (3.530)
Let us show that the control input (3.55) ensures the occurrence of a second-
order sliding mode with respect to the variable N2, To do this, we rewrite the control
input (3.55) as follows

Where Sl =Ny S2 - k2n2'
0

It is evident that at "1 — Y the function S 1 takes zero value, and the derivative

pSi due to the second equation of the system (3.56) is

pS) = pn; =Ny (3.532)

The first derivative ¥ S is also zero at the origin of the phase plane.

S

Let us now find the second derivative of the function “'I.
20 2. _ _ :
PS8 =p = pny =—kysignn; —kyn,. (3.533)
The function S and its first derivative are continuous, while its second

2
derivative P 51 is discontinuous. These factors create the prerequisites for the
emergence of a second-order sliding mode in the considered system.
We will now demonstrate that the motion of system (3.56) is stable. To do this,

we write the positive definite Lyapunov function

2
V="In [+Vom3, (3.534)
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whose derivative is

oV oV
pV=—pnm+_—pnp=

?m ony |
=P 18ignmy x My + 2Vpomy x (=kysignny —kynp) =

. 2
= (V11— 2Vpky)signmy xmp — 2Vkom3. (3.535)
At
Vi =2Vph, (3.536)

the first term of the derivative (3.61) becomes zero, and the derivative itself

becomes negatively definite
_ 2
pV ==-2Vykym3 (3.537)
Consequently, according to Lyapunov’s theorem on the stability of motion, the
considered system is asymptotically stable.
Now let us consider the case when the control input provides sliding in multiple

switching planes.

Let the control input applied to the object (3.54) have the form
u=—ky|n; [sign(&), (3.538)
where
&=n +kmp,. (3.539)
For the new variable ‘i, sliding mode in a closed-loop system
PN =Ma;  pNp =~k [sign(S) (3.540)

is a first-order sliding mode.

However, in the system

pn=ny;  pny=—k|n[sign(n; +kyn;) (3.541)

a second-order sliding mode arises with respect to the variable 1. This is due

to the fact that the function S=¢ is uniquely zero at the origin, while its derivative
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pS=p&= p(ky|n;[sign(n; +k,M,))=
=k sign(n;) pn; sign(M; +kony) +Kky [y [6(My +komy), (3.542)

where o(1y +komy) is the Dirac function and it is discontinuous.
Summarizing provided calculations, we can assert that in order to form a second-
order sliding mode, the control input must be a combination of continuous and

discontinuous functions in various combinations.

3.3. Second-order sliding algorithms

Currently, there are three groups of control algorithms that implement second-
order sliding modes:

* Twisting algorithm;

* Nested algorithm;

* Super-twisting algorithm.

Let us examine these algorithms in more detail.
3.3.1. Twisting algorithm

The twisting algorithm is implemented by a control input of the form
u :_Ul Sign(nl)_U2 Sign(pnl)a (3.543)
where U1 > U2 >0

The closed-loop system is described by the equations
pi=ny;  pnp=-Upsign(ny)-Uspsign(pmy), (5 544

and the corresponding phase trajectories are segments of parabolas (Fig. 3.25).

Let fo yeres ’4 be consecutive moments of switching time of the control input, and

the time intervals between switches are determined by the relationship
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UL (3.545)

—(Ux_ + Uz)

t pS(n)

U, + U, —(U;, — Uy)

Fig. 3.25. Switching of the relay element

The relationships between consecutive values of variables N and "2 at
switching moments are governed by the following equations:

« for 1* and 3" quadrants

p
n =+ N2 .
Uy +U; (3.546)
e for 2" and 4" quadrants
2
= 2
Uy -U, (3.547)

Therefore, the coordinates of the perturbed motion in the upper and lower

coordinate half-planes of the phase plane at the moments fo and 2 are governed by

the relationship
U -U, > 2
l—Uzﬂz(fo) =Unx (%),

2
N2 (t) =
U +U, (3.548)
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where
_U -0,
Up+Us (3.549)
Similarly, for moments ) and t4, we have
2 _ 2
N> (t4) =Un3 (%) (3.550)

or

M3(t) =Un3(t).
(3.551)

Thus, for the -th complete revolution of the phase vector around the origin, the

following relations between the state variables of the system at different times are true:

or after extracting the square root and taking the absolute values
M@ U MG =1) == U (0 i=1,2, (3553

i
It is obvious that the series T v U , formed by the coefficients of the

expression (3.79), converges if U <1. This condition is automatically satisfied by
. . U1 U >
appropriately choosing the values of ~land ~ 2.

Thus, any motion trajectory that begins at an arbitrary point in the phase space

reaches the origin, sequentially passing through all quadrants of the phase plane, as if
“twisting.”

3.3.2. Nesting Algorithm

In the considered twisting algorithm, feedbacks on state variables are linear. If

the feedback on the controlled variable becomes nonlinear, a nested control algorithm

can be obtained

u=—U . sign[&(M;,My)], (3.554)
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where

&(My,M2) =—/f (M) +Ma. (3.555)

The function JS() in the equation (3.81) is a smooth scalar function that
vanishes at the origin. An example of such a function is an irrational dependence of the

form

S ==k |my [* sign(ny). (3.556)

o —
With sufficient control energy reserve, the equation kg [ sign(m;)+m, =0
(3.557)
is the sliding curve of a closed-loop system
PN =N PNy = —Upy sign[ky Iy [* sign(my) +1, ] (3.558)
Reaching this curve guarantees the transfer of the control system from any point

in the phase space to the origin in a finite time (Fig. 3.26).

T2

Fig. 3.26. Phase plane

3.3.3. Super-twisting algorithm

Using the super- twisting algorithm

u=-Usignn; — & My, U >0,U,>0

0,5
My (3.559)
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leads to the emergence of a second-order sliding mode in the dynamic system
(3.54).

In this case, the motion equations of the closed-loop system have the form

. 7T U,
p=N; pp =-Upsignn ——— = pny.
ul (3.560)
Let us represent the system of two equations (3.86) in the form of a second-order
equation
2 U, : _
pMy +—45 Py +U; signm; =0.
| | (3.561)

A distinguishing feature of the dynamic system, whose perturbed motion is
described by the differential equation (3.87), is a variable damping coefficient, which

increases indefinitely as it approaches the origin.

When the sign of the deviation N changes, the system's motion trajectories do
not change qualitatively, since the form of the equation remains the same. This allows

us to consider following equation instead of the equation (3.87)

, U
p n1+#pm+U1=0-

My (3.562)

Qualitative trajectories of the system are shown in Fig. 3.27.

(pm1)o
0.5 a
3
0 N
_()_5 L (m’* 2 | | ! ]
0 5.17072 0.1 0.15

™
Fig. 3.27. Phase trajectory of the system
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Fig. 3.27 indicates the characteristic points of the system operation that will be
used in further calculations: (Pni)o _ the initial value of the system speed, M —

the maximum deviation, (PN min the minimum value of the system speed, (P12
— the second intersection of the phase trajectory of the ordinate axis.

Let us transform the equation (3.88) as follows

ploni +202p 0y + Uy / p)=0. (3.563)

Integrating the equation (3.89) allows us to write down the dynamics of the

system, governed by the equation (3.88) as

pn+ 2U2P\/‘Tl +U1/ p=(p)o- (3.564)

At maximum deviation (Tll)l’ the speed of the system (P is zero. Let us

denote this moment of time as 1 and write the equation (3.90) for it

2Up pImy + Uit = (pm)o- (3.565)
Since 11~ O, then the following inequality turns out to be true

Sy < Po (P)o

2pUy (3.566)

The equation (3.91) together with the inequality (3.92) shows that the deviation

N1 decreases over time. In addition, time ' can be found from the equation (3.91).

Assuming that = 0, we can rewrite the equation (3.91) as follows
Uiy =(pnios (3.567)
where
f = (PM1)o
1 .
Uj (3.568)

Now let us consider the moment ‘2 when the speed of the system reaches its

minimum value (p nl)min. It is obvious that at this moment (p nl) - O, which
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means the equation (3.89) will take the form

U
M ((PNDmin) (3.569)
or
Uy (P min UM ((2N))min ) =0 (3.570)

From the equation (3.96), we can find the coordinate N1 at which the speed of

movement will be minimal

U
m ((pnl )min)O’5 - U2 (pnl)min'
1 (3.571)

From Fig. 3.27 it is clear that "I > M ((PM)min) and (PM1)2 >(pn1)miﬂ, SO

the following inequalities are true

U U
VO > V() min); _Fz(pnl)min > —72(19111)2-
1 1 (3.572)

U
NG U—l >—(pny),.
2 (3.573)

Substituting the inequality (3.92) into (3.99), we get the relationship between the

speeds of two consecutive intersections of the ordinate axis of the phase plane

U
—(1;?]1)0 U—l >—=(pny)2
2 2 (3.574)

or

()2 _ U,

5

(pnl)O 2U2 (3.575)

Denoting the right-hand side of the inequality (3.101) as
U
y = _1,
2U5%

(3.576)
we can generalize the result for any two consecutive intersections of the ordinate

axis
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(PN1) ;41

<7.
(pn1);

(3.577)

The inequality (3.103) shows that if Vs 1, then the transition process will be
stable.

3.3.4. Modification of the super-twisting algorithm

The previously discussed algorithms ensure stable perturbed motion from any
starting point to the origin. However, such motion is oscillatory, which is explained by
the fact that the corresponding closed-loop systems have a relative order of 2.
Therefore, the problem arises of ensuring the asymptotic stability of closed-loop
systems in which second-order sliding modes occur.

We will look for a solution to this problem within the class of super-twisting

algorithms. One of the varieties of algorithms in this class is the algorithm [37]

u=-U, || signn-U, signm, (3.578)

used in first-order dynamic object control systems
pn=an+mu. (3.579)
Substituting the control input (3.104) into the equation (3.105) allows us to write
the motion equation of the closed-loop system
pn=aym-mUy|n["signn-mUysignn. 3 sg0)
Since the closed-loop system (3.106) is a first-order system, the processes

occurring in it are asymptotically stable, and in the sliding mode the motion occurs

along the switching line

n=0. (3.581)
Let's factor out the component signm in the algorithm (3.104)
0,5 .
uz—(U ~4+U )51 nn.
1n 2 |signn (3.582)

The resulting algorithm can be considered as a standard discontinuous control
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x/§U1 +U,

algorithm, but with a variable amplitude, which can vary from the value

when the motion of the system starts from one extreme position and must end in the

other extreme, to the value Us when the object's deviation from the desired position

is compensated. Thus, when the system reaches the equilibrium line, switching of the

control input with amplitude U, and high frequency will be observed. In some cases,
a long-term high-frequency switching regime can lead to damage to the control object.

Therefore, along with the algorithm (3.108), we will consider the algorithm obtained
U,

from (3.108) when the component approaches zero

0,5

u=-U;|n|""|signn. (3.583)

The difference between the control input (3.108) (Fig. 3.28) and (3.109) (Fig.
3.29) is the continuity of the latter.

Let us show that the resulting algorithm also allows to implement a second-order

Fig. 3.28. Static characteristics of the controller with control algorithm (3.108)

sliding mode.

Fig. 3.29. Static characteristics of the controller with control algorithm (3.109)
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We will assume that S=n , then at the origin
n=0;S5=0;
0.5 .
pS=pn=u=-Up|n[" signm=0;

2 . .
P2 = pu= —U{%szgm— 3 6<n)J -

2|n|
SIgNM X ) 0.5
_ —U{ P N igan- S(n)J=
2In ™
- _0 2 . _ 0.5 5
SU{ signm = Uy [n [~ o(n). (3.584)
s

Since both terms of the second derivative are discontinuous, it can be
argued that a second-order sliding mode appears in the system implementing the
algorithm (3.109).

We will modify algorithms (3.108) and (3.109) in such a way that they can be
used to control objects of arbitrary order. To do this, we replace the switching line

equation (3.107) with the generalized one

S= Zkini =0,
i-1 (3.585)

where ki are the weighting coefficients that ensure the achievement of the
predetermined control goal.
Then, taking into account the equation (3.111), the algorithm (3.108) can be

rewritten as

u=—(U1\S 0.5 +U2)signS (3.586)
or in expanded form
n 0,5 n
u=— Uy D km;|  +U; Sign(kai)
= = (3.587)

For the considered second-order object, the algorithm (3.113) can be represented

as follows
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u :_(Ul kg +hom, [ +Uz)sign(k1m +kyM,)

(3.588)
Similarly, the algorithm (3.109) in general form will be
0,5
n n
u=-U, kai S1gn (kai J )
i=1 i=1 (3.589)
and for the considered object
0,5 .
u==U, [k +hkyny | sign(emy +komy). (3.590)

A distinctive feature of the algorithms (3.113) and (3.115) is the change in the
amplitude of the control input as a function of the object’s state variables. It can be
argued that state variables are activated in accordance with the control algorithm and
ensure the formation of the desired level of control input. Therefore, the function
sign

preceding the term will be called the activation function.

Let us consider the concept of “activation function” in more detail.
3.4. Nonlinear activation function

Currently, in the neural networks theory, the concept of “activation function” is
widely used to determine the level of neuron activation. Drawing an analogy between
artificial neurons [36] (Fig. 3.30) and controllers that use information about the
complete state vector of the control system (Fig. 3.31), we can conclude that there
structures are identical. In turn, this conclusion allows us to expand the class of
functions like “sign” and “limitation” types used to limit the output voltage of the

controller by considering nonlinear functions with limited magnitude
[ fOI=T (3.591)

which are used as activation in neural networks.
Therefore, in control theory terms, activation can be defined as a nonlinear
function that adjusts the control generated by the controller according to a specified

algorithm in accordance with the coordinate value of the representing point.
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In the neural network theory, analytical studies of the static and dynamic
characteristics of a system with nonlinear activation functions are not performed, which
prevents mathematically justified selection of the activation function with subsequent
system optimization. Moreover, studies devoted to the optimization of system
optimization through the use of high-order sliding modes [37] indicate that functions
whose values at the origin are equal to zero and whose derivatives are discontinuous

should be used as activation functions.

Inputs  Synaptic Adder Activation  Qutput
weights function

Fig. 3.30. Functional diagram of an artificial neuron

—(
M1
(2 y
e sign|(.) -
sat(.)
—(
Inputs  Weighting Adder Limiter  Output

coefficients

Fig. 3.31. Functional diagram of a controller with compensating

feedback
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Activation functions that meet such conditions are not widely used in neural
networks.

The simplest continuous function with discontinuous derivatives is

Sm)= \/ﬁ (3.592)

The function (3.118) is defined in the real domain only for positive values of the
argument, which does not allow its use in control systems in which signals can have
different signs.

Let us generalize the function (3.118) and introduce the nonlinear “square root

taking into account the sign” function into consideration

sqrt(m) =4I| sign(m). (3.593)

In the most general case, we will consider a generalization of the function (3.119)

d(n,a)=|n[* sign(n), a.€[0,1] (3.504)

Functions of the form (3.120) will be called irrational activation functions. It
should be noted that the class of activation functions is not limited only to irrational
functions. The activation function can be any function that ensures the achievement of
the set goal, gives the desired properties to the closed-loop system, and forms the
required motion trajectory.

It is obvious that the functions (3.119) and (3.120) even without taking into
account the restrictions (3.117) are nonlinear. In a closed region limited by the
condition (3.117), these functions become essentially nonlinear and in the general case

are described by the expression

In|*sign(n), if n<l;
sign(), if n>L (3.595)

d(n, )=

3.5. Fractional-order sliding modes

Differentiation of a function (3.120) shows that its derivative
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a .

ob(Mm,o) _ Il signn _ e s
m o =n["d(m)+o——
" " ul (3.596)
consists of two components, each of which at the origin is a discontinuous
function. This statement is typical for all irrational activation functions that ensure the
occurrence of a high-order sliding mode. However, from the point of view of the
conditions for the occurrence of a high-order sliding mode, the presence of two
discontinuous functions is redundant and creates basis for clarifying the concept of a

high-order sliding mode.

Let us analyze the derivative where the discontinuity of the first term is

determined by the discontinuity of the function sign(m) at the origin. The second term

becomes discontinuous only when O<a<l, According to the rules of differentiation
of power functions, the order of the derivative is always one unit less than the order of
the original function. This is due to the fact that in classical differential calculus only
derivatives of integer order are considered.

From the perspective of control theory, this approach is not convenient, since the
class of systems with irrational activation functions in which second-order sliding
modes are implemented includes both the system with the algorithm

u=lim n|* signn,
o—0 (3.597)
which, in its properties, is close to classical discontinuous control systems, and
a system with an algorithm
u=lim|n[" signn,
a—1 (3.598)
whose properties are similar to those of classical linear systems.

Therefore, the concept of high-order sliding modes must be clarified by moving

from the concept of an integer sliding order to the concept of a fractional sliding order.

