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Abstract

In developing a mathematical model of a railway track, the question of determining the
dimensions of the modeling domain inevitably arises. If the modeling area is too small,
boundary effects may significantly influence the results, reducing their accuracy. Con-
versely, excessively large areas can increase computational complexity without substantial
improvements in accuracy. An optimal choice of dimensions enables the balancing of
computational costs and accuracy. Solving this problem is non-trivial, as it depends on nu-
merous factors, primarily the type of mathematical model and the problem being addressed.
In most cases, preference is given to minimal domain sizes that ensure the approach’s ad-
equacy. The aim of this study is to justify the dimensions of the modeling domain by
addressing such tasks as load scaling, introducing additional boundary conditions, and
making relevant assumptions. The main object of the study is the minimum adequate
longitudinal length of the track for the spatial model. The research is based on the analytical
application of modern approaches in the theory of elasticity. The results are analyzed using
mathematical methods, such as modeling the railway track through the propagation of
elastic waves and finite element modeling. These findings can be applied to a wide range of
problems related to the mathematical modeling of the stress–strain state of railway tracks.

Keywords: railway; boundary conditions; stress–strain state; elasticity theory; wave theory;
finite element modeling

1. Introduction
The development of a mathematical model of a railway track inevitably raises the issue

of defining the dimensions of the modeling domain. If the domain is too small, boundary
effects can significantly influence the results, reducing their accuracy. Conversely, an
excessively large domain can increase computational complexity without a corresponding
improvement in accuracy. An optimal choice of domain size allows for a balance between
computational cost and result precision. Solving this issue is non-trivial, as it depends
on numerous factors, primarily the type of mathematical model and the specific problem
being addressed. This is particularly relevant for mathematical models whose underlying
principles require the definition of clear spatial boundaries. Among such widely used
models for railway track analysis today are the finite element method (FEM) and railway
track modeling based on the propagation of elastic waves.
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These approaches are applied, for example, to modeling subgrade and embankment
reinforcement. This area includes the investigation of interactions between reinforcement
elements (geogrids, piles, micropiles) and the soil foundation. Such models address prob-
lems related to the assessment of the stress–strain state of soils under reinforcement [1–3],
the comparison of different design solutions (piles, micropiles, geosynthetics) [4–6], the
influence of the geometry, stiffness, and material properties of reinforcement elements [7–9],
and the dynamic loading of embankments under passing trains [6–10].

Equally important are problems concerning the dynamic interaction between rolling
stock and the track structure. These include the analysis of elastic wave propagation [11–13],
the response of the track to high axle loads [14–16], and the track’s resistance to dynamic
fatigue [11,13,17,18], among others.

Tasks related to vibration and noise reduction include modeling the transmission
of vibrations through the track, subsoil, and surrounding structures [19–21], analyzing
the effectiveness of damping measures [21–23], and developing noise mitigation solu-
tions [19,23,24].

Tasks related to modeling ballast behavior and analyzing geotechnical properties
focus on aspects such as ballast compaction, shear, and degradation [25–29], calibration of
material models for ballast [25,26,28,30], and consideration of ballast–asphalt and ballast–
slab track structures [21,29], among others.

Tasks concerning the static and dynamic analysis of railway track structures cover
the modeling of individual track components (rails, baseplates, sleepers) as well as their
interaction and structural integrity. This includes, for example, the analysis of stresses
and displacements in rails and sleepers [21,31–33], the determination of contact forces
and their impact on wear [32,34], and the comparison of different track types and design
solutions [10,21,29,33], among many others.

In the course of numerical analysis, a prerequisite for obtaining reliable results is
the creation of the model geometry [2,3,5]. The key factors that must be considered in
the model are its discretization (assigning the size and number of finite elements) and
the definition of constraints (applying appropriate boundary conditions) [2,7,11]. When
developing the model geometry, the question of domain size is of particular importance,
since in numerical analyses of railway track structures—especially the track subgrade—
the computational domain does not have clear longitudinal boundaries when a given
cross-section is considered [2,21,25].

Therefore, it is necessary to account for the model length in a spatial context, as an
error in defining the dimensions of the computational domain can lead to a stress and
deformation distribution that does not adequately represent reality. It is well known
that reducing the computational domain—often performed to minimize model size and
calculation time—can lead to artificial confinement of stress–strain components that, under
real conditions, propagate freely.

It should be noted that changes in the dimensions of the computational domain,
which affect the model length, are justified by different approaches to account for the
spatial effect of the rail–sleeper grid [4,12,26,28]. Small-domain models should not be
categorically disregarded, as they can also yield results that adequately reflect the actual
stress–strain state.

