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Abstract: The article presents a model of dynamic processes occurring in non-isolated populations that differ in their
habitat and mode of nutrition. The results of theoretical studies carried out on the basis of this model show the decisive
influence of the ratio of the coefficients of inter-subpopulation competition on qualitative changes in the behavior of the
system and individual subpopulations. This ratio is also the main factor influencing the formation of the dominant
subpopulation in the system. It has been shown that the system-wide dynamics of subpopulation processes significantly
depends on the reproductive potential of all subpopulations and on the mass fraction of individuals that, according to
their phenotypic properties, are related to the parents. In this case, the mass fractions of individuals (transition
coefficients) must correspond to the condition of closed system and be in specified intervals. It has been established that
subpopulations in real life can exchange descendants, which, in turn, can significantly affect the numerical and
qualitative aspects of the dynamics. Using the example of a two-dimensional system, the relationship between the sum
of the main elements of the transition coefficient matrix and the mutual dependence of subpopulations, as well as their
transition to qualitatively different levels, is shown. The bifurcation properties of the model of subpopulation dynamics
with a Lotka—Voltaire type function in basic quality have been studied. An approximate justification of possible
bifurcations of the system allows us to evaluate the factors that qualitatively influence the dynamics of the system and
develop a number of recommendations to prevent the occurrence of catastrophes and collapses in the system.

Index Terms: Subpopulation; Reproduction; Phase space; Characteristic equation; Singular points; Phase portrait;
Jacobian matrix; Attractor; Repeller; Bifurcation; Hypersurface
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Mathematical Model of Subpopulation Dynamics in Case of Different Niches for Subpopulations

1. Introduction

In recent decades, the study of nonlinear dynamical systems has become one of the most important directions of
applied mathematics and interdisciplinary research. Population systems characterized by complex interactions between
heterogeneous groups are widely encountered in ecology, biology, economics, sociology, and demographic analysis.
Under real-world conditions, populations are rarely homogeneous, since different subgroups may occupy distinct
ecological niches, consume different resources, possess unequal reproductive potential, and demonstrate different levels
of adaptability to environmental changes. At the same time, these groups are not completely isolated, because migration
and the exchange of descendants between subpopulations significantly influence the long-term dynamics of the entire
system.

The classical Lotka—Volterra approach and its modifications remain among the most effective mathematical tools
for describing competitive interactions in population systems. Nevertheless, many existing models are primarily focused
on isolated populations or simplified interaction mechanisms and therefore cannot fully capture the nonlinear effects
arising in systems with heterogeneous subpopulations and transition processes between them. In particular, insufficient
attention has been paid to the influence of inter-subpopulation competition coefficients, transition parameters, and
bifurcation effects that determine qualitative changes in the structure and stability of the system.

The study of bifurcation phenomena is especially important for complex nonlinear systems, since even small
variations in system parameters may lead to significant transformations of phase-space topology, changes in stability,
the emergence of attractors, or the collapse of equilibrium states. Such processes are directly associated with the
formation of dominant subpopulations, degradation of weaker groups, and establishment of stable coexistence regimes.
Therefore, the development of mathematical approaches capable of identifying critical parameter values and predicting
possible dynamical transitions remains an important scientific challenge.

In this paper, a mathematical model of subpopulation dynamics based on a modified Lotka—Volterra framework is
proposed. The model takes into account heterogeneous ecological niches, differences in reproductive capacity, unequal
levels of inter-subpopulation competition, and transition mechanisms between subpopulations. A qualitative analysis of
equilibrium states, Jacobian matrices, characteristic equations, and bifurcation structures is carried out. In addition,
numerical experiments are performed for various parameter combinations and initial conditions in order to investigate
the influence of transition coefficients and competitive interactions on the global behavior of the system.

The obtained results make it possible to determine the conditions for stable coexistence of subpopulations, identify
the mechanisms responsible for the emergence of dominant groups, and reveal critical regimes associated with
structural instability and bifurcation transitions. The proposed approach may be useful for the analysis of ecological,
socio-economic, demographic, and other complex adaptive systems characterized by nonlinear interactions between
heterogeneous components.

1.1. Problem Statement

The relevance of the work is due to the importance of researching complex systems that form the basis of the
functioning of most biological, economic and social processes, as well as the need to develop effective methods of
managing these systems to achieve the appropriate economic or social effect. It is obvious that the correct description of
real systems is quite a difficult task: there are no standard modeling methods, each class of models must have its own
approaches. Quite often, research in this field is limited to the use of simple (linear) models and methods, which can be
useful as a first step, allowing to give a principled description of the system and to establish general interdependencies
between its parameters. At the same time, it is clear that the study of any complex systems cannot be limited to a linear
description, without taking into account nonlinear effects in their functioning. In particular, this refers to the study of
their bifurcation properties, that is, the possibility and nature of a qualitative change in the general behavior of the
system with a continuous change in the values of its parameters. Such research is especially interesting and non-trivial
for degenerate systems, i.e. systems, some parameters of which, according to the system feature, have critical (limiting)
values. And if bifurcation studies are sometimes carried out for non-degenerate (robust) systems, corresponding
methods have practically not been developed for degenerate systems.

1.2. Formulation of the problem in ecological interpretation

The research is based on the statement about the population as the multitude of individuals, which can be divided
by n subpopulations that are genetically homogeneous, but at the same time they significantly differ from one another
by one or more factors. They are not isolated reproductively, that means that there is some possibility of offspring
getting from i-th subpopulation to j-th subpopulation. Let’s consider that subpopulations have certain differences in the
way of life, resources and areas of life. In addition, individuals distinguish representatives of their own and other
subpopulations so that the level of inter-subpopulation competition is different.