Let us use the definition of fractional differentiation operator of power functions [38]

ao _ L@+ oy
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where I'C) is the gamma function.
Among all possible orders @ of this operator, the case that deserves the most

interest is when @ = O and

a, o _
D"n” =T'(a+1). (3.600)

Unlike classical differential calculus, the fractional derivative of a constant is

(X .
not equal to zero, so the derivative D signm will be
D%signm = k/t%signn, (3.601)

here K is a certain coefficient, ! is the time from the start of the relay element
switching.
Analysis of the derivative (3.127) shows its discontinuity, while the derivative

(3.126) is a constant, thus the fractional derivative is

0%Dd(m, )

k
=I'(a+1)+—signn
0% t*

(3.602)

The last expression allows us to state that that the system enters a sliding mode

of I+ order.

The above calculations allow us to conclude that the processes occurring in real
closed-loop systems with an irrational activation function are quite complex and, unlike
similar linear systems, cannot always be described analytically. Therefore, there is a
need for analytical research on elementary electromechanical systems with irrational

activation functions.
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CHAPTER 4
ANALYTICAL STUDIES OF ELEMENTARY -ELECTROMECHANICAL
SYSTEMS WITH IRRATIONAL ACTIVATION FUNCTION

4.1. Open-loop EMS study

Before moving on to the synthesis of electromechanical systems with an
irrational function, let us consider how this function affects the characteristics of
elementary dynamic systems.

As is known, dynamic systems can be either open-loop or closed-loop. Let us
consider a generalized open-loop system with an irrational activation function. Since
such a system is nonlinear, the superposition principle is not applicable to its analysis;
therefore, it is necessary to distinguish where the nonlinearity is introduced: at the

system's input or at its output. (Fig. 4.1 - 4.2)

yr % fyr) - Y
— S Wilp)

Fig. 4.1. Nonlinearity at the input

A 4

ﬂ»W;\(p) Y % f(y1)

Fig. 4.2. Nonlinearity at the output

To clarify the peculiarities of the trajectories of the systems shown in Fig. 4.1—

4.2, we assume that the transfer function "i(p) corresponds to the first-order
aperiodic element. Such a dynamic element describes with a known degree of accuracy
the processes occurring in controlled converters, which are an integral part of a closed-
loop electromechanical system. Additionally, assuming that the electromagnetic torque
formation channel is inertia-free, any electromechanical system (EMS) can be reduced

to such an element. Therefore, we will assume that
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k 1
hp+l (4.603)

m(p)=

where ki 1s the gain factor of the controlled converter, if processes in a power

converter are considered, or the design coefficient of the EMS, if a generalized EMS

with an inertia-free electromagnetic channel is being considered; I is the time
constant of the converter or EMS, respectively.
Taking the above into account, the block diagrams of the considered systems

will take the form shown in Fig. 4.3—4.4.

Tip+1.

Y % f@) 1w

Fig. 4.3. Nonlinearity at the input

A % fy)

Tip+1

A 4

Fig. 4.4. Nonlinearity at the output
4.1.1. Nonlinearity at the system input

The diagram shown in Fig. 4.3 represents the simplest case of a system with an

irrational activation function.

SOy Psign(), ael0 1L ISL g 6o

sk

which is characterized by the fact that the input signal N is amplified as a result
of raising it to a power then fed into the input of the system. In this case, the equation

of motion takes the form

* o . *
Opn+y1=k |y [ sign(y), (4.605)
%
where V1 is the coordinate of the generalized EMS in relative units, 21 is the
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desired value of the EMS coordinate.

By introducing a new control %1, the equation (4.3) can be represented as follows

Lipn + y1 = kquy. (4.606)

*
Thus, with a constant signal Y1, the nature of the motion of a system with

nonlinearity at the input is exponential and does not differ from the motion of a linear
EMS.

Despite the identical nature of the transition processes in both linear and
nonlinear system, the points of steady-state operation of the EMS will be different
when the reference signal changes, resulting in different motion trajectories.

Thus, the static characteristic of a linear system is determined by the expression

»1() = kyyy (4.607)

k

and linearly depends on the reference signal 1. In the considered nonlinear

EMS, the steady-state point is determined by the following expression

y(@)=k |y |*sign(y) (4.608)

and nonlinearly depends on the reference signal. The limiting case is the

%
constancy of the steady-state point of the EMS operation from the reference signal N

as the exponent & approaches to zero.

lim ¥y (%) = k.
a—0 (4.609)

The obtained dependencies are constructed for a first-order aperiodic element,
under the condition that nonlinearity is present at its input. However, as was shown
earlier, by selecting the appropriate control input, the motion equations of any electric
drive can be represented in the controlled Brunovsky form, which corresponds to the
zeroing of the roots of the characteristic equation of the EMS.

Thus, in the case when the system dynamics is described by the equation (4.3),

it can be represented as

=V, (4.610)
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where

ki s . « 1
V:?lb/l “ sign(y, )—FM-
1 i 4.611)

With full compensation of the internal feedback of EMS, the signal at its output

increases indefinitely over time, and the movement speed in the nonlinear system

ki o« . "
PV :—1|J’1 |a sign(yy )
L

(4.612)
differs from the movement speed of a linear system
— kl *
P = ?M :
1 (4.613)
Considering that the demand signal is limited in magnitude,
k
| <1, (4.614)

the absolute value of the maximum rate of change of the output coordinate will

be at & = 0 The minimum speed corresponding to linear EMS is at & — 1
The obtained result can be generalized to the case of a dynamic object of

arbitrary order and it can be stated that the presence of nonlinearity at the input of the

*

system with a constant reference signal Y1 does not affect the nature of the trajectory
of the motion, but affects the steady-state or quasi-steady-state operation mode of the
system. Deformations of the motion trajectory, unusual for linear objects and systems,
do not occur. When the reference signal changes, the motion trajectories of the

nonlinear system differ from the linear one and, due to the amplification of the signal

*
N1, are characterized by large absolute values of the state variables and non-uniformity

of the field of steady-state values of the output coordinate of the EMS.
4.1.2. Nonlinearity at the system output

In this case, the dynamics of the first-order nonlinear open-loop EMS is
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described by a system of equations

* .
Tpyy + 1 = ks v =l v [ sign(yy). (4.615)

a .
The presence of a nonlinear function [ " sign(y) at the output of the system

not only changes the steady-state point, which can be determined from the system

(4.13) by substituting the first equation into the second atP— 0

' * oL . *
yi(0) = kyyy [ sign(kyy ), (4.616)
but also distorts the entire trajectory of the electric drive.

oy ¥ ~t/Ty
Unlike the motion trajectory of a linear system 1 (O =kyn(l-e ),

(4.617)
the motion trajectory of the considered nonlinear system is described by the

equation

! * —t/T{\ o . *
yi(@) =k (1—e ") [* sign(hyy). (4.618)
Thus, the more the exponent & differs from one, the more the trajectory of the

nonlinear EMS is distorted compared to the trajectory of the linear system.

. %

In the limit at & = O the steady-state point tends to sign(ky;) , and the motion
trajectory tends to a unit step function.

A similar picture is observed when EMS is linearized by feedback in order to

compensate for internal feedback.

With the exponent & = O, the trajectory of the system

ke *
()= %ylf
1 (4.619)

significantly differs from the motion trajectory at O # 1

o
ki« ) *
Lyt sign(hn).

()= T

(4.620)

As follows from the analysis of the expression (4.18), the rate of change of the
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output variable of the EMS state, where internal feedback is compensated or absent,
with nonlinearity at the output differs from a constant even with a constant reference
input.

Summarizing the obtained results, the following conclusions can be drawn:

* the introduction of irrational nonlinearity at the output of the EMS leads to a
significant changes in the motion trajectory and steady-state point;

« as the exponent & approaches zero, the transition function approximates a step

function.

4.2. Mathematical models of closed-loop EMS

The study of elementary closed-loop EMS will be carried out for the structures
shown in Fig. 4.5-4.8.

i —m % f) ") T:u:_»

Fig. 4.5. Closed-loop EMS with a nonlinear function in the controller

Y

yr -1 Y1

Wi(p) —

I

Fig. 4.6. Closed-loop EMS with a nonlinear activation function

in the feedback

v -m % fr)
F

Fig. 4.7. Closed-loop EMS with a nonlinear activation function

A

Wi(p) L.

Y

in the controller and feedback
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Y o) Flvr) % Y

Fig. 4.8 Closed-loop EMS with a nonlinear activation function

as part of an electric drive

We will consider a generalized first-order electromechanical object, the

dynamics of which is described by a differential equation of the form
pY1—ann +m1Uy9 (4.621)

1
ay =

where T is the coefficient accounting for the object's internal feedback,
M s the design coefficient, ~ 7 is the control input, +'1 is the controlled coordinate.
Having applied the feedback transformation to the object (4.19) and introduced a new

control input

We can describe its dynamics as follows

m=U. (4.623)
The implementation of the feedback transformation allowed us to reduce the
generalized object (4.19) to an integrating element (4.21). Then the dynamics of the
systems shown in Fig. 4.5-4.7 are described by the following equations

* For the scheme shown in Fig. 4.5:

p=U;U=—|n, * sign(n;), (4.624)

where

=) (4.625)

*
here Y1 is the reference input, Y1 is the controlled coordinate.

Substituting the second equation of the system (4.22) into the first and taking

into account the expression (4.23), we get
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py ==y —xn " sign(»—») (4.626)

or, assuming that the function sign(.) can be described by the expression

M | (4.627)

the equation (4.24) will be written as follows

v =—|yi—»n " sign(y,—y)=

N + N
* B * B 2
=l In-nl (4.628)

where
p=1-o. (4.629)
* For the scheme shown in Fig. 4.6:
pn =U; U=y | »[* sign(n). (4.630)

After substituting the second equation of the system (4.28) into the first and

expanding the brackets, we get
. *
pn==In " sign(y)+y. (4.631)

or

k
+)-
§
| 1 | (4.632)

P ==

* For the scheme shown in Fig. 4.7:
1 =U;
. * 0(,1 . 0(,2 . * al .
U=|yr =[] sign(y)[= sign(y =[0 |7 sign(31)). 4 633,

or taking into account the ratio (4.25)
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* N

* ) bg|
_ w-nlMsigno) _ Ty
P :
R oy . B2 B2
1
=yl sign(y) yf N
By
] (4.634)
* For the scheme shown in Fig. 4.8:
px =U; v =Ix; [ sign(x); U=y, ;. (4.635)

Substituting the third equation of the system (4.33) into the first, taking into
account the second, allows us to reduce the equation of motion of the closed-loop

system to the form

px =(y1 —|x * Sign(xl))§ =X | sign(x)

(4.636)
or taking into account the ratio (4.25)
% xl .
P = v ——g =N " sign(x;).
X (4.637)
Expanding the brackets in equation (4.35), we get
X * .
pxi=—g+y; 1 =1x | sign(x).
|| (4.638)

Analysis of expressions (4.26), (4.30) and (4.36) shows that the presence of a
nonlinear activation function in a closed-loop system is equivalent to introducing
feedback with a variable transfer coefficient. Moreover, in the case where nonlinearity
is in front of the object, this coefficient increases as the error decreases. Thus, when
the coordinate of the object approaches its desired value, the damping properties of the
system are enhanced. A similar phenomenon is observed in classical control systems
with a super-twisting algorithm. For dynamic systems in which nonlinearity is at the

output of the object or in the feedback, the enhancement of damping properties occurs

with a decrease in the state variable of the object 1,
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4.3 Study of static characteristics of EMS

In the automatic control theory, it is proposed to study static characteristics based
on the transfer function of the system, provided that the differentiation operator is zero.
This approach is convenient for analyzing linear control systems, since it is part of the
complex analysis of closed-loop EMS, which also includes the study of stability, time
and frequency characteristics. To perform these studies, the transfer function of the
system is certainly necessary, since it allows the use of powerful tools and methods for
analyzing dynamic systems. However, for nonlinear systems, compiling a transfer
function in a closed-loop state is challenging. Therefore, we will analyze the static
properties of systems will be performed based on their equations of their motion in

operator form, under the condition that

p=0. (4.639)
By equating the left-hand side of the equations (4.26) and (4.30) to zero, we
obtain
. M1 s + M o — 0,
(vi=nl Iyv-nl (4.640)
- le + yik =0
|1 | (4.641)
or
-n+n =0, (4.642)
-n+nln ‘B: 0 (4.643)

Let us analyze the obtained equations.

* In the case where the control object is an integrating element and the activation
function is at its input, in accordance with the equation (4.40), the output variable will
reach the desired value in the steady-state. The static characteristic of the system in this

case will be
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%
=M (4.644)
« [f the nonlinearity is in the feedback channel, and the steady-state of the system

is described by the equation (4.41), then the output and input variables will coincide

%
only at maximum reference inputs [V max = 1. In the general, the static characteristic

of such a system is determined by the expression

V= 1-;3/7;« = \/y? : (4.645)

An analysis of the expression (4.43) shows a linear relationship between the

input signal and the output coordinate only in the linear case when O = 1. As the
exponent & decreases, the nonlinearity of the static characteristic increases. For very
small values of the exponent & the static characteristic (4.43) tends to the characteristic
of the relay element, and the output coordinate, regardless of the reference input,
reaches its maximum value for any values of the setting signal other than zero.

Despite the fact that the considered cases are the simplest in terms of using
nonlinear activation functions, it is clear from the expression (4.43) that the coverage
of nonlinear feedback even of the integrating element does not always guarantee zero
steady-state error. This fact creates prerequisites for design of closed-loop EMS with
the desired nonlinear static characteristic and response to the level of the reference
input level.

To impart the desired properties, it is possible to combine several nonlinearities
within a single EMS. As an example, let us consider the case when the nonlinear
activation function is present both in the direct channel of the first-order EMS and in
its feedback channel. Such an EMS is described by an equation (4.32) and can be
classified as a system with an embedded control algorithm. Equating the right-hand
side of the equation to zero allows us to write the following expression for the static

characteristic

* (04 .
i —=Inl 1 sign(y;)=0, (4.646)
Moreover, as follows from the analysis of the denominator of the right-hand side

of the expression (4.32), when this condition is met in the system, due to the unlimited
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increase in the gain factor, a sliding mode occurs.

Thus, it can be stated that the nonlinearity at the controller output does not affect
the static properties of the system because even in the sliding mode, its output
coordinate will be related to the reference signal by the relation (4.43), which in the

case under consideration will take the form

n= I_B{/YT = a{/f : (4.647)

Summarizing the obtained results and the presented calculations, it can be
concluded that the steady-state mode of a system with an irrational activation function
coincides with the steady-state mode of a linear or relay system only in specific cases.
In other cases, it occupies an intermediate position between the modes in these systems.
Moreover, the accuracy of the system is affected by the location of the nonlinear

element in the system structure.

4.4. Study of time characteristics of EMS

The steady-state values of the coordinates of dynamic systems calculated in the

previous section, together with the initial conditions
y1(0) = yg (4.648)

form a set of boundary conditions for solving the dynamic equations (4.26) and
(4.30).

Having solved these equations, we determine the time characteristics of dynamic
systems with an irrational activation function and the main dependencies that define
the parameters of the motion trajectory of nonlinear systems.

We will carry out research for the stepwise

n =1), (4.649)

linearly increasing

*

Y =aqt (4.650)

MONOGRAPH 197 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

and nonlinearly increasing

*

_ 2
n =ct (4.651)

reference inputs.
4.4.1. System response to a unit step

Let the dynamics of a closed-loop system be described by the expression

+ ki

py =~k S
[ 71 (4.652)

and the reference input is a unit step function.

Assuming that the output coordinate of the object is positive, we represent the

equation (4.50) as follows

__kl +k11(t)_ klyl +k11(t)
W (4.653)
Let us introduce a new state variable X, defined by the relations
l-a

1/ 1
X OL=y1,ax & px = py

(4.654)
and allows us to represent the equation (4.51) in the following form
o
1 o _ 1/a _
—x % px=—-kix + k1 1(2) = —kpx + k1(¢)
o (4.655)
or

170c
O px =-—okix+akl(?). (4.656)
In general, the equation (4.54) cannot be solved analytically. Let us consider
specific cases of its solution:

« when @=1 the equation (4.54)is transformed into a linear differential equation

px = —kx + k1(2), (4.657)
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the solution of which is known

x(t)= kl(l _ehl )

(4.658)
By virtue of expressions (4.52) we have X =) hence
y(t)= kl(l _ehf )
(4.659)
« when 47 0,5 , the equation (4.54) takes the form
xpx =-0,5k1x+0,5k1(2). (4.660)

Mathematically, equation (4.58) is an Abel equation of the second kind, which
can be solved either parametrically or using non-elementary functions. Such non-

elementary functions include the Lambert W function, which is the inverse of

f(x)=xe", (4.661)
1.e. it allows solving an equation of the form
xe' =y (4.662)
in the form
x=Lambert W (y). (4.663)

The solution to the equation (4.58) using the Lambert W function is as follows:
kit Ry
x=LambertW|e 2 2 +1,

(4.664)

where “'! is a constant of integration to be determined from the initial
conditions.