Among the reviewed studies, one can distinguish conditionally short models, where
the track length does not exceed 2 m (e.g., [1,7,23,31,32]), medium-length models with a
track length in the range of 6–12 m ([5,6,12], etc.), and conditionally long models, whose
length reaches 20 m or more ([8,9,14,16,22,26,33,34], etc.). However, the justification for the
chosen length is usually limited to ensuring the adequacy of the specific problem being
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solved, without a comprehensive approach that considers other features of the railway
track structure.

Considering the above, the model geometry should be developed in such a way as to
ensure that the computational domain is correctly defined while simultaneously reducing
the dimensionality of the problem by optimizing the number of finite elements used in the
model. To address this issue, railway track models are most commonly reduced in size by
exploiting symmetry and modeling only half of the structure. In this way, analyzing a half-
model reduces the computational effort, provided that appropriate boundary conditions
are applied to represent the excluded portion of the model.

The creation of a mathematical model that adequately reflects real conditions requires
solving two key tasks [28,31,32]: (i) developing a geometry based on a justified choice
of domain size and, consequently, the number of finite elements; and (ii) applying a set
of boundary conditions that accurately represent the modeling scenario and allow the
stress–strain state to propagate freely within the model.

The aim of this study is to justify the dimensions of the modeling domain by address-
ing tasks such as load scaling, introducing additional boundary conditions, and adopting
appropriate assumptions. The research is based on the analytical application of contempo-
rary approaches in elasticity theory. The results are analyzed using mathematical methods,
such as railway track modeling through the propagation of elastic waves and finite element
modeling. The main object of the study is the minimum adequate longitudinal length of
the track for the spatial model.

2. Analytical Methods
2.1. Rail Deflection Length

In most mathematical models describing the stress–strain state of a railway track,
emphasis is placed on determining the normal vertical stresses (and deformations) that
arise as a reaction of the track layers to compression under the applied loads. An exception
is the rail itself, whose primary response to external loading (wheel contact force) manifests
as bending. This behavior is similar to the deflection of an infinitely long beam on an
elastic foundation of constant stiffness. Analytically, the rail deflection is traditionally
described by a fourth-order differential equation, which can be expressed in simplified
form as Equation (1):

d4z
dx4 + 4k4z = 0; (1)

k =
4

√
U

4EI
, (2)

where z(x) is the vertical deflection at a distance x from the point of force application; k is
the relative stiffness coefficient; U is the deformation modulus of the railway; and EI is the
rail’s flexural rigidity, defined by the deformation modulus of rail steel (E) and the moment
of inertia (I).

Equation (1) has a well-known solution for rail deflection along its length under a
vertical force (P), given by Equations (3) and (4):

z(x) =
Pk
2U

η; (3)

η = e−kx(coskx + sinkx), (4)

where η is the function describing the deflection variation along the rail length.
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A graphical representation of Equation (4) is shown in Figure 1. It should be noted that
while the amplitude of deflection naturally depends on the magnitude of the applied force,
its length is determined solely by the stiffness characteristics, expressed by the product (kx).

Figure 1. Outline of rail deflection represented by the function η.

For the creation of Figure 1, rails of the UIC60 type were considered (E = 2.1 × 105 MPa,
I = 3308 cm4), representing a continuous welded rail track structure with reinforced con-
crete sleepers in excellent condition (U = 50 MPa).

In general, the first zero crossing of the deflection function occurs at x = 3π
4k , the second

at x = 7π
4k , and so on. The next local maximum of deflection (negative) lies between the

first and second zero points and amounts to only about 4% (η = −0.0432) of the maximum
deflection at the point of force application. Therefore, it can be assumed that the primary
rail deflection length is L = 3π

2k , or approximately L = 4.7k. For the given numerical
example, the rail deflection length is approximately L = 4 m.

Hence, the rail deflection length depends on the track’s stiffness parameters. The
deformation modulus of the sub-rail foundation can vary widely depending on the track
structure (particularly the deformation moduli of the ballast layer and subgrade), its
condition, and natural factors such as moisture and temperature [12]. The relationship
between the calculated rail deflection length and this modulus is shown in Figure 2. The
rail’s moment of inertia varies with rail type and wear, but its influence is minor and can be
neglected for this purpose.
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Figure 2. Dependence of the calculated rail deflection length on the deformation modulus of the
sub-rail foundation.

In some cases, even this length may prove insufficient. A low deformation modulus of
the sub-rail foundation may result from poor ballast layer conditions (e.g., insufficient com-
paction, high contamination content, etc.) or inadequate subgrade strength. Such situations
can become subjects of mathematical modeling aimed at investigating the consequences
of degraded track conditions and/or substantiating appropriate reinforcement measures.
This corresponds to a sub-rail foundation modulus of 50 MPa. For a “stiff” railway track,
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this length can be reduced, for example, to 3.4 m for a modulus of 100 MPa. For sections of
a “softer” track, it can be increased, for example, to 4.5 m for a modulus of 30 MPa.