1.3. Mathematical model of the subpopulation dynamics with a function of Lotka—Volterra type used as the base

The differential model of the subpopulation dynamics system [1, 2] can be written as follows:
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x= Aij- (ajcj- xk) C X, = l,l’l (1)
1

where x; is the size of subpopulation with index j; a; is the coefficient indicating the reproductive capacity of
subpopulation with the index j; ¢; is the coefficient determining the level of inter-subpopulation competition of
subpopulation with the index j and other subpopulations of the system. This means that for each subpopulation, the
external influence does not depend on whether it competes for a resource with a representative of its own or another
subpopulation, but for each subpopulation this level is different. 4;; is the share of the i-th subpopulation offspring, that

gets into the j-th; n is the total size of subpopulations. We assume that .A4;=1, i=1,n. Subpopulations can differ in

i
reproduction coefficients a;, transition coefficients A; (part of the growth that will belong to the "parent"), and initial size.
Next, for ease of writing the formulas, we will accept A, = /4.

The following tasks were set in the paper:

1. Conduct a qualitative study of the studied mathematical model;

2. Perform a numerical experiment for different sets of parameters and initial conditions;

3. Compare the results of the numerical experiment with the results of qualitative research of the mathematical
model;

4. Conduct a retrospective analysis of the obtained results to confirm the reliability of the model.

2. Related Work

The modern process of improving mathematical methods of research is primarily aimed at obtaining complex
indicators of the system and some of its qualitative characteristics. Among the main studies on mathematical modeling
of complex systems, it is necessary to highlight the works of such authors as N. Perestyuk [3]; V. Matsenko [4]; S.V.
Chernyshenko [5], [6], [7]; V.Ye. Belozyorov [8], as well as foreign ones — Bossel [9], Hannon [10], etc.

Today, issues of mathematical modeling of subpopulation dynamics are becoming more and more popular, and the
scope of their research covers mostly applied problems. Thus, some principles of determining the boundaries of
subpopulations are laid down in the work of A.-S. Malaspinas, M. Slatkin, Yun S. Song [11].

In the work [12] of T. Doko, H.Fukui, A.Kooiman, A.G.Toxopeus, T.Ichinose, W.Chen, A.K.Skidmore, the main
results of modeling the dynamics of Asian black bear subpopulations on the territory of Japan are highlighted.

As established by J.P. Kritzer, C.R. Davies [13], ecological heterogeneity can provoke spatial differences in the
growth properties of subpopulations, and this can lead to a number of interpopulation differences, including in
reproductive opportunities, primarily for those individuals in which reproductive properties directly depend on the
received energy.

In the population interpretation of differential models, as a rule, only the dynamics between conditionally isolated
groups are considered. A large number of fundamental monographs and articles are devoted to the issue of the
interaction of isolated groups: N. Bailey [14], J. Hofbauer, K. Sugmund [15], R.M. May [16] et al.

Much less attention is now paid to the issue of intergroup interactions. At the same time, in most cases, the most
important processes (evolution, reproduction, social and psychological development) take place precisely against the
background of one group and are based on the mutual relations of homogeneous individuals among themselves. In this
case, the system-wide trends are completely different, based on other subject principles. Note that the groups into which
the system is conditionally divided are not isolated, so there is a possibility that a certain proportion of the descendants
of one group will belong to another group by some properties. The effects of intergroup dynamics have their own
unique structure. Models proposed in the works of V. Volter [17]-[18]; R. Haberman [19] and others.

3. Equilibrium points of the system

System (1) is a special case of the well-known Lotka—Voltaire model [20], [21], [22], [23]. The peculiarity of
system (1) is that the coefficients of intra-subpopulation competition and inter-subpopulation competition for each
subpopulation are equal. From the objective point of view, this fact is explained by the lack of priorities among
individuals when they interact with each other. But the difference of this coefficient for each subpopulation reflects the
main essence of the model, namely the difference between subpopulations in the degree of perception of external
influence.

Further research will be carried out in accordance with the classical methodology of the study of equilibrium states

according to Lyapunov.
In case if ;1:1‘44'1':1 ,j=Ln,A; € [0;1] system is closed. But, if the number of equations is less than the actual

number of subpopulations, then the equal sign can change to a less sign and the system becomes not closed.
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ap/c 0 0
System (1) has n+1 isolated equilibrium points, with coordinates , @/ y e s , That is, one
0 O an/cn

point is the origin of the coordinates, and the others belong to different axes of the phase space and are located at a
distance of %, j=1,n from the origin.
7

For case when n=2, the system (1) has the following form:

{&Xlzfll [a—c1 (xy+x0) |y H(1=A5) [aa—c (e +x0) Ixa @)
&xy=(1-241)[a;—c; (e +xp) 1xy s [an—cy (e x0) Ixs

At the origin, the Jacobian matrix of the system (2) will take the form:

A 1-4,) -
J| (0;0)=< 1@ (1-%2) az)’ at singular points (a; /¢ ;0) and (0; a, /¢,) it will take the following form
(1-21) " a Ayt ay

T :< —Aa (1_/12)(612_0102/01)*/1101)

@ \-(1-2)a;  hlay—ayc,/e)ta =1/
Jl :(/ll(al_azcl/cz)"‘az(/lz_l) _(1_/12)az>

a2\ (1-4y) (a1 = azey /€2) —hay
accordingly. The characteristic equation of system (2) takes the following form £>—Tr(J)+Det(J)=0

4. Bifurcation analysis of the system in the two-dimensional case

The components of the Jacobian matrix of the system (1) are generally as follows: J;= 7:1 [A ,-j(aj—cj Z=1 xk)*cj,-xj];

when n=2 we have

Jn= (al_cl (2x1+x2))+czx2 (4—1)
J12=(1-25) (ay—¢2 (2xy+x1) )4y ¢1x
o =(1-21) (ay=¢; (2x,+x,) )4y,
T (ay=cy(2xy+x)) ) +ex (A —1)

(€))

Table 1 presents the coefficients of characteristic polynomial of the Jacobian matrix for three equilibrium points of
system (2).