Based on the expression (4.52), the following relationship can be written

»(0) = x*(0) =0, (4.665)

according to which
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k 1 A 1
_1-
LambertW|e 2 |+1=0

(4.666)

and the desired constant is
2jm
A, =-=%
ky (4.667)
Substituting the constant of integration into the expression (4.62) allows us to
represent this expression as follows
Wt .
1+
x=LambertW|e 2 +1.
(4.668)
Squaring the last expression determines the desired motion of the closed-loop

system.

kt | .
—1— 4
y;=| Lambert| e 2 +1
(4.669)

Analysis of the obtained expression shows that the presence of a nonlinear
activation function in the feedback leads to the formation of trajectories of the system's
movement that differ from exponential ones.

Now let us consider a closed-loop system whose trajectory is described by the

equation

*
= —n| o<l

a
‘ (4.670)

and the reference action is a unit step function.

Let us assume the output coordinate of the object is positive. Since the activation
function is symmetrical relative to the origin, this assumption is not restrictive, since
the results obtained will also be symmetrical relative to the origin. Then the equation

(4.68) can be represented as follows
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% o
p =(n-n) -

(4.671)
Let us introduce a new variable X, defined by the relations
I-a
=y L @ px= ol -
o (4.672)

Taking into account that a stepwise effect is applied to the input of the system,
the relations (4.70) will take the form
l-a
1/a 1

x =yik —),—x % px=-py.
o (4.673)

The relations (4.71) allow us to represent the equation (4.69) in the following

form
l-a
—lx O px= —(xl/a)a =—Xx
o} (4.674)
or
20-1
px=ox ¢ . (4.675)

d
By replacing the Laplace operator P with the differentiation operator dt | the

equation (4.73) can be reduced to a separable differential equation

dr=—%
—ox @ (4.676)
The solution to the equation (4.74) will be
1
X= )

a

(ar—r+4; )t (4.677)

and the constant of integration ! is determined by the initial conditions from
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the expression
2 % *
x7(0) =y =»(0) = y. (4.678)

Substituting the expression (4.75) into the dependence (4.76) at! = 0 allows us
to determine the constant of integration

o-1

= * o
A=y (4.679)

. A :
Taking into account the constant I the equation (4.75) takes the form

1

xX= :
e

oa-l\g_1

at—t+y1 a

(4.680)
Substituting the expression (4.78) into the first dependence of (4.71), we get
* B 1
NN~ 1
o o
>l<_oc—l -1
orf—t+ »n «
(4.681)
or
o 1
N="h"h- 1
_a=l g1
or—t+ yl a
(4.682)

The expression (4.80) allows us to state that if an irrational activation function
is at the input of the integrator, then the transition function of the system will be a

power-law dependence.
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4.4.2. System response to a ramping signal

We will assume that the closed-loop EMS is described by the differential

equation

%k o .
py =y ~|n| sign(n), a<I (4.683)

and the reference input is a linearly increasing signal (4.48).
Substituting the reference input (4.48) into the equation (4.81)allows us to write

a differential equation of the form

dy, a
= F=at=|n[ sign(y), a<l.

dt (4.684)
Assuming that the output coordinate of the object is positive, we can represent

the equation (4.82) as follows

d
ﬂ=clt—y1°‘,oc<1.
dt (4.685)
Let us introduce a new variable X such that
1 { l-a J J
o S oax
o dt dt (4.686)
The relations (4.84) allow us to represent the equation (4.83) in the following
form
I~ 1\
I o dx .
——x =t x% | =cf—x
o dt

(4.687)
Direct solution of the equation (4.85) in the general case is difficult, so we will

first consider several special cases.

e When @ =1 the considered EMS with a nonlinear activation function

degenerates into a linear EMS, the motion of which is described by the equation
dx
——=Cl—x
dt (4.688)
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or in normal form

dx
—=X—ql.
dt (4.689)

The solution to the equation (4.87) is obvious.

_ —t
x=-ci+ct+Ae, (4.690)

where “'! is the integration constant, which is determined from the equation

4.88yat £ =V x=0,
— -0

or

a=4r (4.692)

Then, due to the expression (4.84), the desired output coordinate of the
considered EMS will be

— —t
n=—cqtoal+ce . (4.693)

e When =055 the motion equation of the considered system takes the form

dx
—2x—=cit—Xx
dt (4.694)
or
dc 1 ¢t
X—=—Xx——.
g 2 2 (4.695)

Equation (4.93) can be reduced to the Abel equation by introducing notations

__1 _a
hO==23 fo(0) =t 4.696)

and new coordinate

1
= dt = ——t,
- Ifl(t) t 2t (4.697)

for which the following statement is true
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So(®)
A t
Al ) (4.698)
Resulting Abel equation will have following form
dx
X € =x+ /().
S (4.699)
The last equation can be solved only parametrically by introducing a parameter
T such that
2t—-1
arctan ———— \/71
——ln(r —‘C+CU
\J4c —1
t=Ce
then
2711
arctan ——— 1

Lin?—t4e)

x=Cre ’ V4 1

In other cases, analytical methods for solving the equation (4.83)are not known.

(4.700)

We will assume that the closed-loop EMS is described by the differential

equation

* a . *
P =N —J’1‘ sign(y; —»), a <1

(4.701)
and the reference input is a linearly increasing signal (4.48).
Substituting the reference input (4.48) into the equation (4.99)allows us to write
a differential equation of the form
% = eyt — yi|“ sign(eyt — yy), o<1 4702)
Assuming that the output coordinate of the object is positive, we represent the

equation (4.100) as follows

@:(Clt_h) ;a<l.
dt (4.703)
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Let us introduce a new variable X

1 I-a J p
. I~ dx
dt dt (4.704)
The relations (4.102) allow us to represent the equation (4.101) in the form
, 1-a p 1\
ey -
cq—x & —=|x%| =x
o dt

(4.705)
Direct solution of the equation (4.103) in the general case is difficult, so let us

consider a several of special cases:

* When a=1 the considered EMS with a nonlinear activation function

degenerates into a linear EMS, the motion of which is described by the equation

dx
Cl - = X
dt (4.706)
or in normal form
dx
—=-Xx+tc.
dt (4.707)

The solution to the equation (4.105) is obvious.
xX=c (l—e_t>,

and thus, from the first equation of the system (4.102), the desired output

(4.708)

coordinates of the considered EMS can be determined

yl:le—cl(l—e_t)zcl(t_He_t)' (4.709)

« When &~ 0,5 the equation of motion of the considered system takes the form

dx
c—2x—=x.
dt (4.710)
or
dx _ x ¢
D
dt 2 2 (4.711)
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The equation (4.109) has no solution in elementary functions, but can be written

using the Lambert W function

x=c;| LambertW| —— |+1 |.

(4.712)

Substituting the found value of the coordinate X into the first equation of the

system (4.102) at ¢~ 0,5 , we determine the desired variable of the state of the EMS
- 2

yl=cll‘— Cl LambertW — |+1

(4.713)

Considering that at the first moment of time -1 (0)= O, as a result of solving

the equation (4.110)

2
bl
C Cl
2 e
¢ | Lambert W| ——— |+1| =0
.l
(4.714)
we will determine the unknown integration constant
Al=—cin(—¢y). (4.715)

Finally, taking into account the integration constant (4.113), the expression
(4.111) will take the form
- 12
—1—i+ln(—cl)
q

yl :Clt— Cl LambertW © +1
S|

(4.716)
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or

L
q

yy=cit—| ¢;| LambertW| —e +1

4.717)

As can be seen from the comparison of the results obtained from the special cases
of solving equation (4.103), response of linear and nonlinear electromechanical
systems to a linearly increasing signal differ significantly, creating the basis for the
construction of high-precision tracking electric drives.

Generalizing the results for solving equation (4.103), we introduce the concept
of a “pseudo-characteristic equation”.

To explain this concept, let us consider the closed-loop electromechanical

system (4.108). Let us represent the second equation of the system (4.108) in the form

and divide both sides of the resulting equation by r=q
2x
dx=dlt.
a=x (4.719)

The equation (4.117) is a separable variables equation and its solution is obvious

—2x-2¢)In(—c; +x)+ A4, =t, (4.720)

where ! is the integration constant.

Thus, finding an unknown motion trajectory X instead of solving a differential
equation (4.108) reduces to solving a nonlinear equation (4.118).

Let us introduce a new variable Z, for which the relation is true:

then

S B (4.722)

and
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_ Zz
x=e +q (4.723)

Comparison of the equation (4.121) with the corresponding equation for the
linear system (4.106) shows the identity of the variable Z and the product of the root
of the characteristic equation, taken with the opposite sign, multiplied by time, i.e. it

can be stated that

z=-pi, (4.724)

where P! is the root of the characteristic equation of a linear closed-loop EMS.

Substituting the expression (4.121) into the equation (4.108), we get

—2zc; —2e° —2c; + Ay —t= 0 (4.725)

The expression (4.122) because of equality (4.123) will be called “pseudo-
characteristic equation of the EMS with an irrational activation function for a linearly

increasing reference signal.”

Table 4.1 shows pseudo-characteristic equations for various degrees of the

irrational activation function.

Table 4. 1. Pseudo-characteristic equations for different exponents O

Exponent
Pseudo-characteristic equation
o
12 -2z —2e" =2¢;+ A;—t=0
2 z\2 z 2 _
1/3 —6zc; —3(e”)" —12¢cje” —9¢ci +24,-2t=0
1/4 —12z¢] —4(e” )’ —18¢,(e”)* =36€°ci —22¢; +34, -3t

The numerical coefficients of a pseudo-characteristic equation of arbitrary
degree are determined by the order of this degree, and its roots determine the trajectory
of the motion of the fictitious coordinate X, and consequently the output coordinate of

the closed-loop EMS, which, in accordance with the expression, (4.102) will be
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y =t —x"*=¢t —(eZ +¢ )l/a :
(4.726)

It should be noted that among the pseudo-characteristic equations
listed in Table 4.1, only the first one can be solved analytically with respect
to the variable z using known methods. In this case, such a non-elementary
function as the Lambert W function 1s used to express the solution.

Therefore, it is of interest to study the motion of the EMS in the “new”
time z, whose dependence on the "old" time ! can be determined from the

pseudo-characteristic equation
t=of(2), (4.727)
where /(2) are the components of the pseudo-characteristic equation

that do not contain the variable ?.

In the new phase space, the trajectory of the object's motion will be

- /o
yl=clocf(z)—(e +cl) . (4.728)

Thus, the motion trajectories of systems with pseudo-characteristic

equations given in Table 4.1 will be as shown in Table 4.2.

Table 4.2. Trajectories of systems for different exponents O

o Trajectory of movement

2
12 —%(2201+2€Z+201—A1)—(ez+cl)

3
13 —%(62012+3(eZ)2+12clez+9012—2A1)—(eZ+cl)

4
14 ~L (12267 +4e” +186e™ +36¢°C] +226 =34 ~(" +))

Since the pseudo-characteristic equations for integer values of the
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1

indicator @ include only components z and e”, it can be stated that in the

new phase space, the processing of the linearly increasing reference signal

is carried out linearly with a delay.

4.4.3. System response to a of complex shaped demand signal

The domain of analytical solution of equations (4.26) and (4.30)is limited to the
cases considered previously, where the input to the EMS) is either a step or linearly

increasing signal. With other reference inputs, it is not possible to find the solution of

these equations directly as a function of time ¢ when & # 1, However, continuing the
approach of changing the independent coordinate proposed in the previous section, it
is possible to transform the equations of systems (4.26) and (4.30) with an arbitrarily
complex changing input signal to an analog of the EMS, whose motion occurs under
the influence of a linearly increasing signal.

Let us prove the correctness of such a statement using the example of a first-
order linear EMS with a quadratically varying input.

Let the initial motion equations of the EMS have the form

dt (4.729)
The solution to the equation (4.127) will be the dependence

h 2 t
M1 201 2Clt+clt +A1€ ) (4730)

where the integration constant I'is determined from the initial conditions of

the equation (4.128) at = 0. We will assume that 1 (0)= O, then

or

A ==2¢. 4.732)
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L . : A .
Taking into account the found integration constant I the expression (4.128)

will take the form
_ 2 —t
V1 =2c; = 2ct+ct” —2cie . (4.733)

Let us show another method to determine the trajectory of motion (4.131).

Let us move on to a new time T, which is related to time ! by a quadratic

dependence
_ 2
T=1 (4.734)
And
t=At. (4.735)
Let us find the differential of the expression (4.133)
dt
dt =——.
241 (4.736)
M
Then, in the new time T, the derivative dt will become
d d
N _ 2t .
dt dt (4.737)

Taking into account the derivative (4.135) and the ratio (4.132), the equation
(4.127) will take the form

2\/¥% =T ).
dt (4.738)

The solution to the last equation is

o —Jt
V=t 2(:1\/;+201+Ale , (4.739)

where at ¥ 0,51(0)=0 , the constant 4 takes on a value that is defined by

expression (4.130).

oy A4 : :
Substituting the value of the constant ~ | and the expression (4.132) into the
expression (4.137) leads to the previously obtained dependence (4.131), which allows
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us to judge the correctness of introducing the “new” fictitious time T for solving the
considered equations with an arbitrary input signal.
Let us generalize the obtained results. Let the considered EMS in operator form

be described by the equations

)24 (J’ik - Jﬁ)a (4.740)
And
Py =1 - - 4.741)
Let us enter new coordinates
1 I-a
xt = = éxl & px=py| - pyy w742)
and
1 I—a
3 =Y l’éxl RN (4.743)

Taking into account the notations (4.140) and (4.141), equations (4.138) and
(4.139) will take the form

1-a
SR DR
pyr——Xx 7 pX—xX
a (4.744)
and
I-a
1 T *
—Xy X =Y — X
o (4.745)
d

Replacing the Laplace operator P with the differentiation operator dt | the
equations (4.142) and (4.143) can be represented as follows

* I-a
an 1 o Koy
dt o dt (4.746)
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and
l-a
1 . x *
o dt (4.747)
We will assume that the demand signal of arbitrary shape depends on time
%
n = 1. (4.743)
Let us introduce a new time T, related to real time by the dependence
=7 ©. (4.749)
Then the differential will be true
df (¢
(4.750)

and derivatives

dt dt dx dx dt

dv df(t)’ dv dtdt 4.751)
@
From the expression for the derivative dt | it follows that
dx dxdr
dt duvdt (4.752)

Taking into account the accepted notations, the motion equations of the

considered EMS will take the form

X
o dv dt (4.753)

and

o drt dt ' (4.754)

The obtained equations have a form similar to those considered previously.
Therefore, for the investigating of EMS with a complex input signals, the following
algorithm can be proposed:

* Introduce a new time T which obeys the dependence (4.146).
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* Transform the motion equations from the old-time basis to the new one.
« Use the calculations of the previous section to study systems with a linearly
varying input signals.

» Perform the reverse transformation of the obtained results.

4.4.4. Temporal characteristics of high-order EMS

Unlike the trajectories of a closed-loop linear system, the analytical
determination of the trajectories of an EMS with a nonlinear activation function by
directly solving the corresponding system of differential equations is associated with
certain challenges due to the order of the nonlinear system. Therefore, we transition
from the equations of motion of the EMS with a nonlinear activation function to the
corresponding equations of integral curves. This approach allows us to reduce the order
of the considered system and thereby simplify its mathematical description.

Let the motion of an electromechanical object of the 7 -th order be described by

a system of differential equations in Brunovsky form

DVI= V23 PV =V35 DVl = Vs DVy = V- (4.755)
d
P>
By performing the substitution dt | we bring the equations (4.153) to the
form
@:y '@:y '...dyn_lz 'dyn:v
d " dr 7 a4 " ar (4.756)
and expressing the differential of the independent variable dt through the state
variables
N =gy X2 =gy 2ol = gy Y gy
b)) V3 In v (4.757)
we get
dyy _dyy _ _ @Wn1 _ Dy
Y2 3 Yn 4 (4.758)
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By choosing the variable »1 as an independent one and using the relations

(4.154), we can write a system of equations of the form

Ay V3. Wy _Vy Ay Y

dy; Vs ’ dyy,  » ’ dy; ¥ (4.759)
or in general terms
Wy _ Y ,j=2,-,n—1;
dyy ¥
dy, _ v
dy yz. (4.760)

The resulting system describes the integral curves of the considered EMS. The
system of equations (4.158) does not contain a variable f and therefore has a dimension
n—1 Sucha system of equations is convenient to use when controlling the full vector
of state variables. In the case when the control input V does not depend on the k -th

i
coordinate, the fraction Yk+1 can be excluded from the relations (4.156). This also
reduces the order of the system (4.158) and simplifies its description.

Thus, the order of the system of equations describing the integral curves of the

considered EMS is at least one less than the order of the original system of motion

equations and allows us to determine the variable states of the system through a new

independent coordinate 1. Subsequent substitution of the found solutions into the
equations (4.154) and their integration over time allows us to determine the unknown
trajectories of motion.