In cases where the stresses and deflections within the rail itself are not the focus of
the study, it is feasible to create significantly shorter railway track models. For analyzing
the stress–strain state of the sub-rail layers (ballast, subgrade), an adequate mathematical
model can be obtained by applying an equivalent pressure directly to the investigated
elements of the track structure.

The force transferred from the deflected rail to the sub-rail foundation (sleeper) can
be determined analytically as a function of rail deflection in Equation (1) using the known
relationship given by Equation (5):

Q =
kl
2

Pη (5)

where l is the sleeper spacing; P is the wheel load applied to the rail.
For a typical track structure with UIC60 rails, a sub-rail foundation modulus of 50 MPa,

and a sleeper density of 165 per 100 m, it can be assumed that Q = 0.35P. Thus, due to the
load transfer through the deflected rail, the force transmitted to the sub-rail foundation will
be approximately 35% of the wheel load applied to the rail.

It therefore makes sense to retain a “short” rail segment in the railway track model to
generate realistic pressure from the sleeper base onto the rail fastening element and then
onto the sleeper itself. However, when using a “short” rail, the load from the notional
wheel must be reduced in accordance with Equation (5) (see Figure 3).

 

Figure 3. Analytical scheme of load transfer between railway track elements; figure based on [35].

2.2. Number of Sleeper Units Along the Modeled Section

Depending on the sleeper spacing, the distance between sleeper centers typically
ranges from 500 to 650 mm, and in some cases can vary even more widely. When the
rail bends under the wheel load, it transmits the load not only to the central sleeper
(located directly beneath the wheel contact point) but also to adjacent sleepers along the
deflection length. The pressure exerted by the rail onto the sub-rail support (sleeper) can
be determined analytically using Equation (5), taking into account that η = f (x). The
influence of the loads from neighboring sleepers begins to manifest at a certain depth
within the ballast layer and continues into the subgrade. Generally, analytical calculations
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typically account for the load from three sleepers—the central sleeper and the two adjacent
ones [35,36], as shown in Figure 4.

 

Figure 4. Stress distribution from three sleepers.

Accordingly, the load transfer from the rail to the sleepers, for further modeling of the
stress–strain state of the sub-sleeper foundation, can be implemented in several ways, as
illustrated in Figure 5.

 
(a) 

 
(b) 

 
(c) 

Figure 5. Options for implementing load transfer from the rail to the sleeper in a mathematical model:
(a) the rail bends under the external load, and the deflection profile and amplitude determine the
contact forces from the rail to the sleepers; (b) the rail is represented by notional short segments, with
the pressure on each sleeper specified separately (for example, based on Equation (5)); (c) the rail
transmits the load to the central sleeper only, neglecting the load on adjacent sleepers.

Each of these options has its specific areas of application:

• Option (a). The rail bends under the external load, and the deflection profile and
amplitude determine the contact forces from the rail to the sleepers. This option
most closely corresponds to the physical behavior of the system and, where possible,
should be preferred over the others. However, its application has certain requirements.
First, the rail length in the mathematical model must be sufficient to reproduce the
”complete” rail deflection with an appropriate profile and amplitude (see Section 2.1).
Second, the model must include the necessary physical–mathematical tools to simulate
not only compression (tension) but also bending.
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• Option (b). The rail is represented by notional short segments, with the pressure
on each corresponding sleeper specified separately. This approach makes sense for
models where the length of the railway track section is shorter than the full rail
deflection length but long enough to include several sleepers. In this case, the external
load can be specified as a distributed pressure on individual sleepers, as shown in
Figure 3 and Equation (5).

• Option (c). The rail transmits the load to the central sleeper only, while the loads on
adjacent sleepers are neglected. This is reasonable for railway track models where the
influence of adjacent sleepers on the stresses in the lower ballast layers and subgrade
can be ignored. It should be noted that the use of very short models, whose length
covers no more than one sleeper, does not automatically exclude the need to account
for the additional pressure at the relevant depths beneath the sleeper foundation.

2.3. Shape and Dimensions of the Sub-Rail Domain

In the general approach of elasticity theory, the sub-rail foundation of a railway track
(more precisely, the sub-sleeper foundation) is described as a half-space. Limiting the
dimensions of the railway track model can be sufficient to produce a stress (or strain)
distribution that deviates from what is expected for a true half-space. Considering the
multilayered structure, anisotropy, and other properties characteristic of the railway track’s
subgrade half-space, such an analysis requires the use of advanced contemporary mathe-
matical models, such as the finite element method (FEM) and similar techniques. However,
the use of complex mathematical models often obscures the root causes of such deviations.
Therefore, for the analytical solution of the problem in this part of the study, the authors
consider an isotropic medium. In Section 3 of the study, more sophisticated mathematical
models are employed, in which the railway track is represented as a layered structure
consisting of different elements with distinct physical properties.