Table 1. Coefficients of the characteristic polynomial of the Jacobian matrix of the system (2)

Point b=—Tr(J) c=Det(J)

(0;0) ~hatha) a0, (A +A—1)
(ar/¢150) a=h(a=ca1/¢)) a (=4 =A)(@—ca /¢))
0;a5/¢5) a—M(a1—cia,/¢5) a(1=A=2) (a1 —cray/¢5)

Theorem 1: the system (2) is degenerate in the vicinity of a singular point (origin) when
&alaz(/11+/12*1)>0
=0Ua,=0UA;+4,=1U .
a 0 ay 0 i] 12 1 { &/116114’/12&2:0
Proof: it can be easily seen that the origin is a singular point of system (2). Based on (3), it is obvious that the
Jacobian matrix of the system (2) at a singular point (origin) is as follows:

A oa (1-2y) a
J|(0;o)=< L ? 2) &)
(I-2) a Ay @y

The determinant of the characteristic matrix of the system (2) at the origin has the following form
Det(J)=a,a,(A,+4,—1) and within the theorem conditions a;=0 U a,=0 U 1,+1,—1=0 it reaches zero value.

The roots of the characteristic equation are complex under the condition 77?(J)—4Det(J)<0, and the condition of
equality of their real part of the zero value in the notation of the system is as follows: Tr(J)=4,a,+4,a,=0. Therefore,
the real part of the pair of complex roots of the characteristic equation of the Jacobian matrix of the system (2) is zero if

&a a,(A+,—1)>0
{ &AatA,a,=0

The theorem has been proven.
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Theorem 2: the system (2) in the vicinity of a singular point (origin) has the saddle type under the condition that
2 2

a,a; (A +1,—1)<0. If 0<a, a, (/11+/12—1)<M, a singular point (origin) is a node, and if a,a, (/11+/12—1)>M -
it is a focus. In the last two cases, the point is stable if 4;a;+4,a,<0 and unstable if ;a;+1,a,>0.
Proof: the Jacobian matrix of the system (2) at a singular point (origin) has the form (4), and its characteristic equation
is 2—(lja+a))t+ajay(4+1,—1)=0 . It is obvious that under following condition Det(J)=a,a,(1,+1,—1)<0 the
discriminant of the characteristic equation (which has the general form D(J)=Tr(J)>—4Det(J)) is greater than zero, and
the product of the roots of the characteristic equation (according to Vieta's formulas) is less than zero. Therefore, a
singular point (origin) has a saddle type by definition. Further, we will assume that De¢(J)>0.

The discriminant D(J) of the characteristic equation has the following form — D(J))=(4,a,+4,a,)*—4a,a,(2,+7,—1).

. . .\ A1a1+inaz)?
It is obvious that under the condition that a;a, (/11+/12*1)>M

part of a pair of complex roots has the form 4,a,+4,a,. So, if 1;a;+4,a,<0the singular point (origin) has a stable focus
(ra1tiga)?

— the singular point (origin) is elliptic, and the real

type, and if A,a;+4,a,>0 — an unstable focus type. If a;a,(1;+4,—1)<
According to the assumption — Det(J)>0; therefore, the roots of the characteristic equation (as a consequence of Vieta's
formulas) have the same sign, which means that if the 4;a;+4,a,<0 singular point (origin) has the type of stable node,
and if 4;a,+4,a,>0 — an unstable node.

, the singular point (origin) is hyperbolic.

The theorem has been proven.

As it was shown above, the analytical condition for the occurrence of bifurcation in the system is the equality of
the real part of at least one of the eigenvalues of the Jacobian matrix to zero. Also, it is proposed to distinguish the
bifurcation transition from the node to the focus. The first bifurcation, of the general form Det(J)=0, can occur in the
system when one of the reproductive parameters «; passes through the zero value. In this case, in addition to the change
of the phase space topology, the quarter in which the corresponding equilibrium point is located also changes. Note that
the change of parameters a; and a, leads to symmetric bifurcations, so we will consider such a bifurcation only on the
example of the parameter a;.

/1120,8;0120,01;/1220,75;02:1,5;02:0,01 (5)

Fig. 1. Phase portrait of the system (2) with parameters (5) and a) a;=-1; b) a;=0); ¢) ai=1

The bifurcation structure is quite clear. When the reproductive coefficient a; passes through the zero value, a
singular point on the axis of the corresponding subpopulation goes beyond the first quarter, that is, with a negative
reproductive potential of one of the subpopulations, it does not have a non-zero equilibrium state in the first quarter
(which is the range of real values of the sizes of subpopulations). Such a bifurcation is "saddle-node", the topological
structure of the phase space around the stationary point of origin has a degenerate structure. The behavior of the system
in the vicinity of a non-zero singular point on the other axis does not undergo changes. Let us emphasize that, along
with the saddle-node structure of such a bifurcation, it has the properties of a transcritical bifurcation, i.e., under the
condition that ¢,=0 — non-zero singular point located on the corresponding axis coincides with the origin, becoming
unstable at the same time.