We will consider the peculiarities of solving the equations describing the motion
of the EMS in the phase space formed by the state variables of the electromechanical
object using the example of a second-order EMS, the dynamics of which in Brunovsky

form is described by equations.
Py = Yo
Py, =v (4.761)
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and the control input in the general case has the form

_a *_ . . *_ _
v \/yl iy —kayasign(yy —kiyy —kay2). (4.762)

We will assume that the coefficients ki and ka are selected to ensure asymptotic
behavior of transient processes in the system, i.e. the condition is satisfied along the

entire trajectory of motion

%
M _klyl _k2y2 2 0. (4.763)

This assumption allows us to represent the equations (4.159) together with the

algorithm (4.159) as follows

PV = 2
pPY> = O\L/J’l —kiyn — k. (4.764)

In the case where the condition (4.161) is not met, the dynamics of the system

(4.162) will be described by the equations
P = V2,
O\L/ * . *
_ v~k —kaya, i oy =k —koya 20;
%k . *
Y-tk ks, O~k — ko < 0. 4.765)

P2

%
i.e. the switching line 1 ~ iy —kyyy =0 splits the system (4.163) into two

subsystems
PV = Vo
PYr = O\L/J’ik —ky —ky, (4.766)
and
Py = Va5
pyy = —({L/— n +ky ks, (4.767)

which are symmetrical with respect to the switching line. Dividing the second

equation of the system (4.162) by the first, we eliminate the independent variable £
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5)/ %
2 =2 = O\L/J’l —ky —kyy;.

oy, (4.768)

Using known analytical methods does not allow us to determine the solution of
the differential equation (4.166). However, solutions can be found for a number of
special cases.

Let us consider these solutions.

* Let the feedback coefficients ki and ky be equal to zero. In this case, the
considered EMS is described by a system of differential equations
Py = V2,
=431 (4.769)

and corresponds to an open-loop system, the block diagram of which is shown

in Fig. 4.9.

Y2 YL

3=

Y

3 =

A\

yf%v

Fig. 4.9. Block diagram of open-loop second-order EMS

The analytical solution of the system of equations (4.167) with respect to 1

under a constant reference input, obtained without reducing the order, has the form

: . A : L
where the integration constants ~ | and 4 are determined from the initial

conditions
d
»n(0)=0, % =0
Eli=0 4.771)
by ratios
4,=0,4,=0. (4.772)
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Thus, the equation (4.168) will take the form

1 4
Jﬁzg%hfa

The expression (4.171) agrees well with the previously obtained results of the

(4.773)

study of open-loop systems and is obvious. We will consider the obtained results as
reference.
Now we solve the system (4.167) by reducing its order. To do this, dividing the

second equation by the first, we get

k

dyy _
dy, (4.774)
or
dy *
yrgiz%Yp
% (4.775)

As already mentioned, equations of the form (4.173) are Abel equations of the

second kind and have a solution

1
yo(v) = i\/z(yf )O‘n + 4. (4.776)

. —y .. A=
Considering the initial conditions * !

/ 1
== 2(;Vik )O‘yl- (4.777)

Substituting the expression (4.175) into the first equation of the system of

1
d €|
D= (1) = i\/2(y1 )O‘y1,

dt (4.778)

equations (4.167)

we will reduce the resulting equation to a separable variable equation
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dy,
*1/(1

2y

= tdt,

(4.779)
the solution of which

1 *1/0(, 2
MZEM(F“%)

(4.780)
taking into account the initial conditions, takes a form that fully corresponds to

the previously obtained expression
1 * 2
n==-Int.
2 (4.781)

« Let us close the considered EMS by feedback on the output coordinate 1 (Fig.

R v [1] % [1 Y
ﬁ_ {2 i .

ki

4.10).

A

Fig. 4.10. Block diagram of a second-order closed-loop EMS

Mathematically, this corresponds to a nonzero coefficient ki in the motion
equations (4.162)

P = Vs
leZ%Y1—hyv

(4.782)
In the equations (4.180) we will perform the substitution

_ ¥ . o U
w? =y =k y; an™ pw= py; —k pyy (4.783)
and we will represent the system (4.180) as follows
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py; — o™ pw
kl
pyy = w. (4.784)

%
Assuming that the reference action 1 does not change, we represent the system

= Va2,

(4.182) in normal form

ki,
PwW=—— 1>
ow
pyy =w (4.785)
and write down the equation of the integral curve
dy, _ ow”
dw Ky (4.786)

which is a separable variable equation

kyyody, = —aw®dw (4.787)

the solution of which is obvious

IklhdJ’z = —J.OCWadW,

1, > o g+l
Ly =y
22T
Yy = ii\/— oo+ 1) kwH.
ky(o+1) (4.788)

Taking into account the notation (4.181), the last expression can be represented

as follows

\/5 o+l

=+ —a(a+ Dk —ky) @,
V2 k(o+1) ( Yo (yi —kiyy)

(4.789)

where the “+” sign is taken when the coordinate Y1 increases, and “— when it
decreases.

Substituting the found expression into the first equation of the system (4.180),

we get a differential equation for determining the unknown coordinate 34|
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J2 o+l
py = J—rﬁ —o(a+Dig(yy —ky) ¢ .
(a+1) (4.790)

The solution of the equation (4.188) determines the motion trajectory 1 () n

the class of exponential functions

(kltZ (oH—l)2 exp(oc,t)+2yfoc2 +2yfoc)

yl = , O ¢1
2kjo(a+1) 4.791)
where
In 20c(0c+;) )
kl (O(,—l) t
exp(a,t)=e (1-1/a)a , o1 (4.792)

When & = 1, the equation (4.188) takes the form

| A\ = 4k1W2

Py =
2 K (4.793)

b

and its solution, taking into account (4.181), will be

=T

+ )

ky (4.794)

=

Analysis of the expression (4.190) shows that the range of values of the functions

exp(aL,t) 54 eV M1

is the range of complex numbers, which corresponds to the

occurrence of oscillations on the curve of the transient process. This fact is beyond

doubt, since when O =1 the considered EMS turns into a well-known conservative

system with a transfer function

K
2 9
Ip~ +1 (4.795)

W(p)=

and when 00 # 1, it can be classified as a conservative dynamic system of the

second order with a variable time constant depending on the control error
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K
W(p)= (*_ )2+1'
Y1 =N )p (4.796)

* Now let the coefficient ka be non-zero, and the coefficient ki to be equal to
zero. In this case, the considered EMS has one zero root of the characteristic equation,

and its dynamics is described by the following equations
P = Va2

PYr — OL\/ Y1 — )2 (4.797)

The corresponding block diagram is shown in Fig. 4.11.

(1 yr — kay2 ]K v 1] ¥2
La > 1—) L 4 >

Y1

SR

ks

Fig. 4.11. Block diagram of a second-order closed-loop EMS

with a zero root of the characteristic equation

Generally speaking, to determine the trajectories of the system shown in Fig.

4.11, it is convenient to use the calculations obtained in the study of first-order dynamic
systems. In this case, the coordinate Y2 is determined, and then, by integrating it, the

variable 1 is determined.
However, this approach involves solving two differential equations and
contradicts the considered methodology of studying EMS using integral curves. Let us

compose an equation of the integral curve for the system (4.195)

dyy _ {3 -

dyy Y2 (4.798)

Let us introduce a notation for the expression under the radical

W=y =0 (4.799)

and write down its differential
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ow® dw=dy, —dy,. (4.800)
With a constant reference input, the expression (4.198) will take the form
—aw* ldw=dy,. (4.801)
Taking into account the differential (4.199), the expression (4.196) will be
~ ow® Ldw _ W
dy oy -t (4.802)
or
dw _ W
dyy Ot(yik - w") . (4.803)

The equation (4.201) is a separable equation and can be represented as follows

_a v

dy 1= 2—a
w (4.804)
Then, the solution to the equation (4.202) will be the dependence
B Otha_l awa—ly;“
Y11= - :
201 a—1 (4.805)

Taking into account the dependence (4.197), the expression (4.203) can be
represented as follows

2-1/a 1-1/a _ *

_ o —») e =») T
2001 o—1 (4.806)

N

The dependence (4.204) found in this way can be used in two ways:

1. To determine the coordinate 2 in a function Y1 with subsequent solution of

the differential equation

Py = 2. (4.807)

2. To directly determine the desired coordinate 1, excluding the solution of the

differential equation (4.808)

However, in this case the coordinate Y2 must be a known function of time, 1.€.
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determined according to the calculations presented earlier.

Analysis of the equation (4.205) shows that the first method is reduced to solving

a nonlinear equation (4.204) with respect to Y2, which in general has no analytical
solution. Therefore, it is preferable to use the second method together with the
calculations presented in the previous section.

The considered expressions and relations show that in the general case, for
arbitrary values of the exponent @, it is not possible to determine an analytical
expression for the transition function of a system with internal feedback and an
irrational activation function. Therefore, further research will include the results of

numerical calculations.
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CHAPTER 5
SYNTHESIS OF CLOSED-LOOP ELECTROMECHANICAL SYSTEMS
WITH NON-LINEAR ACTIVATION FUNCTION

5.1. Motion of characteristic equation roots of a closed-loop system with a

non-linear activation function

5.1.1. The concept of free root movement

The use of the root method for the synthesis of control systems is, on the one
hand, fairly simple and informative, and on the other hand, a powerful tool for setting
the desired dynamics of a closed-loop system. Moreover, currently, only time-invariant
characteristic equations are used in modal synthesis, the coefficients of which do not
change during the operation of the system. However, there are studies devoted to
dynamic systems with free movement of the roots of the characteristic equation [10],
1.e. systems in which the values of the coefficients, and therefore the roots of the
characteristic equation, constantly change as a function of state variables, control
inputs, time, etc. Such characteristic equations can be described by a dependence of the

form

n
Zai(nauala' ’ )pl =0.
=0 (5.809)

From the control theory perspective, equations whose coefficients change as a

function of state variables are of the greatest interest

Zai mp; =0.
i=0 (5.810)

Let us consider the change in the coefficients of the characteristic equation of a
system with an irrational activation function using the example of a first-order dynamic
object

pn = apy +muU. (5.811)

Let's assume that control is being applied to the object
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U =—k|n|" sign(n,), (5.812)

k
where 1 = V1 =1
Non-linear control (5.4) can be represented in a form similar to linear control if

we introduce the concept of “variable gain factor of the controller”

U=-gm)n;. (5.813)

Dividing the control input (5.4) by the control input (5.5), we obtain

| Zk|mi[” sign (ny)

—g(npn; (5.814)
where
k-my” k
g(nl): “nl“ - l-o °
L ut (5.815)

Substituting the control algorithm (5.5) into the equation (5.3), we get a system

of equations that describes the dynamics of a closed-loop electromechanical system
py = apy +muU;
U= —g(m)m- (5.816)
The block diagram of the closed-loop system, which is described by the

equations (5.8), is shown in Fig. 5.1. The corresponding transfer function can be

defined as follows

1/p g(mpm
g(ﬂl)mll/ o
(p) - —ay/lp  _ gmy)my —ayy
p 1/p 1
1+ g(ny )my p+l
l—ap/p  gmpm —ay . (5.817)
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y*(pi—n(p) V)
g (771.) = My

Y1(p)

Fig.5.1. Block diagram of the investigated control system

-k

Comparison of the transfer function (5.9) with the transfer function of the

aperiodic element

w(p)=——

Ip +1 (5.818)
shows that the investigated control system is equivalent to a first-order aperiodic

element with a gain factor and a time constant

g(m)nh . oT= 1
g(n)m—a;’ g(n)m —ay (5.819)

Taking into account the dependence (5.7), the parameters (5.11)can be

K:

represented as follows
mlk‘nl‘a _ mlk .
mlk\m\a - au\m\ mk — an‘m‘l_a

1-a
N 1 n
T(ﬂ ) — ‘ 1‘ — — ‘ 1‘

K(m)

mlk\m\“—au\m\ mlk\m\a_l—an mlk—an\m\l_m

(5.820)
The expressions (5.12) show the change in the parameters of a closed-loop
system as it moves from any initial position to the steady-state point, which is

determined by solving the equation of steady motion of a closed-loop system
apy; +mg(nn; =0. (5.821)

When OLZI, expressions (5.12) are converted into the well-known

dependencies
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myk 1
K=—7— Tly)=—F—
mlk —daq mlk —ap (5822)

in order to determine the gain and time constant of a linear control system with

an algorithm

U = (k). (5.823)
Thus, the parameters of a control system with an irrational activation function,
which are described by the expressions (5.12), are a generalization of the known results
obtained for linear electromechanical systems.
Let us consider the values of the parameters (5.12) when the system moves from

a point in phase space lying on the boundary of the system's domain of definition to

the origin. At the first moment of time, the deviation N1 becomes equal to one

*

nl - yl _ - yl * = 19
n=b =0 (5.824)
and the expressions K (nl) and r (T]I) are respectively equal to
_ mk _ 1
k() 1 mk—a,’ () -1 mk—a;,
| 1 11 N1 1 11 (5825)

Comparison of expressions (5.14) and (5.17) shows their identity and allows us
to conclude that the movement of a system with an irrational activation function begins
at the boundary of the domain with parameters corresponding to the parameters of a

linear system.

If the control system reaches the origin, then the deviation N1 becomes zero, and

the values of parameter (5.12) can be determined by considering the limits

k k
lim K (1;)= lim —— =" =1
711—>0 n1_>0 mlk_all |T]1| mlk
lim 7 (n;)= lim LT
ﬂ1—>0 n1—>0 mlk—all |T]1|1_a

(5.826)
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Analysis of the expressions (5.18) shows that when the origin is reached, the
system (5.8) becomes inertialess with a unit gain factor, i.e., it is equivalent to a relay
system operating in a sliding mode. However, taking into account that the control
system (5.8) with the algorithm (5.4) is static, achieving a zero steady-state error in it
is possible only for very small values of the exponent @ . In other cases, for the

considered closed-loop system, the domain of definition of the functions (5.12) is
limited, on the one hand, by the initial deviation of the system M (0), and on the other

— by the point of the steady-state mode N (OO)

An analysis of the results of mathematical modeling of the studied control
system with single parameters under a single reference input allows us to construct the
dependences of the equivalent gain factor and time constant of the system on the

control error, shown in Fig. 5.2.

1.0

0.8t
~—~0.6} -
= :
< 04b , T a=05

0.2 o

0.0/ 08 ~0.6 ~04 ~0.2 0.0

1.0

08 T~ w15
f VaV:I,O;
a=05

—06 | ‘

=
~

0.2

0.015 02 06 , 04 03 5.0
1

Fig. 5.2. Dependences of equivalent dynamic parameters K (nl) and r (nl)

on the deviation "1

Often, when analyzing the dynamic characteristics of control systems, instead of

MONOGRAPH 230 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

analyzing the time constants, the roots of the characteristic equation are considered.
For the considered closed-loop system, the characteristic equation can be represented
as follows

P +1=0.
gmym; —ay, (5.827)

The solution of the equation (5.19) allows us to determine the desired value of

the root

pny)=—g(n)m +ay, (5.828)

or taking into account the expression (5.7)

_ myk — au‘m‘l_a

P(ﬂl): 1—a
ult . (5.829)

The graph of the dependence of the root of the characteristic equation (5.21) on

the deviation " is shown in Fig. 5.3.

—-101% Z08 ~0.6 ; ~04 02 0.0
1

Fig. 5.3. Movement of the root of the characteristic equation
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The analysis of the dependencies shown in Fig. 5.2 and 5.3 confirms the
previously made conclusions about the reduction of the static error of the system for
the control input with a decrease in the exponent @ and allows us to formulate several
theorems on the equivalent dynamic parameters of closed-loop systems with irrational

activation functions.

Theorem 1. The values of the gain factor of a closed-loop system K (Tll) in

*
steady-state mode with a constant reference input N (t) and different exponents O [ie

on a single straight line.
Proof. To prove the theorem, we define the gain of a closed-loop system as the

ratio of the output signal to the input signal in steady-state mode.
K = (1)

e *
i (¢) (5.830)

Taking into account the expression (5.3), the coefficient (5.22) can be

t—)oo'

represented as follows

K = 1 (£)+m ()

’ yi(e) froee (5.831)
or
K, = 1+—ni(t) .
» () = (5.832)

The linear dependence of the gain K on the deviation "1 at a constant reference

%
signal V1 (t) in steady-state mode has been proven.

Theorem 2. The values of the time constant of a closed-loop system r (nl) in

*
steady-state with a constant reference signal 1 (t) and different exponents & lie on a

single straight line.
Proof. Let us write the transfer function of the closed-loop control system for a

generalized first-order dynamic object
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o(p)= gK\/Tip+1 _ gk, _
1+gK/Tip+1 Tip+1+gkK,
__gKy/gk, +1
and write down the equivalent gain and time coefficients
K
K,= 88X :
gK+1
T,=T,/gK;+1. (5.834)
Having equated the values of the coefficients (5.23) and (5.26)
gki _ y()+m(2)
gk, +1 yl(t) { — © (5.835)
Let us find the component gk +1
n(t) lt — o0 (5.836)

The expression (5.28) allows us to represent the equivalent time constant I, as

follows

T = —TlM
’ » ()

The linear dependence of the equivalent time constant on the value of the steady-

b= (5.837)

state error of a closed-loop system is proven for a constant reference signal f (t)
Taking into account that for the considered control object the root of the
characteristic equation of the closed-loop system is determined by an expression of the
form
1
Pe =~

I, (5.838)

we can formulate a corollary to Theorem 2: The values of the root of the
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characteristic equation of a closed-loop system p (Tll) in steady-state with a constant

*

reference signal Y1 (t) and different exponents & lie on a single hyperbola.