Let us consider the stress propagation in a half-space under a point load applied
vertically, according to the classical Boussinesq problem. To derive the equations for
stress propagation within the half-space, a number of assumptions are made: a three-
dimensional space is considered in a Cartesian coordinate system; the force is applied at a
point coinciding with the origin of coordinates; the direction of the force coincides with the
z-axis; and the surface of the space that interacts with the force at time t corresponds to a
set of points bounded by a surface forming the wave front [12,18], which can be described
by ellipsoidal equations (Figure 6).

 

Figure 6. Computational surface in the adopted coordinate system.
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The longitudinal and transverse wave propagation velocities in a material are parameters
that depend on its physical properties and can be determined using Equations (6) and (7):

Cl =

√
E(1 − µ)

ρ(1 + µ)(1 − 2µ)
; (6)

Ct =

√
E

2ρ(1 + µ)
, (7)

where E is Young’s modulus; µ is Poisson’s ratio; and ρ is the material density.
The geometric position of the points on the ellipsoidal surface (see Figure 6) is defined

by the vector length in the direction α:

→
υ = tCα (8)

where Cα is the wave propagation velocity in the spatial direction α:

Cα =
CtCl√

C2
t cos2α + C2

l sin2α
. (9)

or equivalently,

Cα =
φCl√

φ2 + (1 − φ2)sin2α
. (10)

where

φ =
Ct

Cl
=

√
1 − 2µ

2(1 − µ)
. (11)

It is assumed that the surface in the space consists of discrete rings, whose radii vary
according to Equation (12); see Figure 7:

r = Cαtsinα, (12)

where α is the angle defining the position of a point on the surface, with α ∈ [0; π/2] for a
complete ring.

 
Figure 7. Computational elementary area (ring).

The area of such a ring is defined by Equation (13):

dF(α) = 2πrh, (13)
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where h is the nominal thickness of the ring:

h = Cαtdα. (14)

Taking Equations (12) and (14) into account, the area of the computational ring is then
given by Equation (15):

dF(α) = 2πC2
αt2sinαdα. (15)

In general, for any surface cut from a half-space in equilibrium under a concentrated
force P, the equilibrium condition must satisfy Equation (16):

P =
∫ π

2

0
σαcosαdF(α). (16)

The relationship between the stresses acting on the horizontal plane of the computa-
tional surface in an arbitrary direction α (σα) and the stresses aligned with the axis of force
application α = 0 (σ0) is given by Equation (17); see Figure 6:

σα = σ0
C2

l cosα

C2
α

. (17)

After mathematical transformations, considering Equations (15) and (17), the equilib-
rium condition (16) becomes the following:

P = 2πC2
l t2σ0

∫ π
2

0
cos2αsinαdα. (18)

Given that
∫ π

2
0 cos2αsinαdα = 1

3 , and denoting the computational depth as z = Clt, the
solution yields the well-known Boussinesq equation for determining stress at a point on
the load axis:

σ0 =
3P

2πz2 . (19)

For short railway track models (see Figure 8), the computational elementary area
(Figure 7) transforms into the domain shown in Figure 9.

 

Figure 8. Three-dimensional finite element model of a railway track segment (FEM).
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Figure 9. Computational elementary area for a bounded domain.

Accordingly, for a bounded domain of length b (see Figure 9), assuming b < r,
Equation (13) takes the following form:

dF(α) = 2bh. (20)

The equilibrium Equation (16), after mathematical transformations with consideration
of Equations (10), (14), (17) and (20), can be written as follows:

P(b) = 2σ0zb
1
φ

∫ π
2

0
cos2α

√
φ2 + (1 − φ2)sin2αdα. (21)

After numerically solving the integral for µ = 0.3 (see Equation (11)) and bringing the
result into a form analogous to Equation (19), the following result is obtained:

σ0(b) =
P

1.646zb
. (22)

The influence of the model length b can be analyzed through the stress ratio at depth z:

k =
σ0(b)

σ0
=

1.272z
b

. (23)

Equation (22) shows that even under a basic elasticity formulation—i.e., determining
the vertical stress in an isotropic half-space along the axis of a single concentrated force—the
stress level depends not only on the depth but also on the size of the bounded domain (b). If
the stress level is compared to that of a conditionally unbounded half-space, it will be higher
by a factor of k (Equation (23)). It should be noted that this coefficient k is not constant
with depth. This fact, along with the significant simplification of the computational scheme
(Figure 6) compared to the real multilayer structure of a railway track, makes it impractical
to compensate for the bounded domain by simply reducing the external load by this factor.
However, this insight helps to better understand the occurrence of overestimated stress
levels under certain modeling configurations.

3. Results of Mathematical Modeling
The influence of the railway track length introduced into the mathematical model was

analyzed using two different mathematical approaches: modeling the railway track
through the propagation of elastic waves and finite element modeling. The propagation
of stresses and deformations within the railway track domain—specifically within



Appl. Mech. 2025, 6, 72 11 of 22

the ballast layer and the subgrade—was studied for various length constraints of the
railway track, considering the different boundary condition approaches discussed in
the previous section.