Theorem 3: the system (3.2) under following conditions
&a (17/117/12)(027 czal/cl)>0 . . .
a;=0U (1-4,—4,)==0U (ar,—cya, /c;)=0U { ! is degenerate around a singular point
1 (1-21=72) (ay=cra,/¢1) &y (ar—cray se1)-a;=0 g g p

(a1/c1;0).

Proof: it is easy to see that the point (a;/c1;0) is a singular point of the system (2). The Jacobian matrix of the system
(2) at a singular point (a;/c;;0) has the following form
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ac
—Aa (1-4) (02*—; 2) A4y
1

(6)
—(1=A)a, 4 (azf—alcz) +a; (4,—1)
S

Jl (a1/¢1;0)~

The system is degenerate in the vicinity of a singular point under the condition that the real part of at least one of
the roots of the characteristic equation is equal to zero. It is obvious that the determinant of the characteristic matrix of
system (2), which in the notation of the system has following form Det(J)=a;(1-1,—,)(a,—ca;/¢;) , under the
conditions of the theorema;=0U (1-4,—4,)=0U U (a,—c,a;/¢;)=0 reaches zero value. Similarly, the roots of the
characteristic equation are complex under the condition 77*(J)—4Det(J)<0, and the condition of equality of their real
part of the zero value in the notation of the system has the form 7r(J)=/,(a,— c,a; /¢;)—a,=0. Therefore, system (2) is

—A— - >
degenerate at a singular point (a; /¢ ;0) under the condition {&alggz (/1;2:% )2532/ cf)zf;{ :E)) 0.

The theorem has been proven.

Theorem 4: singular point (a;/c;;0) of the system (2) is of saddle type under the following condition

—caay/cl)—a 2
ay(1=-4=2) (ay— cray 7¢1)<0. If 0<a; (1-2,=4y) - (ar—cya, /c1) <Walaraa/e) a)”

" , a singular point (a; /¢, ;0) is a node,

and under the condition a,(1-4,=4,) " (a,— cya, /¢1)>

22 (ar— -a))? .. o
M — it is a focus. In the last two cases, the point is

stable if/lz(az_ Cza1/01)701<0, and it is unstable 1f/12 (az_ czal/cl)*a1>0.

Proof: Jacobian matrix of the systems (2) at a singular point (a; /c; ;0) has the form (6), and its characteristic equation
is P—(h(ay—crayyc)—ay) t++a,(1-4,—2,) - (ay—cya,sc;)=0 . It is obvious that under following condition
Det(J)=a;(1-2,=7,) - (ay—c,a, yc;)<0that the discriminant of the characteristic equation D(J)=Tr(J)*~4Det(J) is
greater than zero; and the product of the roots of the characteristic equation (according to Vieta's formulas) is less than
zero. So, the singular point (a; /¢, ;0) is of saddle type. Next, we will assume that Det(J)>0. The discriminant D(J) of
the characteristic equation has the following form —D(/))=(4,(a,— cya, /c;)—a;)*—4a,(1-2,=1,) - (ar—cra, /cy) . Tt is

obvious that under the condition a;(1-4,—4,) - (a,—cya,/¢;)> — the singular point (a,/c;;0) is

4
elliptic; and the real part of a pair of complex roots has the form 4,(a,— c,a, /¢;)—a;. Thus, if 1,(a,— c,a; /¢;)—a,<O0the
singular point (a,/c;;0) is a stable focus, and if A,(a;—cya;/¢;)—a;>0 — it is an unstable focus. If

ay(1=-4=4) - (ay—cra,/¢1)< , the singular point (@, /¢, ;0) is hyperbolic. According to the assumption
Det(J)>0; therefore, the roots of the characteristic equation (as a consequence of Vieta's formulas) have the same sign,
and hence, if 1, (ay— c;a, /¢;)—a;<0 than singular point (a, /¢ ;0) is a stable node, and if 1,(ay— ¢;a; /¢;)—a;>0than it is

an unstable node.

(2(ar—crar se1)-ap)?
4

The theorem has been proven.

Except the considered cases, another type of bifurcation can occur when (4;+4,—1)a;a,>0. In this case, the critical
value of the parameters is determined by following equality

ilaﬁizaz:o (7)

It is obvious that in the vicinity of the point (7) the discriminant of the characteristic equation is negative, i.e. the
singular point is a focus. Bifurcation in this case is a change of a stable focus to an unstable one or vice versa. Fig.2
shows the case of such a bifurcation when the parameter A; passes through the critical value 0. Other parameters are
selected as follows:

a,=1,005¢,=0,0131,=0,20;2,=—2,00;¢,=0,01; (8)

The bifurcation (that was presented above) occurs if the size of one subpopulation decreases, and the other
compensates the shortage in the first one. When passing through the bifurcation value, the system changes the growth
trend from positive to negative or vice versa. Thus, either the developing subpopulation manages to compensate the
losses of the declining subpopulation (Fig.2, ¢); or due to the part that goes to the dying subgroup, the sizes of both
subgroups approach zero over time (Fig.2, a). It should be noted that the stability of a singular point of origin is
sufficiently local. Thus, with a slight deviation from the origin, the topology of the phase space changes (Fig.2, a) and
the phase trajectories go to —oo.
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Fig. 2. Phase portrait of the system (2) with parameters (8) and a) 1,=0,3; b) 4,=0,4; c¢) 1,=0,5

Theorem 5: the system (2) under the following condition
&ay(1-21—4) - (ay=cjay/¢,)>0

is degenerate at a singular point
&2 (ay=c1a3/¢3)~a;=0

a2=0 U (1*/117/12)220 U (alfclaz/cz)=0 U {
(0;a3/¢9).