The proof of this statement is obvious and follows from the substitution of the
time constant (5.29) into the expression (5.30).

The analysis of the results obtained when proving the theorems formulated above

shows that the parameters of a control system with an irrational activation function

%
depend on two quantities — the deviation N (t) and the reference input 1 (t ) It should

be noted that these quantities are not independent. The deviation value nl(t ) is

determined by the parameters of the control object, the reference input and the

exponent &, In general case, the deviation N (t ) is also affected by the disturbance.
Therefore, the expressions (5.24), (5.29) and (5.30) can be represented by the following
dependencies

Ke :1+fK (y;k (Z),OL) t—)oo;

9

[—> 0

I,=-Tfr (J’f (t),a)

pe=1, (5 (1).0)

t—0 (5.839)

The functions Tk ()a Jr (), f p ()

results of solving the equation of static equilibrium of a closed-loop system (5.8) into

expressions (5.24), (5.29) and (5.30).

are determined as a result of substitution the

Summarizing the above calculations, the following conclusions can be made: the
steady-state values of the gain and time constant of a closed-loop time-invariant
electromechanical system with a non-linear activation function linearly depend on the

control error. In transient modes, these dependencies are described by irrational

functions (5.12).
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5.1.2. Trajectories of free root movement

The calculations given in the previous section show that the roots of the
characteristic equation of a system with an irrational activation function change their
value depending on the control error. However, in addition to the absolute values of
the roots of the characteristic equation, their distribution on the complex plane is
important because the same roots, when placed in different quadrants of the complex
plane, significantly affect the curve of the transient process, altering it from
asymptotically stable to unstable.

Let us consider the influence of the activation function on the distribution of the
roots of the characteristic equation of a closed-loop second-order system, the perturbed

motion of which is described by the equations

PN = appMys PNy = apy My + axpny +mpU. (5.840)

For a dynamic object (5.32), optimal control

—_— —_— a .
u=f(S)=—k|S|" sign(S) (5.841)
will be searched from the condition of minimization of the integral functional

© 1+ Hia
I=I ‘S‘ a+C‘u‘ o |dt.
0 (5.842)
In the control input (5.33) and the functional (5.34), the switching line is

determined by the expression
S =My +VviaN2, (5.843)

where the weighting coefficient V12 is related to the coefficients of the

Lyapunov function

V= Z TRTUYE --:le-
i,j=1 (5.844)

by the dependency [15]

via = V! V. (5.845)
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The coefficients of the Lyapunov function Vin in accordance with the modified

symmetry principle are determined through the parameters of the control object
Vo ==ay;Vy =a,. (5.846)
The system of equations (5.32) together with the control input (5.33), equation
(5.35) and coefticients (5.37) and (5.38) allows us to write down equations describing
the dynamics of a closed-loop electromechanical system with an irrational activation
function

P = a2M2s

a

. a
SIgn(m ——12q,

a2 j
42 (5.847)

M——"M2
ajry

PN = ay My +ayn, —myk

Using a variable coefficient

a(5)~sian(s)[s[*
S (5.848)
allows us to represent the system (5.39) as follows
PN~ 41Ny,
Py =lag; —makg(S)n; + {azz 12002 kg(S)}nz-
422 (5.849)

Taking into account the notation (5.35), the coefficient (5.40) will be

o—1
ajp
m—— M2

g(s)=[s|"" =
dnn

(5.850)

Then, denoting the coefficients of the closed-loop system as follows

m-ad
by =ayy;by =ay —mykg (S); byy =ay, +——2kg(S),
a2 (5.851)
we will write the system (5.39) in the form
=DMy pny = by +byomy. (5.852)

The performed transformations allow us to represent the dynamics of the original
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closed-loop non-linear system (5.39) in the form of equations (5.44) that are similar to
the equations describing the free motion of a linear system.

For the system (5.44) we will create a determinant

O-—p by
M=y
21 2~ P (5.853)
which, when expanded, gives the characteristic polynomial
_ 2
A(p)=p~ —byyp—byybyy. (5.854)

The roots of the polynomial (5.46) are determined by the dependencies

2
Dy = by, i\/bzz + 4Dy,
’ 2 ’ (5.855)

which, taking into account the notations (5.43), will take the form

a m~ oS )ay,k
Pio= 2 2g( )12 n
2 26122

2
* l (6122 + ng(S)kal_2\ + 4((121 — ng(S)k)alz .
2\ 422 (5.856)

Since the coefficient 422 is negative, the first two terms of the expression (5.48)

are also negative. Comparing the sum of the first two terms with the radical expression

shows that the roots of (5.48) will be negative real numbers if the inequality is satisfied

2
[azz + ng(S)kaLz] +4(ay; —myg(S)kar, 20

a2 (5.857)

The expression (5.48) and inequality (5.49) show that the roots of the

characteristic equation of a control system with an irrational activation function for

different values of the coefficient & (S ) can take real and complex values.
The inequality (5.49) allows us, with known parameters of the control object and
the controller, by solving the equation

m%alzzg(S)zkz/agz + (2m2a12k — 4mka12 )g + Cl%z + 461126121 = 0,
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(5.858)

which is obtained from the inequality (5.49), to determine the value of the gain

factor & (S)b that transforms the complex conjugate roots into the real ones

_ap (022 t2=aypa )

g(S .
() myay ok (5.859)

Thus, during system startup, the roots of its characteristic equation will be

complex conjugate if the equivalent gain of the controller

K, =k g(s) (5.860)
1s less than the value
P (azz t2 —alzazl)
eb .
Madi (5.861)

In this case, the damping properties of the closed-loop electromechanical system

decrease and its boost occurs. When the coefficient & (S ) reaches the value & (S)b ,
the roots become real and further movement occurs along asymptotically stable
trajectories.

In the case where the movement must initially be carried out along asymptotic
trajectories, based on the known initial value of the coefficient g (S)O , the minimum

permissible value of the gain factor ke of the controller can be determined using

dependencies similar to (5.51)

_ap (azz t2\/-apa;y )
myd;n§ (S)O (5.862)

kp,

Physically realizable values of the gain factor ke are those calculated in

accordance with the dependence

_ 42 (azz —2\—apay )
myd;p g (S)O (5.863)

ky
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The above calculations allow us to make several conclusions:

S)

« The use of a variable coefficient & ( , which is a function of the coordinate
of the representative point on the equilibrium state line of the controller, allows us to
describe the dynamics of a closed-loop electromechanical system with an irrational
activation function in the form of differential equations of the free motion of the
system. The resulting system of differential equations has a form similar to a system of
linear differential equations and can be studied by known methods of the linear theory
of dynamic systems.

» The roots of the characteristic equation of a closed-loop electromechanical
system with an irrational activation function (CLES IAF) depend not only on the
parameters, but also on the coordinates of the perturbed motion of this system. This
property of CLES IAF creates the basis for the formation of such an activation function,
which, when the system moves, will ensure the desired distribution of its roots and
thereby form the required transient process.

* When the values of the controller gain factor are less than that determined in
accordance with the dependence (5.54) and for large deviations of the controlled
variable, the roots of the characteristic equation of the CLES IAF can be complex
conjugate. In this case, the system's stability margin decreases while its response speed
increases. This conclusion allows us to formulate the following recommendation: the
startup of any dynamic system with an irrational activation function should be carried
out in such a way that for large deviations its roots are complex conjugate, and when
approaching a given value of the controlled coordinate they become negative real.

* The equivalent gain factor of the controller, at which the transition from the
complex-conjugate roots of the characteristic equation of the CLES IAF to real ones
occurs, does not depend on the coordinates of the perturbed motion of the system and
is determined by its parameters. This conclusion allows us to assert that the change in
the type of roots will occur at any initial deviations in the system, thereby allowing the

prediction of its motion.
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5.1.3. Stability analysis of closed-loop EMS with non-linear activation

function

The calculations given in the previous sections show that the roots of the
characteristic equation of a non-linear system move along certain trajectories.
Moreover, the sliding mode occurs in a system with a large gain factor in in the vicinity
of the origin of the phase space. It is obvious that the ways of moving from any initial
point of the phase space to the origin of its coordinates are infinitely many, as is the
number of trajectories of the roots of the characteristic equation. Taking into account
that both elementary and non-elementary functions can be used to specify the variable
coefficients of the desired characteristic polynomial, determined by combinations of
the trajectories of the roots, the problem of analyzing and synthesizing a closed-loop
EMS with a non-linear activation function in general is unsolvable. Therefore, before
choosing the reference trajectory of the roots, the type of the desired control input
should be specified.

In general, the algorithm of operation of a controller with a non-linear odd
activation function is a combination of the state variables of the EMS and the control

inputs

U:f(yl>y27'"aymaylsyb“"yn)’ (5.864)

moreover, the number of control inputs /7 is not necessarily equal to the number

of state variables 77 ; moreover, in most practical cases, single control input is fed to
%

the controller input Vi , which determines the desired level of the controlled variable
Vi
%

This algorithm allows achieving high dynamic characteristics of EMS and

ensures the desired quality of control processes. However, the definition of a function

of several variables J() is complicated by the lack of an analytical connection

between the trajectory of the non-linear system and the roots of its characteristic
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equation.
Therefore, we will consider the control algorithm, which is formed according to

the expression
U= f(S), (5.866)

where the switching line S is determined by a linear combination of the

components of the state vector

i=1 . (5.867)
The process of EMS control is characterized by the symmetry of the static
characteristic of the controller implementing the algorithm (5.58) relative to the origin.

This fact allows us to represent the control (5.58) in the form

U=g(S)Ss, (5.868)

Where g (‘SD 1s a variable coefficient

e
| S| (5.869)

g(Sh=

Substitution of the control input (5.60) into the equations of motion of a
generalized electromechanical object of the 7 -th order, specified in Brunovsky form,

allows the equations of the closed-loop EMS to be written as

P =22 P = Ves Ve = 8USDS (5870
or taking into account the expression (5.59)
PV =2
PYn1=Vn>

n
PVn —g(lSI)La,-yj —Zaz-yij-
=1 (5.871)

Expanding the brackets in the last equation of the system (5.63), we get
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PV1=Yas

PVpa1=Vn>

pv,=8(SNa,;y;=> a;g(S)y;.
i=1 (5.872)

or taking into account the first 77 — 1 equations of the system(5.63)

PV1=Xas

PVn1=Vn>

py,=g(Sha,y;=> ag(Shp " y.
i=1 (5.873)

From the last equation of the system, it is easy to obtain the characteristic

equation of a closed-loop EMS with a non-linear activation function

P+ Y ag(Shp T =0
i=1 . (5.874)

The coefficients of the characteristic polynomial (5.66) of a closed-loop system
are determined by the trajectory of the change in the gain of the non-linear element and
the parameters of the switching line that determine this change. Consequently, these
quantities also determine the properties of the closed-loop system.

Using the found characteristic polynomial, we will study the stability of the
system. For this, we will compose and analyze the Hurwitz determinant and its
diagonal minors of a closed-loop system of the third order. In accordance with the

expression (5.66), the characteristic equation of such a system will be

P’ +asg(SDp* +arg(SDp+aig(SN=0. (5475

The Hurwitz determinant for this system is
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azg(|S)) a;g(|S)) 0
Ay=| 1 a,g(|S)) 0

0 a;g(|1S) a1g(IS)) (5.876)

»

and its minors are

a38(IS) ag(S1)

Ay =
I ag(S)

(5.877)
and

Ay =a3g(|S)). (5.878)

We will assume that the coefficients % , determining the switching line and the
gain of the controller & (SD are positive.
Then the positivity of the minor A will be obvious.
The minor Ay is positive if the condition is met
a3a,8” (1S D~ ag(|S)>0 (5.879)
or
a3a,8(|S|) > ay. (5.880)
The Hurwitz determinant itself satisfies the condition
azaraig” (|S)-aig(1S)>0, (5.881)
which, after simplification, degenerates into the condition (5.72)
azayg(|S])—a; > 0. (5.882)
As follows from the analysis of the obtained results, as the gain coefficient

g S increases, the value of the Hurwitz determinant and its minors increases, and,
as a consequence, the stability margin of the closed-loop EMS also increases. This
result is paradoxical from the point of view of classical automatic control theory, but
can be explained by an increase in the stability of the system operating in sliding

modes, and i1s confirmed by the results of mathematical modeling of a third order
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system, which is described by equations (5.65) with unit feedback coefficients % and

different values of the gain factor & () (Fig. 5.4-5.7 and 5.8-5.11). Figures 5.4-5.7
reflect the results of studying linear control systems. Fig. 5.8 and 5.9 are provided for
a relay control system, and Fig. 5.10 and 5.11 — for a control system with a non-linear

activation function.
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Fig. 5.4. Gain factor g(|Sh=1
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Fig. 5.5. Gain factor g(|S))=2
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As can be seen from the provided graphs, the relay system, as the system with
the highest gain factor of the controller, exhibits the least overshoot, and therefore the
maximum stability margin.

Summarizing the above analysis of the stability of a closed-loop third-order

EMS, it can be stated that for the stability of a system with a non-linear activation

function it is sufficient that the gain factor & (.SD obeys the following inequality
aras
g(Sh> :
a4 (5.883)

Generalizing the condition (5.75) to the case of an arbitrary dynamic system of

the 7 -th order, we can say that the value of the gain factor & (IS |), at which the

closed-loop system is stable, is determined from the condition of positivity of the 7 — 1

diagonal minor of the Hurwitz determinant
M (1)1 (@, €(1 S D) > 0. (5.884)
he last expression allows determining the minimum permissible values of the

gain factor & (SD at which the system remains stable. These values for different

distributions of the roots of the characteristic equation are shown in Table. 5.1.

Table 5.1. Gain factor values

Gain factor
Polynomial
g(S Dmin
Newtonian distribution
> +2g(SNw,p+o; g(Sh>0
P’ +3g(1SNwop” +3g (S Ny p+ g g(ISN>1/9
p4+4g(|S|)(00p3 +6g(|S|)co(2)p2 +4g(|S|)033p+0)3 g(ISN)>1/5
Butterworth distribution
P +1,4g(Swyp+g(S)wg 2(S)>0
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g(S)h>1/4

PP +2g(Shoyp® +22(1S o p+g(|S ey

p*+2,62(1SNwyp’ +3,4g(|SNogp” +2,62(1S Ny p+g(|S e &15D>0.41667

Distribution implementing sequential regularization based on the modified

symmetry principle

P> +(g(S)+1) oy p+ig(S]) g(I5h=0

5.2. Determination of Control Objective

5.2.1. General recommendations for justifying the choice of integral quality

functionals

The results obtained in the previous chapter indicate a clear connection between
the solution of the problem of analytical design of controllers using the modified
symmetry principle and modal control. Therefore, the synthesis of control algorithms
as a result of solving optimization problems is of interest.

Let us first consider the general methodology for the mathematical justification
of quality functionals that are minimized by optimal controls with a non-linear
activation function.

All calculations will be carried out for a generalized dynamic object of the third

order, the perturbed motion of which is described by the equations

pny =bymy +bipn, +by3Ms;
PNy = by +bymy +by3ms;
PNz = b3y +b3ony +b3zng +m3Us. (5.885)

It should be noted that any electromechanical system can be reduced to a
dynamic object of the third order with a known degree of accuracy.
To increase the static accuracy of control systems, we will expand the phase

space in which the dynamics of the control object (5.77) is described,
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PNo = My>
Ny = by +bipNy +by3N3;
PNy =DbyMy +bypNy +by3M3;
PNz = b3y + b3y + b33Nz +m3Us. (5.886)

Generalizing the systems (5.77) and (5.78), we note that here we will consider
linear or linearized electromechanical objects with a single input, which are generally

described as follows

n
n;, = Zbl]n] +an, i=1,...,n
J=1 (5.887)

and

PNo = le;

Z M +mU, i=1,...n
(5.888)
where X is the number of the controlled variable, 7 is the order of the control
object.
We introduce a quadratic Lyapunov function into consideration, which
determines the dissipation of the stored excess energy on the trajectories of the

perturbed motion (5.78)

V= Z MM

£,j=0 (5.889)

Vi =Vji (5.890)

For a dynamic object that is described by equations (5.78), the Lyapunov
function (5.81) will be

"= Vooﬂ% +2VyMoeni +2Vgamen2 +2Vp3nons +
2 2 2
Hm +2V My + 2V smms + VM3 +2Vp3nans + V33, (5.891)

Let us define the quality functional, the minimization of which corresponds to

the achievement of the control goal on the trajectories of the perturbed motion (5.78).
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This functional will be sought in the class of integral functionals, the integrand
of which consists of two terms: one of which depends only on the deviations of the
controlled coordinates and determines the dynamic and static characteristics of the
control system, and the second, which determines the consumption of control energy,

only on the control input.

I=|[F(mg,ny,+m,)+GU)]at.