For the calculations, a railway track structure with UIC60 rails, reinforced concrete
sleepers, and crushed stone ballast was adopted, which is currently typical for most
mainline railway sections. The principal physical characteristics of the track components
are presented in Table 1.

Table 1. Main characteristics of the railway track structure used in the calculations.

Element (Layer) Thickness, m Elastic Modulus, MPa Unit Weight, kN/m3 Poisson’s Ratio

Rail 0.172 2.1·105 77.0 0.3
Sleeper 0.193 under rail 3.6·104 24.5 0.2
Ballast 0.5 100 20.0 0.2

Subgrade 4.0 35 18.5 0.3
Foundation 30 18.0 0.3

The external load was modeled as a single quasi-static point force of 100 kN applied
vertically along the rail head axis. For some problems, it is possible to consider a sequence
of forces corresponding to the wheel loads from a bogie, or to increase the value of the single
force by accounting for the combined action of several wheels, considering the distance
between them. A quasi-static representation of the force can also be ensured by increasing
the static load with appropriate dynamic coefficients that reflect train speed, rolling stock
type, and other factors [35].

3.1. Modeling the Railway Track Through the Propagation of Elastic Waves

Figure 10 illustrates the computational models employed to calculate stress distribu-
tion within the railway track domain for two configurations with significantly different
lengths: 9.0 m and 0.2 m. The 9.0 m configuration features a full rail–sleeper system with
17 sleepers and has been validated in a series of previous studies conducted by the au-
thors [12]. A track length of 9 m can be considered more than sufficient under the previously
discussed conditions and is therefore used as the reference case for further analysis.

A specific feature of a railway track model of this class [35] is the formation of the
computational domain interacting with the applied load through the step-by-step propaga-
tion of an elastic wave. The determination of the wave front accounts for the geometrical
outlines of the objects and their physical characteristics, in particular those that define
wave velocity. The stress–strain state of such a medium is obtained by solving a system of
differential equations that describe the transfer of pressure within it as the wave propagates.
In this case, the rail deflection is formed as a result of the deformation of the multilayered
sub-rail foundation [12,18].

The shortest configuration analyzed has a length of 0.2 m, which is shorter than the
typical width of a concrete sleeper. For this and other models containing less than one
sleeper length—and thus unable to account for the elastic bending of the rail—the external
force was reduced to 35 kN (see Equation (5) and Figure 3).

For a detailed comparison, the stress distribution was further analyzed only along the
rail axis (the axis of the applied external force). Figure 11 shows the variation in vertical
stresses in the sub-sleeper foundation: up to 0.5 m—the ballast layer; below—the subgrade
soil. Several cases are presented for models with track lengths ranging from 0.2 m to 9.0 m.
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(a) 

 
(b) 

Figure 10. Railway track assembly on a conditionally infinite subgrade for the wave propagation
model: (a) track length in the model—9.0 m; (b) track length in the model—0.2 m.
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Figure 11. Variation in vertical stresses with depth from the sleeper base along the rail axis.

With a gradual increase in model length, a decrease in calculated stress levels is
observed, which can be explained by the increase in material volume that absorbs the
external load. The change in this trend for models of 2.0 m length and longer is due to the
fact that such models include more than one sleeper, and thus the pressure on the ballast
(and subsequently on the subgrade) from the “central” sleeper is supplemented by the
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pressure from adjacent sleepers. Figure 12 shows the calculation results for cases up to
and including 1.0 m in length (containing one sleeper only). For comparison, the 9.0 m
configuration is shown in both the full reference version and a variant where the track
structure was defined with only one sleeper and a short rail fragment (see Figure 5c).
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Figure 12. Variation of vertical stresses with depth from the sleeper base along the rail axis (single-
sleeper configurations).

To evaluate the influence of the constrained sub-sleeper domain using the method
described in Section 2.3, Figure 13 shows the calculation results according to Equation (23)
alongside the results for the ratio of stresses determined for models with a defined limited
length to the stresses in the 9.0 m model containing only one sleeper.
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Figure 13. Increase coefficient of vertical stresses for models of different lengths.

A sufficiently close match of the results shown in Figure 13 demonstrates that the
main reason for the increase in calculated stresses when using short models—under the
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condition of identical loading—is the spatial constraint on the elastic domain that absorbs
and propagates the stresses (see Figure 9). The higher stress values obtained for the 0.2 m
variant—even compared to those predicted by Equation (23)—are expected and can be
explained by the fact that in this case the width of the domain does not exceed the width of
the load footprint (i.e., the sleeper base width). From the perspective of elasticity theory,
this effectively shifts the problem from the class of semi-infinite elastic body deformation
to the class of plate elasticity problems.