Proof: it is easy to see that the point (0;a, /c,) is a singular point of the system (2). The Jacobian matrix of the system
(2) at a singular point (0; a, /¢,) has following form

A (%‘%) +a,(A,-1)  —(1-4)a,

_ 2

Jl (0;ap/¢2)— a,cy (9)

(1=4p) (al_c_) Aoy Aoy
2

The system is degenerate at a certain point under the condition that the real part of at least one of the roots of the
characteristic equation is equal to zero. It is obvious that the determinant of the characteristic matrix of the system (2),
which in the notation of the system has the form Det(J)=a,(1-1,—4,)(a,— ¢ a, /¢,), under the conditions of the theorem
a,=0U (1-4,—4,)=0U (a,— ¢ a, /c;)=0 acquires a zero value. Similarly, the roots of the characteristic equation are
complex under the condition 77?(J)—4Det(J)<0; and the condition of equality of their real part to zero in the notation of
the system has the form 7r(J)=2,(a;—cia,/c;)—a,=0 Therefore, the system (2) is degenerate at a singular point

- - >
(0; a; /¢,) under the following condition {&aiggl (/21_/120)1 Ezjl/czc)lszgg)) 0.

The theorem has been proven.

Theorem 6: the singular point (0;a,/c,) of the system (2) is of saddle type under following condition
_ — )2
ay(1=41=A) (a1 = c1a5 /¢,)<0. If 0<ay (1-4,=4,) (al_claz/cz)<M

" , the point (0; a, /¢,) is a node; and if
Qilai—craz/cp)-a)*

a,(1-4=4) - (ay—crar/¢)> — it is a focus. In the last two cases, the point is stable if

A (@—cyay /¢3)—a,<0 and it is unstable if 1, (a;— ¢;a, /¢;)—a,>0.

Proof: the Jacobian matrix of the system (2) at a singular point (0;a,/c,) has the form (9), and its characteristic
equation is —(1,(a;—c1ay/c))—a)t+  +a,(1-A,—A,)(a;—cjayc,)=0 . It is obvious that under the condition
Det(J)=a,(1-2,—A,) (a1~ c1a,/¢,)<0 the discriminant of the characteristic equation, which has the general form
D()=Tr(J)>—4Det(J), is greater than zero; and the product of the roots of the characteristic equation (according to
Vieta's formulas) is less than zero, and therefore the singular point (0; a, /¢,) is a saddle point. Further, we will assume
that  Det(J)>0 . The  discriminant  D(J) of the  characteristic = equation  has  the
form D())=(4(a,—c1ay/¢5)—ay)*—da,(1-4,—2,) - (a;—cya,/c;) . It is obvious that under the condition
ay(1=A1=72) - (01*01az/cz)>—ul(llwlaj/m_”)2

complex roots has the following form A, (a;—cja,/c;)—a, . Whence, if A,(a;—cjay/¢,)—a,<0 — the singular point
0;ay/¢5) is a stable focus, and if 2,(a;—ciay/c;)—a,>0 — it is an unstable focus. If

_ _ 2
a,(1-A1=4,) (611_01512/02)<—(l1(a1 claj/cz) )

— Det(J)>0, then the roots of the characteristic equation (as a consequence of V Vieta's formulas) have the same sign,
hence if 4,(a;—¢;a,/¢;)—a,<0 then the singular point (0; a, /c,) is a stable node, and if 4, (a;— cya,/¢;)—a,>0 — it is an
unstable node.

the singular point (0;a,/c,) is elliptic, and the real part of a pair of

, the singular point (0; a, /c,) is hyperbolic. According to the assumption
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The theorem has been proven.

Theorem 7: points of conditional stationary hyperplane

a
X (10)
s !
of the system (2), arising under an additional condition
oo TLm (11)

are degenerate, and the determinant of the Jacobian matrix of the system at these points is zero.

Proof: the general view of the ij-th element of the Jacobian matrix (2) can be represented as follows:

ad; I*Z Xy | e (12)
7 k=1

Taking into account (12), the general form of the ij-th element of the Jacobian matrix of system (2) on the
conditional stationary hyperplane (10), (11) is as follows: J;= '.1:1 (—c,-- x,-). Based on the fact that .J;; does not directly

n

Jij:

=1

depend on i, we must assert that J,=Jy;, p,h=§, and therefore vectors of the Jacobian matrix columns are linearly
dependent, i.e. det (J) =0.

The theorem has been proven.

The analytical condition of the next bifurcation, in which an attractor appears in the phase space, includes the
coefficients of intersubpopulation competition c¢;. In this case, the critical value of the parameters is determined by the
equality ?=a—2, other parameters were chosen as follows:

1 5]

41=0,80;¢;=c,=0,01;4,=0,80;a,=2,00 (13)

%3

Xy

1

Fig. 3. Phase portrait of the system (2) with parameters (13) and a) a;=3; b) a;=2; ¢) a;=1

The case of the attractor existence in the system of subpopulation dynamics is considered in more detail in [54]. It
should be noted that the structure of the system is sufficiently degenerate and occurs in nature only if the level of
intersubpopulation competition of all subpopulations of the system is equal. But from another point of view, it reflects
the symmetrical nature of subpopulation processes. When such a bifurcation occurs in the system, a conditional
stationary hyperplane appears in the phase space, all points of which are degenerate, and the stability is determined by a
nonzero eigenvalue, which in the notation of the system has the form A,a,+1,a,. In the bifurcation state, a certain
equilibrium is established between the increase in the size of subpopulations, which allows the coexistence of
subpopulations in certain ratios (depending on the initial conditions). At the same time, the stationary line consists of
two parts of attractive and repulsive rays.