S = 8

(5.892)
For the object (5.78) and the functional (5.84), replacing the Bellman function

with the Lyapunov function, we will compose the basic functional Bellman equation

dVv,
—L +F(Mp,M1,M2,M3)+G(U)=0,
dt (5.893)
where dv/dt 1s the total derivative of the Lyapunov function (5.81)

i (5.894)
or for a generalized dynamic object of the third order (5.78)

dv

E: 2(Vooﬂo +Vo1My +VoaMa +Vo3N3 )m +

+2(1/10110 +m Vo2 +V3n;3 )(bl 1My oM, +by3M; )+
+2(Vzono +Vomy +VoMy +Vo3ms )(bzﬂh +byyM, +by3M; )+
+2(V3Mo + V31 + P3N0 + 73313 ) (B3 My +b3omy +bs3m; +m3U)(5.895)

or taking into account the relationship (5.82) between the coefficients Vij

dvy

o 2(Voono +Vormi +Voonz +Voam3 )ny +

+2(VomMo +V11m +VioMs +V13m3 ) (B +bypmyp +byans )+
+2(V02no +V o +V oMy +Vosms )(b21n1 +byyM, +by3M; )+
+2(VosNo +V13M1 + V230 + V3303 ) (bs My +b3oM, +b33ns +mU). (5.896)

The total derivative of the Lyapunov function (5.88) fully corresponds to the
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derivative found for a similar linear object and is given in [15].

From the total derivative (5.88), we can extract the total derivative of the

Lyapunov function with respect to time

dvy
7;: 2(Vooﬂo +Vo1M +Voon2 +Vosms )m +

+2(Vomo M VM2 +an; )(1911111 +b1,M; +b13M; )+
+2(V02ﬂo + VoM VoMo +Vo3ms )(bzlm +byyMy +by3M;3 )+
+2(VoaMo + Vi3 +V23M2 +¥33m3 ) (bsymy +b3om; +b33m3) (5.897)

for free motion
PMo ="
Py =bymy +binp +by3M3;
PNy =Dy +byyNy +by3M;3;
PNz =by M +b3om, +b33M;3. (5.898)
The method of structural-algorithmic synthesis of optimal control systems for
electromechanical objects, described in [15], stipulates that this derivative is used to

determine the coefficients of the Lyapunov function (5.83) ,as a result of which, on the
trajectories of free motion, (5.90) the derivative (5.89) vanishes, i.e.
an _
I =
+2(VoiMo + V1M +Piama +7i3s ) (B +Bomp +hy3m3 )+

+2(VoaNo +V12M1 +V2aMp +V23M3 ) (b +DapMa +bp3n3 )+
+2(VosNo + V1301 + V23N + V3313 ) (b3 My +D3om, +b33m5 ) =0. (5.899)

2(VooMo +Vorny +Voan +Vo3ns )Ny +

Substituting the value of the derivative (5.91) into the Bellman equation (5.85),

we simplify the equation (5.85) and present it in expanded form
2(PaoMo +Va1my +V3om, +Va3n; )msU +
+F(Mg,M;,M2,M3)+G(U)=0 (5.900)

or
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SU +F(Mg,ni,M2,M3) +GU) =0,

(5.901)

where
§=2ms (V3oNo +V31mM + V3N +V33m3). (5.902)

Expression S will be called the equilibrium equation of the system.
For an electromechanical control object of arbitrary order 72, the dynamics of
which are described by the equations of perturbed motion (5.80), the equation (5.94)

will take the following form

n
S=2m, ) Vyn;-
i=0 (5.903)

Differentiation of the equation (5.92) with respect to the control input U allows

us to obtain the dependence
2m3 (V3o +V3m; +V3pm, +V33m3 )= —g (U) (5.904)

or taking into account the expression (5.94)

=-g(U), (5.905)
ithere
oG(U)
U)=-"—"—"2
«®) ou (5.906)

The desired optimal control can be found as a result of solving, in the general

case, a Ton-linear equation (5.96)
U = - f[2m3(F3onq + V3 +V3omz +V33ms3)} (5.907)

or in general terms

U=~f(S)=-s(S]sign($), (5.908)

where function 1) 1s an odd function of its argument
S(=S)==f(S)=f(S]sign(S), (5.909)

Thus, the synthesis of optimal controls with a Ton-linear activation function can

be conditionally divided into two stages: determining the coefficients of the Lyapunov
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function (5.83) through the parameters of the electromechanical object and determining

such a Ton-linear activation function that corresponds to the condition
f(g))=U, (5.910)
1.e. functions J(S) and & ) are inverse to each other

fS)=-U==¢"'U), g@)==S==f"(S), (5011
which follows from the analysis of equations (5.97) and (5.99), generalized to
equations (5.103).
The use of dependencies (5.103) allows us to uniquely link the optimal control

algorithm given by the expression (5.100) and the second term of the functional (5.84)

G(U) = [gU)dU =—[f(S)dU.

(5.912)
Differentiating the first equation of the system (5.103) with respect to time
dU _ 9 (S)ds
dt oS dt’ (5.913)
we can define the differential dU
v =-T8) g
(5.914)
and, substituting it into the integral (5.104), we get
G(U)= j o(U)dU = j o)L af (S ) ds= jS TG) s,
(5.915)

Let us now move on to the definition of the first term of the functional (5.84),
which can be found from the equation (5.92) by substituting the value of the integral
(5.104) and the control input (5.99) into it.

To determine this component of the functional, we substitute the values of the

expressions (5.94), (5.104), (5.100) into the equation (5.92)

-S(S)+ Fngomyomamy) + [s s =

(5.916)
It clearly follows from the equation (5.108) that
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F(Mo.M1:M2:M3) = 57 (S) - jSaf(S)dS

(5.917)

It is easy to see that substituting the value of the function that determines the
dispersion of accumulated excess energy on the trajectories of the perturbed motion
(5.109) and the expression that determines the control energy consumption (5.104) into

the functional (5.84), allows us to obtain the following quality functional

I= I[(Sf(S) _[Saf(S)dSJ J.Saf(S)dS}d_

[y
0 (5.918)

which can be interpreted as the energy that is dissipated during the control of an
electromechanical object (5.80).

However, using the quality functional found this way does not allow us to obtain
an unambiguous solution to the Bellman equation (5.85) due to the absence of a control
input in the integrand of the quality functional.

A similar situation arises in the synthesis of optimal systems with discontinuous

control of the form

U =-sign(S) (5.919)
for which the first equation of the system (5.103) will be

It is obvious that substituting a function (5.112) into a functional (5.110) allows

us to obtain a known functional used in creating relay systems.

= j SF(S)dt=
0

o0 o0
= [ S-sign($)de=[|S|dL.
(5.921)
However, despite the identity of the functionals (5.110), (5.113) and functional
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0
I=] {Sf(S) - s % ds +| g(U)dU}dt
0 (5.922)
from a methodological point of view, it is preferable to use the functional (5.114)

as the control goal, as it explicitly highlights the energy components characterizing the

control process.

5.2.2. Determination of the quality functional for linear optimal control

systems

Before moving on to defining control objectives for objects whose dynamics is
represented by equations different from (5.77), and considering particular cases of
using various activation functions, we will show that the obtained functionals are a
generalization for a wide class of control objectives in relay and linear systems and, in
the case of linear controls, correspond to the well-known Letov functionals [28].

Let us use the results given in [15], and consider the control input

g
2C (5.923)

under the action of which a dynamic object from any initial position moves to

the origin along exponential trajectories. The linearity of such control is evident.

Consequently, the conjugate functions J(5), gU) dividing the plane SU into two

half-planes in the ratio 1:2C (Fig. 5.12), can be represented as follows in accordance

with expressions (5.115) and (5.103)

1
S) =-U=—S5;
75 2C

Then, the function that determines the quality of transient processes in an

electromechanical system
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1 1 | )
F ’ ° ’ :S_S_ S_dS:_S :
(No>My1>M25M3) ¢ .[ 2¢ 4¢ (5.925)

1.0 ! ! ! ! ! ! !

0.5 L e NG bbb ]

-1.0 | | | i | | |
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Fig. 5.12. Division of a plane SU into two half-planes C=1

Integrating the last equation of the conjugate system (5.116) allows us to

determine the component reflecting the control energy spent on the transient process

— _ _ 2
G(U) = [g(U)dU = [2CUdU =cU”. (5.926)

Taking into account the expressions (5.117) and (5.118) the desired functional

will take the following form

I = J.{ S% +cU? }dt.

Taking into account the value of the expression (5.94), we write the functional

(5.119) in the form

(5.927)

>
1= ﬂ (V3omo + V31 +V3omz + V333 )* +cU ]df-
| (5.928)

MONOGRAPH 256 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

Graphically, the functional (5.120) represents a curve changing according to

exponential laws. An example of such a curve is shown in Fig. 5.13.

0.6 ' r ’ .

0.5

0.4

0.1

o

—

(=2
x

t,sec

Fig. 5.13. Trajectories of change in the quality criterion of control processes

Comparison of the functional defined in this way with the known results shows
its complete identity with the known functional [15].

This allows us to conclude that the functional (5.120) is a special case of the
functional (5.114) under the condition of linearity of the conjugate functions (5.116).

The obtained confirmation of the correctness of the proposed approach allows
us to proceed to the consideration of control systems with non-linear activation

functions and the definition of control objectives for them.

5.2.3. Construction of integral quality functionals characterizing control

processes of linear systems in closed phase spaces

Currently, in the theory of optimal control, integral quality functionals, which

are variations of the Letov functional, are used in the synthesis of linear control
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systems. These functionals are defined for an open domain of the space of state
variables and, accordingly, their minimization is carried out by optimal controls that
are not limited in modulus.

To take into account natural limitations on the control signal, a limitation of the
output signal is forcibly introduced into the synthesized optimal algorithms [15].

However, the controls defined in this way minimize the original quality
functionals only in the linear part.

Therefore, as an example of using the methodology given in the previous section,
we will consider the definition of the control objective, which is achieved on the

trajectories of the perturbed motion (5.78) by optimal control (5.115), which is limited

in modulus
1
U=—sat| —S§ |.
2C (5.929)
where sat(.) is a "saturation" type function
DT s, of el
sign(x), if |x|>1,
sat(x)=<-1, x<-1, =
X, if |xl=l
x, —-1<x<1

(5.930)
Graphically the function (5.122) looks as follows:

Fig. 5.14. The sat(.) function
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Taking into account the expression (5.122) and control (5.121), we define the

conjugate functions & ) and J(S) as follows:
1
U =—f(S)=-—sat| —S§ |,
sl Ls

S =-g(U)=-sat”' (U), (5.931)

where
I...400, x=1,
sat_l(x)z —1...—00, x=-1,

X, | x|<1. (5.932)

A graphical representation of the function (5.124) is shown in Fig. 5.15.

The integral of a function (5.124) is determined by analogy with polynomial
functions of odd degrees
L [x=L

-1
L) dx =
Joat™ (x)dx {xz/Z, i |x<l.

(5.933)
Graphically the function (5.125) looks as shown in Fig. 5.16.

-1
Fig. 5.15. The function S8t ()
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Isat (x)dx
A
I L S
;A
-1 0 1

-1
sat” (x)dx
Fig. 5.16. The function -[ (x) -

Then, taking into account the expression (5.125) and using the dependencies
(5.107) and (5.109) found in the previous section, we determine the components of the
quality functional, which is minimized on the trajectories of the perturbed motion of

the system (5.78) by optimal control (5.121)

r , if (U1,
GU)=[gU)du=[sat” U)dU=1 ,~
U?/2, if \UKI. (5.934)
and
F( )= Ssat{LS} IS—sat[ 1 S}dS=
n09n19n27n3 2C 2C
s, sp % 1SPL
_ , j ds =
0,5-S%/C, |S<1 , Sl
- 09 |S|>1’
|51, |S|>1,
0,5-5%/C, |S[I |S|<1
8C’
r|S|9 |S|>19
=< o2
> sl
8C’ (5.935)
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Substituting the components (5.126) and (5.127) into the functional (5.84)

allows us to determine the following type of functional, the minimization of which is

carried out by optimal control with a piecewise-continuous activation function (5.122)

HEIRE S>1, 1, f |U=1
H | S +{ i UET],

I= 2 2 .
0,125-S%/C, |S|1. |U%2, if |UKK]

0 } (5.936)
Taking into account dependencies (5.122), (5.123) and (5.124), we represent the

functional (5.128) as follows

(1S, SP>1, 1, 7 1SP>1,
]_HH ||+{ i 1SPL]

0,125-S%/C, |S|<1. |U%R, if |SKI.

0 } (5.937)

or

I:°°H|S+1, R | |S|>1’}dt

0 0,125-§°/C+U~/2, if |SKK]. (5.938)
An interesting feature of functionals (5.129) and (5.130) is the variability of their

structure, which allows these functionals to be represented as two functionals

0.0]
L =[] S|+Clat,c=1;
0

o0
L= [0,125-S2/C+U2/2]a’ =
0

o0
= [0,125- 1S /C+|UP /2]dt,

0 (5.939)

combined by the switching rule

I, |S>1,
1_{1 | S|

Ly, [Slsl. (5.940)

From the analysis of the expressions (5.131) it follows that for large deviations

from the equilibrium line S , the optimal control minimizes the integral quality

functional 1y on the trajectories of the perturbed motion of the system (5.78).
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Considering that similar results were obtained earlier for relay control systems [15],
we can make a conclusion about the motion under the action of the maximum possible
control input
. 1
U=-sign| —-S§
2C (5.941)

along trajectories

n
S= 2mn ZVinni >19
i=0 (5.942)

The correctness of this statement is confirmed by the analysis of the expression
(5.122).
As the system approaches the equilibrium position, the equation of the

equilibrium line (5.95) becomes true for the relation

3
S = 2mj ZVnmi <1,
i=0 (5.943)
and this means that the controller implementing the law (5.121) exits saturation,

and the further movement of the control system with the generalized electromechanical

I,

object (5.78) occurs under the condition of minimization of the functional

Thus, in the presence of a constraint on the module of the control input, the
quality of the control processes is characterized by the values of the functionals 1 and

1 2. The transition from one functional to another occurs when the equilibrium line

reaches the constraint value
[SI=1, (5.944)
Moreover, since this magnitude equals to a conventional unit, the transition from

one functional to another is not accompanied by discontinuities, and therefore cannot

serve as a reason for increasing the oscillation of the control system.
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5.2.4. Determination of quality functionals characterizing control processes in

systems with ""Square root with sign consideration' activation function

To clarify the general patterns and features of the synthesis of integral quality
functionals for non-linear optimal control systems with an irrational activation
function, we first consider an optimal control system with a non-linear activation
function of the “square root” type.

As a control object we will consider a generalized third-order dynamic object,
the dynamics of which in the extended phase space is described by differential
equations (5.78).

In the publication [39], it is proposed to perform optimal control of such an

object in accordance with the algorithm
U= —Sql’t[z% (V30m0 +V31M1 +V32M +V33M;3 )} (5.945)
or taking into account the expression (5.94)
U =—sqrt(S), (5.946)
where sqrt(.) is a function of the type " sign-adjusted square root"
sign(x), |x[>1,
Msign(x), | x|<1. (5.947)

A graphical representation of the function (5.139) is shown in Fig. 5.17.

sqrt(x) ={

sqrt(x)

Fig. 5.17. The sqrt(.) function
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Taking into account the expression (5.139) and control (5.138), we define the

conjugate functions €U and /(S a5 follows:
U =—=f(S)=—sqrt(S),
S =-gU)=-sqr(U), (5.948)
where
1, if  x=lI,
sqr(x)= -1, if x=-1,
x*sign(x), if |x[<l.

(5.949)
Graphically, the function (5.141) looks as shown in Fig. 5.18.
sqr(x)
A
1 T —
|
|
-1 | X
| 0 o
|
|
- — —-1
Fig. 5.18. The sqr(.) function
Considering that
sign(x)dx=|x|,
[ sign(x)dv=x| (5.950)

the integral of the function (5.141) is determined by analogy with polynomial
functions of odd degrees
l...+00, if x=1,
Isqr(x)dxz l...+o0, if x=-1,

xPP /3, if |x[<1. (5.951)
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Then, taking into account the expressions (5.139)—(5.141), (5.143) and using the

dependencies (5.107) and (5.109), we determine the components of the quality

functional, which is minimized on the trajectories of the perturbed motion of the object

(5.78) with optimal control (5.137)
1, if |U=1,

GU)=[g(U)du=[sqr(U)dU =
Js@du=] {|U|3/3, if UKL (5 959

and

0
F(ng.M1.M2,M3) = S - 5qr1(S) —ISgsqrt(S)dS =
_{|SI, | S [>1, 1S [>1,

_ ’ ds =
ISP, [SKI J{1/24/|S|, 1S|< 1
ISk IS o, ISP, _

ISP, ISl |1/3|SP, |SKk1
{ISI |S=1,

3
23| P, |S<I. (5.953)

Substituting the components (5.144) and (5.145) into the integral (5.84) allows
us to determine the type of functional, the minimization of which is carried out by

optimal control with a non-linear activation function (5.139),

H|S| S 1, { Lo UEL

VISP, S UPB, if |UKL|
234|817, Skl UUP3, if UKL (5.954)
Taking into account the dependencies (5.139) and (5.140), we represent the

functional (5.146) as follows

HS IS, { 1, ifISIZI}dZ

3 < 3 . 1
234|SF, |SIK1. (|UP /73, if |Sk (5955)
or

{|5|+1 i ISR
WW|SP+|UP 3, if |S|<1 (5.956)
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Similar to the functionals (5.129) and (5.130), which were defined in the

previous section, the functionals (5.147) and (5.148) can also be classified as

functionals with a variable structure, allowing them to be represented as two

functionals
o0 o0
L= [[s|+Clar,c=1; I,= j[2/3\/|S|3+\U|3 /3}#,
0 0 (5.957)
combined by the following switching rule
I, |S}1,
) :{ 1 IS
I, |Skl1. (5.958)

From the analysis of expressions (5.149), it follows that for large deviations from

the equilibrium line S , the optimal control minimizes the integral quality functional

(5.78) on the trajectories of the perturbed motion 1 1. Considering that this functional
was obtained earlier for relay control systems [15], we can conclude that the motion is
under the influence of the maximum possible control input
U =—sign(S). (5.959)
The correctness of this statement 1s confirmed by the analysis of the expression
(5.139).