Further increasing the model length enables the inclusion of multiple sleepers, allow-
ing for a more realistic representation of how the load is transferred from the rail through
the sleepers to the ballast. However, if the rail length is still insufficient to develop the full
bending behavior, such load transfer may require appropriate correction (see Figure 14).
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Figure 14. Variation in vertical stresses with depth from the sleeper base along the rail axis (multi-
sleeper configurations).

Figure 15 shows the results for rail deflections for the main modeling variants.
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Figure 15. Variation in vertical deflections with depth from the sleeper base along the rail axis.

The calculated deflections (absolute deformations along the axis of the applied load)
together with the stresses are a key indicator for interpreting the system’s behavior. In
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particular, the deformations serve as a clear and practical criterion for verifying whether a
fully developed deformation state has formed.

3.2. Finite Element Modeling

To investigate the influence of the size of the finite element model and the boundary
conditions imposed on it, a numerical analysis was conducted for six finite element models
of the subgrade with a height of 4.0 m. The base geometry for all the finite element models
was the one shown in Figure 8, with the model characteristics as given in Section 3.1. The
problem was set up in three dimensions. Accordingly, the finite elements used were solid
prisms and tetrahedra (the latter accounting for no more than 5–7% of the total number of
elements in the models).

Key preliminary observations regarding the impact of boundary conditions are as
follows. If the lateral boundaries are left free, this is equivalent to modeling a confined
plate rather than a semi-infinite half-space. As a result, the calculated stresses—especially
in the central zone—will be overestimated due to edge compression effects.

Some implementations of the finite element method offer artificial tools to partially
compensate for this effect. One option is to use special elastic supports (elastic foundation
or spring supports), which allow the edges to move slightly while avoiding rigid clamping.
This can partially reduce edge effects.

Some commercial software packages (such as ABAQUS, ANSYS) also allow the
use of infinite elements (infinite elements or absorbing boundaries). These special ele-
ments dampen the stresses at the boundaries, simulating the continuation of the domain
into infinity.

Another tool is non-reflecting boundary conditions (absorbing boundaries or non-
reflecting boundaries). Non-reflecting conditions “transmit” the stresses through the
boundary as if the domain extended further. Such approaches help to reduce boundary
effects and their impact on the deformed state of the railway track domain.

Based on the real operating conditions of the railway subgrade, it is known that the
upper part of the system (the rail–sleeper assembly and the upper part of the ballast) as
well as the embankment slopes are free from any restraints. Therefore, boundary conditions
must not be applied to these surfaces of the finite element model.

A logical step in assigning boundary conditions to the geometry is to consider that
the finite element model represents only a portion of the subgrade, which has a certain
length. Therefore, the end faces of the model should be constrained along the track axis
solely by one boundary condition (y = 0, plane strain condition), allowing the model to
deform freely in the vertical (z) and transverse (x) directions. With a correctly chosen model
length, as will be shown below, this boundary condition does not affect the distribution of
the stress–strain state components.

An important boundary condition is the constraint along the horizontal axis (x = 0) on
the end face along the axis of symmetry that appears in the model after halving it. In this
case, vertical and longitudinal deformations are not restricted (z ̸= 0, y ̸= 0) and can freely
propagate within the model.

To minimize edge effects and their impact on the deformed state of the subgrade, a
soil foundation with dimensions of 1.0 × 1.0 m was modeled beneath the subgrade. Its
sides are constrained against horizontal and longitudinal deformations (z ̸= 0; x = y = 0),
and its bottom surface is fully constrained against horizontal, longitudinal, and vertical
deformations (x = y = z = 0).

The listed boundary conditions, in particular the fixation of the lower surface of the
model in all degrees of freedom, the symmetry conditions which allow the dimensionality
of the problem to be reduced without distorting the results, and the special tools embedded



Appl. Mech. 2025, 6, 72 16 of 22

in FEM implementations (absorbing boundaries, elastic supports, etc.), are widely applied
in modern studies, e.g., [1,3,5], and can already be considered classical.

Thus, the finite element models consider the portion of the system excluded by the
symmetry condition as well as the plane strain condition that arises at the end faces of the
model “cut” from a larger system, while still allowing the stress–strain state components to
distribute freely, provided the discretization is adequate.

To investigate the influence of mesh size, number of finite elements, and model length,
variations in the discretization of the subgrade and soil foundation were carried out. In all
models, the rail, sleeper, and ballast layer were discretized using elements with dimensions
of 0.1 × 0.1 × 0.1 m. This practical step in modeling is explained by the fact that finite
element method recommends reducing the element size in areas subjected to point loads.
Many fundamental works devoted to this numerical method emphasize that increasing the
size of the finite element mesh is appropriate in parts of the model that are further from
the point of load application. For the subgrade, three types of finite element meshes were
used with element sizes of 0.1 × 0.1 × 0.1 m, 0.2 × 0.2 × 0.2 m, and 0.5 × 0.5 × 0.5 m,
respectively. Accordingly, for these meshes, the length of the model was chosen to be a
multiple of the element size: 0.2 m (Figure 8); 1.0 m; and 7.2 m.