Theorem 8: the degenerate stationary straight line (10), (11) of the system (2) consists of the points of the attracting ray

crx(ax—ar)
a

(attractor) of the general form —a,<0 and the points of the repelling ray (repeller) of the general form
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cixi(ag—ay)

2
a,>0. The composite singular point connecting the attractor and repeller has coordinates ( A ;a—1>
ci(az=ar)’ ci(ar-az)

and the root of the characteristic equation of the Jacobian matrix equal to zero; and the multiplicity of which is equal to
two.

Proof: according to Theorem (7), the system (2) is degenerate around the points of the stationary line (10), (11). At
these points, the Jacobian matrix of the system (2) has the form

c c
_(/llalxl"‘(l_/lz)azxz)_l _(/11alxl"‘(l_/lz)azxz)_1
- a; a;
J= 1 1
*((1_/11)a1x1+/12a2x2)a— *((1_/11)a1x1+/1202x2)a—

1 1

and its characteristic equation is #—77(J)t+Det(J)=0, where Det(J)=0, and T’ r(J)=M due to the degeneracy
1

(according to Theorem 7) of the characteristic matrix, therefore #,=0, tfm. Considering the fact that at the

ay
points of the conditional stationary line x2=2—1—x1 , the non-zero root of the characteristic equation of the system at the
1

cix(ap—ay) c1x1(ap—ar)

points of this line will have the form: #,= a,, so if <0 the points of the stationary straight line are
attractive, and under the condition cm(:;al)>0 they are repulsive. It is obvious that these two rays will be combined at a
& (ay—ay) ~a,=0

aj

point whose coordinates satisfy the following conditions , so its coordinates have the form

&)clerz:a—1 , ﬂ=ﬂ,i,j=1,n
a’e g
2 _
(ﬂ; “ ), at this point, according to the condition M—afo, the root of the characteristic equation is
ci(az—ar) " cy(aj—az)
t2:0.

The theorem has been proven.

The next bifurcation of the type Det(J)=0 occurs when the parameters pass through the critical value defined by
the equality 4;+4,=1, and other parameters have been chosen.

/1120,6;a1:10,0;0120,1;02:10,0;02:0,2 (14)

LS

a

Fig. 4. Phase portrait of the system (2) with parameters (14) and a) 4,=0,3; b) 4,=0,4; c¢) 4,=0,5

Such a bifurcation leads to the existence of an infinite number of equilibrium points. The transcriticality of such
bifurcation consists in the loss of stability of the non-zero equilibrium point belonging to the axis x, and in the
formation of a stable node in the non-zero singular point of the system, which is located on the axis x;. From an
objective point of view, this state is caused by the balance between the level of reproduction of two subpopulations.
Taking this into account, a certain ratio arises in which there is no dynamics in the system.

Fig. 5 — 7 show the bifurcation diagrams of the system (2) in its various parametric spaces. The designations used
in Figs. 5 — 7 are given in Table 2:
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Table 2. The topology of the phase space of the system (2) for the values of parameters shown in Fig. 5 — 7

Type of | Type of | Type of
Designation equilibrium equilibrium equilibrium
point(0;0) point(a, /¢; ;0) point(0; a, /¢,)

1 Stable Stable Saddle

2 Stable Saddle Stable

3 Stable Saddle Saddle

4 Stable Saddle Unstable

5 Stable Unstable Saddle

6 Saddle Stable Stable

7 Saddle Stable Saddle

8 Saddle Stable Unstable

9 Saddle Saddle Stable
10 Saddle Saddle Unstable
11 Saddle Unstable Stable
12 Saddle Unstable Saddle
13 Saddle Unstable Unstable
14 Unstable Stable Saddle
15 Unstable Saddle Stable
16 Unstable Saddle Saddle
17 Unstable Saddle Unstable
18 Unstable Unstable Saddle

Fig. 5. The bifurcation diagram of the system (2) with the designations given in Table 2, and parameters a) 4,=0.7; 1,=0.2; ¢;/c,=—0.1; b) 1,=0.7;
42=0.8; ¢1/€;=70.1; ¢) a==3; ¢, /¢, =0.1

12 ¢ye,

li+, -1

C4/C21;

a b C

Fig. 6. The bifurcation diagram of the system (2) with the designations given in Table 2, and parameters a) a,=3; 4,=0.7; 1,=0.2; b) a,=3; 1,=0.7;
4,=0.8; ¢) a=1; ¢y ¢, ==0.1

iz -11,, 14

Fig. 7. The bifurcation diagram of the system (2) with the designations given in Table 2, and parameters a) a;=1; 1,=0.7; 1,=0.2; b) a,=2; ¢, /c,=—0.1;
41=0.7; 1,=0.8; ¢) a;=1; a,=—3
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Based on the general appearance of the coefficients of the characteristic equation of the system (2), we can see that
at its three special points their sign depends on the value of four parameters a;, a,, (4;+4,—1) and Z—l, In turn, the sign of
2

these points will determine whether the point will be stable. At the same time, we are interested in the states of the
system with positive and negative values of the parameters a;, a,, (4;+4,—1), and also when the value of the parameter
Z—l is less than zero, belongs to the interval from 0 to 1 and is greater than one. The number of phase portraits of the
2

system is equal to 3x3x3=27. As a result of analytical studies, it was established that only 18 types of phase portraits
are compatible, and 9 (Table 3) are incompatible, respectively.