Analysis of functionals (5.147) and (5.148) and their comparison in the domain
1S |<1

with functionals (5.129) and (5.130) allows us to conclude that in control
systems with a square root-type activation function, the absolute values of the
functionals are greater compared to linear systems.

The above creates the preconditions for a comprehensive consideration of

control systems with irrational activation functions.

5.2.5. Determination of quality functionals characterizing control processes in

systems with an arbitrary order irrational activation function

For the generalized electromechanical control object (5.78), the optimal control
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can be represented as follows:

U=-£(5), (5.960)
where
1, if S>1,
S (8)= -1, if §<-1,

|S|* sign(S), if -1<S8<1, (5.961)

here @ is any real exponent.
As follows from comparison of functions (5.139) and (5.141), the function
conjugate to the function (5.153) is

1, if U=1,
fHLU)=4-1, if U=-1,
UV%sign(U), if |UIK1, (5.962)
and its integral can be represented as follows
fﬁ@DdU={L”;ii o
UM 1+ 1), UIST, (5063

Taking into account the expression (5.153) and control (5.152), we define the
conjugate functions €U and S (5) a5 follows:
sign(S), if  |SEl,
|S|* -sign(S), if —1<S<I,
(1---+o0)signU), if |U[=1,
UV sign(U), if U], (5.964)

Then, taking into account the expressions (5.153), (5.154), (5.155) and using the

s

S——g@U—iQQD—{

dependencies (5.107) and (5.109), we determine the components of the quality
functional, which is minimized on the trajectories of the perturbed motion (5.78) by

the optimal control (5.152)
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1, U =1,

GU)=[gU)du=[f{U)dU =1 1@
Ul ” (1+1/), |UL.

(5.965)

and

F(o:mm2,m3) = 5+ fi(5) =[S A(S)ds =

_[isk 1SPL_fo. SR
S skt Tlals©, Skl

1S, ISP (o, N
_{|S|1+°°, 1S _{a/(1+a)|5|1+°°, IS|<1
IS, | S>1,
_{|S|1+°‘/(1+a), K

(5.966)
Substituting the components (5.157) and (5.158) into the functional (5.84)
allows us to determine the following type of functional, the minimization of which is

carried out by optimal control with an irrational activation function (5.153)

(=7 [0St SEL
o LIS ra+a), |S|<l.

.\ 1, U =1, t
UM+ ), (UKL

Taking into account the dependencies (5.153) and (5.156), we represent the
functional (5.159) as follows

(=7 [0S Sl
o LISt a+a), |SI<l.

(5.967)

+{ 1, 'S'Zl’}h
1+1/a
U | /(1+1/a), |S|<1. (5.968)

or

_ | IS |S=1,

- IH S /1 + o)+ U M 1+ 1), |SI<1.

0 } (5.969)
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Similar to the previously considered cases for control systems with activation
functions of the "saturation" and "square root with sign" types, the components whose
minimization is ensured by the controller's operation in different zones can be explicitly
identified in the functional (5.161), and the functional itself can be reduced to the form
(5.150). However, due to its obviousness, this form of the functional will not be
considered.

Instead, let us pay attention to the coefficient &, which determines the type of
activation function. Among all possible values of &, we will highlight several
characteristic points and segments:

. 0 € (=0,0) _ this type of systems containing a complex hyperbolic activation

function and requires further investigation.
Both the study of the static and dynamic properties of systems with hyperbolic
activation functions and the determination of extremals of the minimized quality

functional are of interest.

« 0 =0 _ this value of @ uniquely defines the relay control system, which,
according to the algorithm (5.133) optimizes the functional along the trajectories of the
perturbed motion of the electric drive (5.90)

ool [|S]+1, 1S >1,

I=lim | 1 I+a dt,

=00 | ST /1+a)+|U| @ /(1+1/a), |S|<]. (5.970)

which, taking into account the constraint on the control signal (5.133), can be

IS+ S,
I= dt
JLUSL ISk

— this value of O defines a control system with an irrational

simplified as follows

(5.971)
a e (0,1)

activation function. Moreover, such a system occupies an intermediate position

between systems with relay and linear controls in terms of its characteristics[40].

« o =1 _ this value of @ defines a linear control system, which, in accordance
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with the algorithm (5.121), optimizes the functional on the trajectories of the perturbed

motion of the electric drive (5.90)

(1S +(1...+0), Si>1,
[:JH H(te), [SL),
0

ISP R2+|UP 2, |SKI.
(5.972)

which, up to the weighting coefficients, corresponds to the previously found one
(5.130)

o€ (1+0) _ specific solutions for the synthesis and use of quadratic and

other controllers [41] are known and require further investigation.

5.2.6. Construction of functionals of additive form for control systems with

irrational activation function

The use of quality functionals, discussed in the previous sections for the
synthesis of optimal systems makes it possible to satisfy a wide range of control
objectives for numerous technological processes and production systems.

However, the use of non-linear functions (5.139) and (5.153) does not always
allow the formation of the desired trajectories of the perturbed motion due to the finite
range of values of these non-linearities. Therefore, to solve the problem of forming the
desired trajectory, we will generalize the results obtained in the previous sections and
look for control inputs that ensure the achievement of the control objective, in the

following form

Us =—sat| > w; f;(S)
i=1 (5.973)

where /i (S) are alternating irrational functions depending on the coefficient &

; Wi are some weighting coefficients.
Let us find the quality functional that is minimized by control (5.165) on the
trajectories of motion (5.77).

In an open domain, control (5.165) can be represented as follows:
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m m
Us = _Zwifi(S): ZWiUi'
i=1 i=1 (5.974)

We will assume that each I-th term of the control input (5.166) in the open

domain minimizes the functional (5.84), which in this case takes the form

I =

l

[F:(S)+ G (U) Jar

S — 8§

(5.975)
)

where the unknown functions Z(S ) and Gi (U) are determined in accordance
with the methodology discussed in the previous sections.

Analysis of the algorithm (5.166) allows us to represent the functional

minimized in the open domain as follows

=>wl; = | Z )+ G (U)dt.
i=1 0i=1

(5.976)
In a closed domain (5.168), the functional will take a form similar to (5.130)

ZWIf )I+(1...+00), ZWIf( )>1,

]=J X dt,
N IXw[E(S)+GW)]. Ywlfi(S)k<!
L= = . (5.977)
or
00 ZWZ‘fZ(S)|+(1+OO), ‘S‘>|Sgr |)
Izj i= dt,
)| |SwlFE)+G@) 1SS, |
| Li=1 _ (5.978)

where 8" is the coordinate of the representative point on the switching line
where the control system is closed-loop. In general case, this coordinate is determined

by solving the equation
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m
Zwi | fi(Sgr)|: 1.
i=1

As an example, we define a functional that is minimized on the trajectories of

(5.979)

the perturbed motion (5.77) by the control input

1
U=—sat[— S+4/|S|sign[S] }
2(7( ) (5.980)

The first control term (5.172) minimizes the functional (5.131), the second,
¢ ISI=

taking into account the expression (5.145), subject to the constrain 1, delivers a

minimum to the functional
1 o0
=—j(2\/|5|3 +HUP )dt.
6C 5

Algebraic summation of functionals (5.131) and (5.173) allows us to write the

(5.981)

following quality functional

1 [1 1

I=— —(2«/\ S|3+|U|3)+—QS\2 +2|U|2) dt
2C+|3 2

0 (5.982)

or

152 1 1

= — (|| ZAISP +=|SP |+ |UP +|U|2j dt
2C 3 2 3

0 , (5.983)

which is minimized by control (5.172) in the open domain.

Before moving on to defining the quality functional that is minimized by control
(5.165), we will solve the equation (5.171) and determine the position of the
representative point at which the control system opens, accompanying the controller
entering saturation.

For the control input (5.172), equation (5.171) will have the following form
Sor | +4/| S =2C.
(| gr 1741 5gr ‘) (5.984)

S
Solution of the equation (5.176) with respect to | gr |
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S, [=+/0,5v8C+1-0,5

(5.985)
allows us to write the control as follows
- sign<S+ \S|sign[5]), [ST>1Sg 1,
; <
S+ISlsignls), IS8l oo

Taking into account that the control (5.178) is a piecewise-continuous function
containing two zones, the integral quality functional minimized by this control will be
sought in the form

I:{]la ‘S|>|Sgr |a

I 1511 Sgr | (5.987)

As noted earlier, the functional Iy is minimized by control that is not limited in
modulus, therefore, for control (5.178) the functional I will have the form (5.175).

To define the functional 1 , we introduce the notation

§'=8+4/|S|sign[S], (5.988)

when taking it into account, algorithm (5.178) can be represented as follows

- {sign(S’), 1S"]>1,

s, |SI<1. (5.989)

The form of the first term in the control (5.181) is similar to the control (5.133)
that minimizes the functional (5.131).

Thus, taking into account the adopted designation (5.180) and the quality
functional (5.175) defined for the control system without taking into account the
constraint on the control signal, the functional that is minimized by the control (5.178)

will take the form
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|S+\/|S|sign[S]|+1, SIS,
I(XD

[=—|]|X 2 dt.
2 V |S\ 'U3' HUPR |dr, 1S/9S,, |

R 1 (5.990)

5.2.7. Construction of quality functionals for control systems with exponential

activation function

Control systems with an irrational activation function, being essentially non-
linear, occupy an intermediate position between linear and relay systems. The controls
implemented in such systems are limiting cases of controls with irrational activation
functions, confirming the hypothesis that systems with irrational activation functions
are generalizations of known linear and relay systems.

All of the above creates the prerequisites for a controlled modification of the
exponent of the activation function @ of the control input (5.152). In this case, the

optimal control will be sought in the class of functions of the form

_ /2(S)
U=-/(8)"72"" (5.991)
Before proceeding to the definition of the control objective, the achievement of

which is carried out by control (5.183), we define the quality functional, the

minimization of which is carried out by control of the type

U= signl £,(5).
C #[1],
C#0. (5.992)

Strictly speaking, unlike the control (5.183), control (5.184) is discontinuous

and, depending on the constant C, implements two different static characteristics,

shown in Fig. 5.19-5.20.
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1.0 : :

0.5 s ...................................................... .......................... 4

1.0 i - |_

Fig. 5.19. Static characteristics of the optimal controller

C=0,5

with exponential activation function, U=/(S) at

The presence of first-order discontinuities in control (5.184) does not ensure the
formation of high-order sliding modes. However, the consideration of this control is of
a methodological nature, associated with the clarification of the foundations of the
synthesis of optimal controls with an exponential activation function.

As before, we will look for the minimized quality functional in the form (5.84).
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1.0 -0.5 0.0 0.5 1.0
S

Fig. 5.20. Static characteristics of the optimal controller with exponential

activation function, U=f(S) 4 C=2

In accordance with the expressions (5.103) for control (5.184), we determine the

conjugate functions f (S) and & (V)

7)== )= sign[ (51,
gU)=~/""(S)=logc|U|sign[U]. (5.993)

The graphs of the inverse functions & ) corresponding to the functions shown
in Fig. 5.19-5.20 are shown in Fig. 5.21-5.22.

Then, integrating the second expression of the system (5.185) with respect to the

G(U)

control input allows us to uniquely determine the component that determines

the control energy consumption

: 1 :
G(U)=Ig(U)dU=I10gC \U|51gn[U]dU=len|U|51gn[U]dU=

Ul(ln|U|-1
_|U|(In|U] ):CI‘U|(1n|U|—1)+C0nst, C,=InC.
e (5.994)

MONOGRAPH 276 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

1.0

0.0
U

1.0

Fig. 5.21. Inverse static characteristics of the optimal controller with

exponential activation function,

1.0

§=gU) 4 C=0,5

0.5

n 0.0
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Fig. 5.22. Inverse static characteristics of the optimal controller with

exponential activation function, §=gU) at C =12
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GWU) S

As follows from the analysis of the expression (5.186), the function

sign-constant and has a clearly defined extremum.

To find the component F(Mo,n1,n2.M3) that determines the motion of the

control system, we write the following expression

F(Mo,n1>M2-M3) =5 (S) - _[S 2AC) ds =

CfZ(S) @fz(S) IS—

_SC|f2( )‘ Slgl’l f (S)] j 8f (S) "
2

=52 signt 1, (5)1-In "2 signp £, (522D g
oS (5.995)

Determining the integral forming the second term of expression (5.187) in
general form for an indefinite function J2(S) is difficult. Therefore, it makes sense to

consider finding the value of the expression (5.187) for different functions 12(S) .
We will begin the determination of the function (5.187) with the case

S2(8)=S§ (5.996)

Substituting the value of the function (5.188) into the expression (5.187), we

obtain
F(Mg,M;,M2-MN3)= Neid sign[S]—In CISC|S| sign[S]g—gdS =

=SCP sign[S]-1nC j SCBl sign[S1dS =

InC|s|cdl BBl ¢
+
InC InC InC C,

=|S|C|S| _
(5.997)

Substituting the values of the expressions (5.189) and (5.186) into the integral
(5.84), we obtain the following quality functional, which is minimized by the control

(5.184)

=l s
1=j o +(G|U|In|U|-C,|U|) |dt
0

! (5.998)
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As follows from the analysis of the functional (5.190), to implement controls of

the type (5.184), the minimized functional must contain the logarithm of the control

input and the exponential function S,

Let us take as a function 12(S) defining the component (5.187) of the functional

(5.84) an irrational function

F2(8)=+/IS|. (5.999)
Substituting the value of the function (5.191) into the expression (5.187), we
obtain
S —
F(n03n19n29n3):2 C |S|_E .
1 1 (5.1000)

Substituting the values of the expressions (5.192) and (5.186) into the integral
(5.84), we obtain the quality functional, which is minimized by the control (5.184)

2 oV 1
ng 2 c (\/E—FJ+(C1U1nU—C1|U|) dt.

1 (5.1001)

Using a hyperbolic function as a function J2(S) that determines a component

(5.187) of a functional (5.84)

1
(8 =—
N (5.1002)

allows us to obtain the expression

1/l c'P
F(Mg,My,M5.m3)=1S|CY |+1HCIWdS-
(5.1003)

The integral that forms the second term of the expression (5.195)cannot be

defined using elementary functions. However, using the exponential integral

x —kz
Ei(a,z)= [e "k “dky
1 (5.1004)

allows us to represent the expression (5.195) in the form
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F(n09n19n2an3)z|S|C1/|S‘ +IHCEI.(1,—% .

j (5.1005)

Substituting the values of the expressions (5.197) and (5.186) into the integral
(5.84), we obtain the quality functional, which is minimized by the control (5.184)

T InC
= IH|S|C1/S +1nCEi(l,—Tj]+C1 |U|(an—l)}dt
0 51 .(5.1006)
Using the upper incomplete gamma function expression to calculate the second

term (5.187)

o0
['(s,x)= Its_le_tdt,
X (5.1007)

which is related to the integral (5.196) by the relation
Ei(a,Z):Za_lr(l_a,Z) (51008)

allows us to generalize the obtained results to the case of an arbitrary exponent

Ol in the function J2(S )
As an example, we define a quality functional that is minimized by optimal

control
a
For control (5.201), the expression (5.187) will take the form
o+l
r——,-|S*InC
o TS e

F(n03n19n29n3):|S|C

+ .
J(=DalnC (5.1010)

Substituting the expressions (5.202) and (5.186) into the integral (5.84), we

obtain the quality functional, which is minimized by the control (5.201)

a+l

- o r——,-|S[*InC)
I=|||S|CP" +—& +C|U|(In|U|-1) |dt.
g ¢(—alnC U )
L 4 (5.1011)
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Attempts to further complicate the function J2(S ), in particular, transitioning

to additive forms of the type

£(8) =Y w fi(S)
i=1 (5.1012)

lead to the necessity of using non-elementary functions to determine the value

of the integral

1=jS o™ a(5) ds.
> (S) oS (5.1013)

In this case, it is possible not only to expand the range of solutions of the integral
(5.205), but also, as a consequence, to expand the class of functionals (5.84), and

therefore to increase the domain of possible controls.