For the third mesh, the results of the deformed state are not provided in order to
save space in the manuscript and because such an element size does not provide the
required calculation accuracy (a simulation with a mesh of 1.0 × 1.0 × 1.0 m was planned
but was not carried out, since the analysis of the third mesh showed it to be entirely
unsuitable). Therefore, the detailed analysis of the deformed state, the results of which are
presented below, was carried out for two meshes with element sizes of 0.1 × 0.1 × 0.1 m
and 0.2 × 0.2 × 0.2 m, with model lengths of 0.2 m and 7.2 m, respectively (Figure 16a); for
the mesh with an element size of 0.2 × 0.2 × 0.2 m, a model with a length of 12.0 m was
also developed (Figure 16b).

The discretization parameters for these models are as follows: 7244 finite elements and
11,160 nodes (mesh 0.1 × 0.1 × 0.1 m, length 0.2 m); 36,540 finite elements and 39,367 nodes
(mesh 0.2 × 0.2 × 0.2 m, length 7.2 m); and 64,785 finite elements and 60,900 nodes (mesh
0.2 × 0.2 × 0.2 m, length 12.0 m). After the finite element models were created, calculations
were performed using the StructureCAD suite, and the results are analyzed further below
(Figure 17). The railway model was built using Structure CAD for Windows, version 7.29
R.3 (SCAD) (license number F755B84 (KMBKB RA 4810)).

The first observation arising from the analysis of the deformed state of the three
models is the fundamentally different value of the maximum vertical component in the first
model compared to the second and third models, as it differs by an order of magnitude:
17.16 mm in the finite element model with a length of 0.2 m, versus 1.23 mm and 1.16 mm
in the models with lengths of 7.2 m and 12.0 m, respectively. This phenomenon can be
explained by the fact that the model with a length of 0.2 m corresponds to the condition of a
“short” rail; that is, the model length is insufficient for the free distribution of the deformed
state. To obtain deformations in such a “short” rail model that are representative of the
normal situation of a moving load, the applied load must be reduced, as shown above.

Qualitatively, the deformation behavior of the 0.2 m model (Figure 17a) resembles the
behavior of a strip foundation. This is an objective situation because in such a short model,
even a single sleeper does not fully fit within its width. Accordingly, the rail–sleeper grid,
which acts as a beam grillage rather than a foundation, is modeled here in a truncated form.
This statement is easily supported by examining the deformed state of the models with
lengths of 7.2 m (Figure 17b) and 12.0 m (Figure 17c).
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(a) 
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Figure 16. Finite element models: (a) length 7.2 m; (b) length 12.0 m.

As can be seen from Figure 17, the vertical component of the deformed state is in-
fluenced to a greater extent by the model length rather than by the discretization. The
model, with a length of 0.2 m, uses a mesh that is twice as fine as that of the other two
models; however, its length does not allow the deformed state to develop fully. In the model
with a length of 7.2 m, the deformed state is formed more freely (Figure 17b); however,
it can be observed that the model’s edge “cuts off” part of the isolines and isofields of
vertical deformations. Comparison of this model with the 12.0 m long model (Figure 17c)
definitively confirms this fact.

However, even in the model with a length of 12.0 m, it can be observed that the bright
red deformation field is “cut off” by the model’s edge. Nevertheless, further increasing
the model length can be considered impractical for a clear reason: the deformed state in a
finite element model can be assumed to be fully formed if the calculation domain contains
an isoline corresponding to 10% of the maximum deformation. In this specific case, the
isoline with a value of approximately 0.12 mm is not directly displayed by the analysis
software, but it can be roughly determined by interpolating between the 0.17 mm and
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0.08 mm isolines. This isoline lies within the bright red field, indicating that it is within the
computational domain, which suggests that the chosen model length is appropriate. For
the 7.2 m long model, a similar isoline at about 0.12 mm is “cut off” by the model’s end, so
its length needs to be increased, which was performed in the 12.0 m model.

 
(a) 

 
(b) 

 
(c) 

Figure 17. Isolines and isofields of vertical deformations in finite element models of different lengths:
(a) 0.2 m; (b) 7.2 m; (c) 12.0 m.
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Based on the analysis of the rail–sleeper grid deflection in the 12.0 m long model, it
was found that the length over which active deformation occurs (with the limit of such
deformation taken as 10% of the maximum displacement at the point of applied load)
is about 9.0 to 9.4 m, which is very close to the length determined earlier in Section 3.1.
To fully match the analytical solution, a parametric analysis of the 12.0 m finite element
model should be conducted with varying deformation moduli of the different parts of the
system. However, the numerical results obtained so far are in sufficient agreement with the
analytical solution.