Table 3. Topologies of the phase space of the system (2), which are incompatible

No Point type(0;0) Point type(a; /¢; ;0) Point type(0;a,/¢,)
1 Stable Stable Stable
2 Stable Stable Unstable
3 Stable Unstable Stable
4 Stable Unstable Unstable
5 Saddle Saddle Saddle
6 Unstable Stable Stable
7 Unstable Stable Unstable
8 Unstable Unstable Stable
9 Unstable Unstable Unstable

Based on the symmetry of singular points (a;/c;;0), (0; a,/c,)it was established that 11 types of non-equivalent

phase spaces are possible for system (3) (Table 4).

Table 4. Non-equivalent topologies of the phase space of the system (2) taking into account the symmetry of non-zero singular points

No Point type(0;0) Point type(a, /¢; 50) Point type(0;a,/¢,)
1 Stable Stable Saddle
2 Stable Saddle Unstable
3 Stable Saddle Saddle
4 Saddle Stable Stable
5 Saddle Stable Saddle
6 Saddle Stable Unstable
7 Saddle Saddle Unstable
8 Saddle Unstable Unstable
9 Unstable Stable Saddle
10 Unstable Saddle Saddle
11 Unstable Saddle Unstable

5. Bifurcations of the codimensional system >1

Usually, the degenerate states of the system are determined by the critical values of its parameters. It is known that
such states can occur when Det(J)=0 and Tr(J)=0. As it was shown in the previous subsections, in case of the systems
that are considered in this work, the analytical form of invariant Det#(J) and Tr(J) is represented as a product of several
(linear) terms. It is obvious that along with simple bifurcations, complex bifurcations may exist, in which critical values
are taken by several invariants of the system at once. Such cases are distinguished by more complex topologies of the

nmn "non

phase space, such as: "focus — saddle", "node — center", "stable node — unstable node", etc.
Theorem 9: the system (2) can undergo the following complex bifurcations of codimensionality >1:

.. &a=0 . .
a) under the condition that [ &ZI—O — the system (2) undergoes a complex bifurcation of the second type,
=

characterized by bifurcations of codimensionality 1 at its two singular points.
b) under the condition that A,+4,=1 — the system (2) undergoes a complex bifurcation of the third type, which is
characterized by bifurcations of codimensionality 1 at its three singular points.

. &a,=0 . . . S
¢) under the condition that { &ZI—O — the system (2) undergoes bifurcation of the third type of codimensionality 2,
=

which is characterized by the bifurcation of codimensionality 2 of the system at its three singular points.

Proof: it is usually considered that the analytical condition for the occurrence of bifurcation in the system is the
equality of the real part of at least one of the roots of the characteristic equation to zero. The equilibrium points of the
system (2) are points (0;0), (a;/¢;;0) and (0; a, /c,). The Jacobian matrix of the system (2) at a singular point (origin)
has the form (4), at a singular point (a;/c;;0) — it has the form (6), and at a singular point (0; a, /¢,) — it has the form
(9). Therefore, the general form of the coefficients of the characteristic equation 2—Tr(J)t+Det(J)=0 at special points of
the system (2) is as follows:
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Tr(J) 0.0~ a1+ha;

15

Det(J) goy=aras(+ia=1) (15)

T”(l])(al/cl;O)zflz(az_ Cay /cy)—ay (16)
Det(J)(al/cl;O):al (1-4=4) (ar— cay/cy)

T”(J)(om/cz):il (a1—ciay/¢5)—a, 17)

Det()) (0., ey =2 (1-A1=22) (@)= c1az /¢3)

&Det(J) 0,0)=0 &Det(J) ,0=0
&Det(J)(ay /e1:0=0 &Det(J) (0.0, /¢ =0
bifurcation arising in the system is a bifurcation of codimensionality 1, but at the same time the system undergoes such
a bifurcation at its two singular points. Clause A of the theorem has been proven.

&Det(J),0=0
It is easy to see that if A;+1,=1 — the system { &Det(J)(4, s,:00=0 is fair and therefore the system undergoes a
&Det(J) .45 /020

bifurcation at all three equilibrium points. Clause B of the theorem has been proven.

From the general form of the coefficients of the characteristic equation (15)—(17), it is clear that under the
0 &Det(J) 0,0)=0
0~ the system { &Det(J)q, ,c;:00=0 is fair. So, under such conditions, the system (2) undergoes

&Det(J)(O;az/Cz)zo

bifurcation of the third type of codimensionality 2, which is characterized by the bifurcation of codimensionality 2 of
the system in all its three singular points. Clause C of the theorem has been proven.

If a;=0 the system { is fair, and if a,=0 the system { is fair. Thus, the

.. &a 1=
condition { &ar=

The theorem has been proven.