2 12
erf(x)Zﬁje_t dt
0

Thus, the use of the error function (5.1014)

allows us for a function f; 2 (S) of the form

f2(S)=w/|S[+w, | S| (5.1015)

to find the value of the integral (5.205) minimized by the control input
U= ISHwlS sign[S]. (5.1016)

However, due to the complexity of the resulting integrand, it is not considered
here.

The calculations given in the previous sections show that for optimal controls
with a wide class of activation functions, a minimized integral quality functional can
be found analytically. Moreover, in general, this functional may not be defined through
elementary mathematical functions.

Let us define the quality functional, the minimization of which is carried out by
the optimal control of the form (5.183). Such control is quite general in terms of

realizing different static characteristics.
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According to the system (5.103), the conjugate expression for the dependence

(5.183) is

g(U)=—S=—fil( Y J

In 1>(S) (5.1017)

Accordingly, the component GU) of the functional (5.84) is determined by the

integral
1 InU

G(U)=jg(U)dU=—jf21[l S]dU

n £ (S) (5.1018)
By differentiating the equation (5.183), we find the total derivative
7,(S) £,(5)

dUu _| dh(S) h(S) , oh(S) 9 (S) |dS

dt oh(S) oS of,(S) oS |dt
(5.1019)

In accordance with the derivative (5.211), the differential dU is determined by

the expression

1,(8) 7, (S)
| ST ST () |
oh(S) oS of(S) oS
.(5.1020)
Substituting the differential (5.212) into the integral (5.210) allows us to
G(U)

determine the component of the functional (5.84) that is minimized by the

control (5.183)

72 9 #5219 |
oKh(S) oS of(S)  aS '

GU)=s
(5.1021)
Using expressions (5.109) and (5.213) allows us to define the component

FM1s5Mu) of the functional (5.84)
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Fngm,) = 8£(8)25) -

1 2920 9165), 2192 355) |
of1(S) oS of>(S) oS '

(5.1022)
A generalization of the expression (5.183) is a control of the form
_ 12(83)
U==/(5)72"27, (5.1023)
where
Sl =9 (m), S2 =5 (ni)- (5.1024)

By analogy with expressions (5.210) and (5.214), functions FMp,eMy) and

G(U) for such control are

G(U)=[gW)dU =~ le( il de

In £,(S1) (5.1025)

and

Fng,eemy) = Sa£i(5p72052) -
s, #6022 a5 anesn af2<S2>] s,

a1 (S1) )| 92(82) 087

(5.1026)

respectively.
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CONCLUSIONS

The research results presented in the text allow us to formulate the following
conclusions:

 Feedback linearization at the stage of mathematical description of the control
object allows arbitrary differential equations to be brought to the standard Brunovsky
form and creates the prerequisites for the synthesis of an abstract controller, whose
operation algorithm does not depend on the parameters and structure of the object.

* Regularization of the equations describing the dynamics of the control object
allows one to set the desired distribution of the roots of the characteristic equation ,
thereby ensuring the required quality of the control process.

» Setting the desired trajectories of the roots of the characteristic equation
expands the applicability of modal controls and allows one to synthesize both
continuous and discontinuous systems.

* Depending on the selected trajectories of movement of the roots of the
characteristic equation, high-order sliding modes may arise in a closed-loop system.
Control systems in which high-order sliding modes occur are characterized by reduced
energy consumption compared to classical discontinuous systems.

* One of the methods for implementing higher-order sliding modes is to use
irrational activation functions in control algorithms. The use of these functions leads
to the creation of nonlinear regulators that ensure transition process quality comparable
to that in relay systems.

* Control algorithms with an irrational activation function can be classified as
super-twisting algorithms, which provide high dynamic and static performance of
closed-loop systems.

* Transition functions of closed-loop systems with irrational activation functions
can be determined analytically by solving dynamic equations, which, from a
mathematical point of view, are Abel equations of the second kind. The obtained
analytical dependencies make it possible to determine the control time in closed-loop

systems and to construct the trajectories of their movement.
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» The control algorithms obtained by root methods formed the basis of the
inverse dynamic programming problem, the solution of which made it possible to
determine quality functionals, the minimization of which is carried out under the

condition of the existence of high-order sliding modes.

MONOGRAPH 285 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems
REFERENCES

1. Fradkov A. L., Andrievskii B. R. Izbrannye glavy teorii avtomaticheskogo
upravleniya s primerami na yazyke MATLAB [Selected chapters of automatic control
theory with examples in MATLAB]. St. Petersburg, Nauka, 1999, 467 p. {in Russian}

2. Besekerskii V. A., Popov E. P. Teoriya sistem avtomaticheskogo upravleniya
[Theory of automatic control systems]. St. Petersburg, Professiya, 2003, 752 p. {in
Russian}

3. Miroshnik 1. V., Bobtsov A. A. Lineinye sistemy avtomaticheskogo
upravleniya [Linear automatic control systems]. St. Petersburg, SPbGITMO (TU),
2001, 245 p. {in Russian}

4. Grigoriev V. V., Drozdov V. N., Lavrentev V. V. Sintez diskretnykh
regulyatorov pri pomoshchi EVM [Synthesis of discrete regulators using computers].
Leningrad, Mashinostroenie, 1983, 215 p. {in Russian}

5. Metody klassicheskoi 1 sovremennoi teorii avtomaticheskogo upravleniya:
uchebnik v 3-kh tomakh [Methods of classical and modern control theory: Textbook
in 3 volumes]. Ed. by N. D. Egupov. Moscow, Bauman MSTU, 2000, 442 p. {in
Russian}

6. Miroshnik I. V. Teoriya avtomaticheskogo upravleniya. Lineinye sistemy
[Automatic control theory. Linear systems]. St. Petersburg, Piter, 2005, 336 p. {in
Russian}

7. Klyuchev V. I. Teoriya elektroprivoda [Theory of electric drives]. Moscow,
Energoatomizdat, 2001, 704 p. {in Russian}

8. Chilikin M. G., Sandler A. S. Obshchii kurs elektroprivoda [General course
of electric drives]. Moscow, Energoizdat, 1981, 576 p. {in Russian}

9. Panteleev V. A., Rudenko E. A., Bortakovski A. S. Nelineinye sistemy
upravleniya. Opisanie, analiz i1 sintez [Nonlinear control systems. Description,
analysis, and synthesis]. Moscow, Vuzovskaya kniga, 2008, 312 p. {in Russian}

10. Vasilev E. M. Sintez polnykh modalnykh regulyatorov metodom

dominirovayushchikh kornei [Synthesis of full modal controllers using the dominant

MONOGRAPH 286 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

roots method]. Vestnik Voronezhskogo gosudarstvennogo tekhnicheskogo
universiteta. Voronezh, 2012, Issue 1(8), pp. 46—48. {in Russian}

11. Kim D. P. Teoriya avtomaticheskogo upravleniya. T. 2. Mnogomernye,
nelineinye, optimal'nye 1 adaptivnye sistemy [Automatic control theory. Vol. 2.
Multidimensional, nonlinear, optimal, and adaptive systems]. Moscow, Fizmatlit,
2004, 464 p. {in Russian}

12. Basharin A. V., Novikov V. A., Sokolovskii G. G. Upravlenie
elektroprivodami [Control of electric drives]. Leningrad, Energoizdat, 1982, 392 p. {in
Russian}

13. Pupkov K. A., Egupov N. D. Metody klassicheskoi 1 sovremennoi teorii
avtomaticheskogo upravleniya. T. 3. Sintez regulyatorov SAU [Methods of classical
and modern control theory. Vol. 3. Synthesis of ACS controls]. Moscow, Bauman
MSTU, 2004, 616 p. {in Russian}

14. Volianskii R. S., Sadovoi A. V. Sintez optimal'noi sistemy upravleniya s
nelineinoi aktivatsionnoi funktsiei [Synthesis of an optimal control system with a
nonlinear activation function]. Elektrotekhnicheskie 1 komp'yuternye sistemy, 2014,
No. 15(91), pp. 69-71. {in Russian}

15. Sadovoi A. V., Sukhin V. V., Sukhina Yu. V. Sistemy optimal'nogo
upravleniya pretsizionnymi elektroprivodami [Optimal control systems for precision
electric drives]. Kyiv, ISIMO, 1998, 298 p. {in Russian}

16. Kopylov I. P. Matematicheskoe modelirovanie elektricheskikh mashin
[Mathematical modeling of electric machines]. Moscow, Vysshaya shkola, 2001, 327
p. {in Russian}

17. Flash T., Handzel A. Affine differential geometry analysis of human arm
movements / T. Flash, A. Handzel // Biological cybernetics. — 2007. — Volume 96.
— pp. 577—601.

18. Apostol C. Quasiaffine transforms of operators / C. Apostol, H. Bercovici,
C. Foias, C. Pearcy // Michigan Mathematical Journal. — 1982. — Volume 29, Issue
2. —pp. 243—255.

19. Alekseev V. M., Tikhomirov V. M., Fomin S. V. Optimal'noe upravlenie

MONOGRAPH 287 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

[Optimal control]. Moscow, Nauka, 1979, 223 p. {in Russian}

20. Sotskov A. I, Kolesnik G. V. Optimal'noe upravlenie v primerakh i
zadachakh [Optimal control in examples and problems]. Moscow, Rossiyskaya
ekonomicheskaya shkola, 2002, 58 p. {in Russian}

21. Bellman R., Kalaba R. Dinamicheskoe programmirovanie i sovremennaya
teoriya upravleniya [Dynamic programming and modern control theory]. Moscow,
Nauka, 1969, 119 p. {in Russian}

22. Ilin V. A., Poznyak E. G. Lineinaya algebra: uchebnik dlya vuzov [Linear
algebra: Textbook for universities]. 4th ed. Moscow, Nauka, 1999, 296 p. {in Russian}

23. Voronov A. A., Kim D. P., Lokhin V. M. Teoriya avtomaticheskogo
upravleniya: uchebnik dlya vuzov po spets. "Avtomatika i telemekhanika". V 2-kh
chastyakh. Ch. II. Teoriya nelineinykh 1 spetsial'nykh sistem avtomaticheskogo
upravleniya [Automatic control theory: Textbook for universities in the specialty
"Automation and telemechanics". In 2 parts. Part II. Theory of nonlinear and special
automatic control systems]. Moscow, Vysshaya shkola, 1986, 504 p. {in Russian}

24. Tikhonov A. N. O reshenii nekorrektno postavlennykh zadach 1 metode
regulyarizatsii [On the solution of ill-posed problems and the regularization method].
Doklady AN SSSR, 1963, Vol. 151, No. 3, pp. 501-504. {in Russian}

25. Letov A. M. Analiticheskoe konstruirovanie regulyatorov [4nalytical design
of controllers]. Avtomatika 1 telemekhanika, 1960, Vol. 21, Issue 4, pp. 436—441. {in
Russian}

26. Afanas'ev V. N. Optimalnye sistemy upravleniya. Analiticheskoe
konstruirovanie [Optimal control systems. Analytical design]. Moscow, Fizmatlit,
2011, 168 p. {in Russian}

27. Gnoenskii L. S., Kamenskii G. A., Elsgolts L. E. Matematicheskie osnovy
teorii upravlyaemykh sistem [Mathematical foundations of control systems theory].
Moscow, Nauka, 1969, 512 p. {in Russian}

28. Krasovskii A. A. Spravochnik po teorii avtomaticheskogo upravleniya
[Handbook on automatic control theory]. Moscow, Nauka, 1987, 711 p. {in Russian}

29. Barbashin E. A. Funktsii Lyapunova [Lyapunov functions]. Moscow, Nauka,

MONOGRAPH 288 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems
1970, 240 p. {in Russian}

30. Meerov M. V. Sintez sistem avtomaticheskogo upravleniya vysokoi
tochnosti [Synthesis of high-precision automatic control systems]. Moscow, Nauka,
1967, 434 p. {in Russian}

31. Tsypkin Ya. Z. Releinye avtomaticheskie sistemy [Relay automatic systems].
Moscow, Nauka, 1974, 575 p. {in Russian}

32. Krasovskilt A. A. Sistemy avtomaticheskogo upravleniya poletom 1 ikh
analiticheskoe konstruirovanie [Flight control systems and their analytical design].
Moscow, Nauka, 1973, 560 p. {in Russian}

33. Krutko P. D. Obratnye zadachi dinamiki v teorii avtomaticheskogo
upravleniya [Inverse dynamics problems in control theory]. Moscow, Mashinostroenie,
2004, 576 p. {in Russian}

34. Kuzovkov N. T. Modal'noe upravlenie i nabliudaiushchie ustroistva [Modal
control and observer devices]. Moscow, Mashinostroenie, 1976, 184 p. {in Russian}

35. Utkin V. L. Skol'ziashchie rezhimy v zadachakh optimizatsii 1 upravleniya
[Sliding modes in optimization and control problems]. Moscow, Nauka, 1981, 368 p.
{in Russian}

36. Haykin S. Neironnye seti. Polnyi kurs [Neural networks. A comprehensive
foundation]. Moscow, Williams Publishing House, 2006, 1104 p. {in Russian}

37. Emel'yanov S. V., Korovin S. K. Novye tipy obratnoi sviazi: Upravlenie pri
neopredelennosti [New ftypes of feedback: Control under uncertainty]. Moscow,
Nauka, 1997, 352 p. {in Russian}

38. Samko S. G., Kilbas A. A., Marichev O. L. Integraly 1 proizvodnye drobnogo
poriadka 1 nekotorye ikh prilozheniia [Fractional integrals and derivatives and some
of their applications]. Minsk, Nauka 1 tekhnika, 1987, 688 p. {in Russian}

39. Volianskii R. S., Sadovoi A. V. Sistema upravleniya slediashchim
elektroprivodom so skol'ziashchim rezhimom 2-go poriadka [Control system for
tracking electric drive with second-order sliding mode]. Kremenchuk, KDU, 2010, No.
4(63), Part 3, pp. 11—14. {in Russian}

40. Volianskii R. S.,; Sadovoi A. V. Sintez optimal'noi sistemy upravleniya s

MONOGRAPH 289 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems

irratsional'noi aktivatsionnoi funktsiei [Synthesis of an optimal control system with an
irrational activation function]. Kharkov, NTU "KhPI", 2010, No. 28, pp. 68—71. {in
Russian}

41. Kolesnikov A. A. Sinergeticheskaia teoriia upravleniia [Synergetic control
theory]. Taganrog, TRTY, Moscow, Energoatomizdat, 1994, 344 p. {in Russian}

42. Volianskii R. S., Sadovoi A. V. Sintez optimal'noi sistemy upravleniya s
polinomial'noi liniei pereklucheniia [Synthesis of an optimal control system with a
polynomial switching line]. 2011, No. 3, pp. 23—24. {in Russian}

43. Tytiuk V., Chornyi O., Busher V., Siverskaya T., Baranovskaya M.,
Kuznetsov V. Mathematical Model of a Three-Phase Induction Motor with
Asymmetrical Twelve-Zone Stator Windings (2022) Proceedings of the 2022 IEEE 4th
International Conference on Modern Electrical and Energy System, MEES 2022, DOI:
10.1109/MEES58014.2022.10005660

44. Voliansky R., Volianska N., Kuznetsov V., Sadovoi A., Kuznetsov V.,
Kuznetsova Y., Ostapchuk O. Lyapunov Function in the Hyper-Complex Phase Space
(2022) Lecture Notes in Electrical Engineering, 870, pp. 537 - 553, DOI: 10.1007/978-
981-19-0193-5 42

45. Perekrest A., Chornyi O., Mur O., Nikolenko A., Kuznetsov V., Kuznetsova
Y. Preparation and preliminary analysis of data on energy consumption by municipal
buildings (2018) Eastern-European Journal of Enterprise Technologies, 6 (8-96), pp.
32 -42,DOI: 10.15587/1729-4061.2018.147485

MONOGRAPH 290 ISBN 978-3-98924-020-9



Scientific basis of analysis and synthesis of optimal energy-efficient control of electromechanical systems
SCIENTIFIC EDITION

MONOGRAPH

SCIENTIFIC BASIS OF ANALYSIS AND
SYNTHESIS OF OPTIMAL ENERGY-EFFICIENT
CONTROL OF ELECTROMECHANICAL SYSTEMS

Authors:

Voliansky R., Kuznetsov V., Doskoch V., Tkalenko O.

Authorized for printing 25.12.2024.
Publisher's sheet 17.03.
Order No. MGE06-2024. Contracted price.

Published:
ScientificWorld -Net ARhat AV
LufSstr 13,
Karlsruhe, Germany

. . : o —
e-mail: editor@promonograph.org
https://de.promonograph.org

ISBMN

9?83‘9‘892401“ ‘“

783989 240209

9

MONOGRAPH 291 ISBN 978-3-98924-020-9


mailto:editor@promonograph.org