4. Discussion
The results of this study confirm that the model length and boundary conditions are

critical factors in the development of mathematical models of railway track structures.
Insufficient dimensions of the computational domain, particularly in the longitudinal
direction, significantly limit the ability of the stress–strain state to propagate, resulting in
overestimated stress and deformation values fully. This effect was observed both when
using the wave propagation approach and in numerical analyses based on the finite
element method.

An analytical assessment of rail deflection enabled the determination of the character-
istic length of the influence zone, which depends on the stiffness of the rail–sub-rail system.
This means that a model shorter than this length cannot reproduce the full rail deflection
and therefore cannot realistically transfer loads to the sleepers and further to the ballast
and subgrade.

Special attention should be given to the number of sleepers included in the model.
Although analytical calculations indicate that the main load is distributed across three
sleepers (the central sleeper and two adjacent ones), several possible simplifications are
possible. In particular, a model can either fully reproduce the rail deflection (which is
physically the most realistic approach) or implement an approximate load transfer without
considering bending. As the results demonstrate, the latter approach can be acceptable for
local models but requires appropriate load scaling.

The analysis of the shape of the sub-rail domain showed that shortening the model
length disturbs the stress transfer conditions within the semi-infinite space. This appears
as elevated stresses, especially near the point of load application. The proposed analytical
method enables the estimation of the effect of this limitation, although its application to
multilayered and anisotropic media remains constrained.

The results of the finite element modeling confirmed that the key factor for calculation
adequacy is the model length itself, rather than only the mesh resolution. In particular, even
with high mesh refinement (0.1 m), the short model (0.2 m) exhibited deformations that do
not accurately reflect the real behavior of the track structure. By contrast, the models with
lengths of 7.2 m and 12.0 m allowed the deformed state to develop fully, and the use of
the 10% maximum deformation isoline as a practical criterion for completing the influence
zone proved to be practical and reasonable.

At the same time, excessively long models result in unjustified increases in computa-
tional cost. Therefore, a balanced approach to choosing the model length and boundary
conditions is required. Short models are not inherently incorrect, but they demand careful
adjustment of the applied loads and boundary constraints to ensure reliable results. Fu-
ture research may focus on developing unified methods for load scaling and constructing
transition models that adapt short models to full-space conditions [37].
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5. Conclusions
This study substantiates the importance of selecting an appropriate model length and

applying suitable boundary conditions when developing mathematical models of railway
track structures. The results demonstrate that an insufficiently sized domain, especially in
the longitudinal direction, can significantly distort the stress–strain state due to the limited
spread of deformations. Conversely, excessively large domains may reduce computational
efficiency without adding accuracy.

Through an analysis based on elastic wave propagation and finite element modeling,
it was demonstrated that the model length must be sufficiently long to capture the spatial
distribution of deformations caused by vertical loads. In particular, models shorter than the
effective rail deflection length (approximately 4–9 m, depending on the subgrade stiffness)
require load scaling or additional assumptions to yield realistic results. Otherwise, they
tend to overestimate stress and deformation levels.

Based on the full rail deflection implementation, the minimum longitudinal length of
the model can be recommended as 3.4, 4.0, and 4.5 m for sections with a sub-rail foundation
modulus of 100, 50, and 30 MPa, respectively.

The finite element analysis confirmed that for a subgrade with a height of 4.0 m, an
element size of 0.2 × 0.2 × 0.2 m provides an adequate level of discretization to obtain
reliable deformation results. The recommended boundary condition scheme for a half-
space model of the subgrade is as follows: (i) the upper part (the rail–sleeper grid and
the top ballast layer) and the slopes remain free of any restraints; (ii) the model ends are
assigned a plane strain boundary condition along the track axis (y = 0), allowing vertical (z)
and transverse (x) deformations; (iii) ties are applied along the horizontal axis (x = 0) at
the symmetry plane, while vertical and longitudinal deformations remain unconstrained
(z ̸= 0; y ̸= 0); (iv) the foundation beneath has side constraints that prevent horizontal
and longitudinal deformations (z ̸= 0; x = y = 0); and the bottom plane is fixed against all
displacements (x = y = z = 0).

It was also found that to adequately transfer stresses through the sleepers, at least three
sleepers should be included in the model. For very short models, appropriate corrections
to the applied loads, based on analytical relationships, are necessary to ensure consistency
with full-scale behavior [38].

Furthermore, it was demonstrated that the use of suitable boundary conditions, es-
pecially on lateral and bottom surfaces, is crucial to avoid artificial constraints. Strategies
such as symmetry conditions, absorbing boundaries, and elastic supports can improve the
realism of simulations while minimizing computational demands.

These findings can assist in developing optimized, computationally efficient railway
track models that remain physically accurate and robust under a wide range of geotechnical
and structural conditions.
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