The bifurcation, during which the conditional stationary hyperplane loses its stability, is a bifurcation of
codimensionality 2. At such a bifurcation, the parameters a; and a, reach critical values. Bifurcation is characterized by
a change in both parameters, while not only the stability of the stationary hyperplane changes, but also its location.
Mostly, the degrees of freedom are represented, if not natural, then at least by positive values, which limit the domain of
definition to the first quarter. But for the completeness of the bifurcation study, we emphasize that the double
bifurcation is a bifurcation of a higher order, representing a qualitative change in the topology of the phase portrait as a
whole, and not its individual part. This case is realistic from the point of view of ecology, because with a negative
reproductive potential of both subpopulations in the quarter I, there are no equilibrium states, i.e. the only scenario for
the development of subpopulations is the decline of both subpopulations. Phase portraits corresponding to such a
bifurcation are presented in Fig. 8. As mentioned above, parameters a; and a, pass through, other parameters are
selected as follows:

2,=0,60;¢,=c,=0,01:1,=0,90 (18)

Fig. 8. Phase portrait of the system (2) with parameters (18) and a) a;=a,=2; b) a;=-2, a,=2; ¢)a;=a,=—20

&i]""}.z:l
&ay/cr=ay/c;
simultaneously. From practical point of view, with such a bifurcation, there are no significant changes in dynamics, but
qualitative changes definitely exist. It should be noted that the separatrixes of the origin are placed at a certain angle to
the axes, but do not coincide with them. During such a transcritical bifurcation, the topological structure of the phase

A similar bifurcation of codimensionality 2 occurs when the conditions { are fulfilled
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portrait around the origin undergoes a transformation from a node to a saddle.

2,=0,40a,=a,=2,00;¢,=¢,=0,01 (19)

Fig. 9. Phase portrait of the system (2) with parameters (19) and a) 1,=0,5; b 1,=0,6; c) 1,=0,7

6. Investigation of Nonlinear Properties of Bifurcation Hypersurfaces on Two- and Three-Dimensional
Parametric Spaces of a Two-Dimensional Model

The Jacobian matrix of the system (2) at the singular point of the origin coincides with the Jacobian matrix of the
system (4), so we will classify bifurcation hypersurfaces only for non-zero singular points (a;/¢;;0), (0; ay/c,).

According to the coefficients of the characteristic equation presented in Table 3.1, a bifurcation of the node-saddle
type at a point (a;/c;;0) occurs under the conditions (20) — (22):

a,;=0 (20)
ay/c1=ax/¢ (22)

The bifurcation hyperplane (20) exists only on two-dimensional bifurcation diagrams a@,:0:a,, 1;:0:a;, ¢;:0:a,, and
on them it coincides with the axis a,, 4; and ¢; respectively.

The node-saddle bifurcation arising under the analytical condition (21) is present only on bifurcation diagrams of
the general form 4,:0:1,, 4;:0:a;, 4;:0:a;, 4;:0:¢;, 4;:0:¢;. In these diagrams, the bifurcation curves are straight lines, and in
the parametric spaces 4;:0:a;, 4,:0:a;, 4;:0:¢;, 4;:0:¢; this line is perpendicular to the axis 4;, and in the parametric space
A1:0:4, it will pass through the points (0;1) and (1;0).

In most cases, bifurcation hyperplanes are nonlinear. The results of the study of the bifurcation hyperplane
represented by equality (22) are shown in Table 5.

Table 5. Constants of equation (22), reduced to the canonical form (16)

Param. space by | 1, I3 | Curve type
a;:0:4, A curve of the third order
a:0:1, A curve of the third order
a:0:c, A curve of the third order

b11:b22:b122:0

ajc,

byy=aya, o

A:0:2, _aa a%cz 0 0 A pair of parallel lines
blr—TJrz—cl
@ dicy
2 2
b,=b5,=0
by=a,a,(1-1,) 4
A1:0:¢, byy=—a(1-4,) [2¢, -—— 0 Real intersecting lines
b13:—a1a2/2
bp=ai/2c,
b1=by,=0

) by=a,a,(1-4,) at . R
/2:0:c, 207, ] 0 Real intersecting lines

b—7

by=—

2¢,
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a;:0:a,

b13=byy=by3=b3;=0

AR

1 2¢)

(1*11*12)2 0

Imaginary intersecting lines

a,:0:2,

b1=by=0

b :al(lflz)

b11=by=b1)=b33=0

bis=a(1-4,=2,)/2

-2 (1-A,—A
byy= ai(1-24 2)/2c]

#0

Hyperbole

On other parametric fields, the corresponding bifurcation curve is presented in the form of a graph, which is not a

second-order curve.

The analytical condition for the occurrence of a node-focus bifurcation transition at a point (a; /c; ;0) is as follows:

crap\? 1 cra
a%h{%(azfg) —4a, (1—/11——/12> (aZ*A) =0
c 2 c

1

The classification of the corresponding bifurcation curves is presented in Table 6.

Table 6. Constants of equation (22), reduced to the canonical form (16)

Field by I, I Curve type
bn=b1,=0
bi3=2a,(ar—c,a,/¢))
byy=(ay= a1 /¢1)?
0: YUY
A1:0:4, bay=ay (ar—cray /1) 0 4a (a2 o ) Parabola
bys=ai—4(ay— a1 /¢1)
A1:0:a; A curve of the third order
b,=0
b,=2a,
b]3:*2c2a%/cl
bzzzl%
Meoa
A1:0:a, byy=—2a;+a; 1~ —4a? #0 Hyperbole
hyera?
2 52200
by=aj <
2 22
4 G +12 02‘211
¢ ]
A:0:a; A curve of the fourth order
A:0:a, A curve of the fourth order
4:0:¢, A curve of the fourth order
a,:0:¢c, A curve of the fourth order
A1:0:c) b=0 | Bat ] #0 | Hyperbole
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—2.2/2
bzz*izal/cl

bp="2ai/c,
bj3=2a,a,
A A
e 2102 o]
(& ¢ <
by =(a,+hay) ~4ayay
bllzl%
blzzfﬂ%al/cl
b;5="2a,t2a 1 taj Ay
a,:0:c, byy=13d}/c 0 #0 Parabola
by==2at/c,~2hai/c,~
*lza%/ 51
b33:a%
b13=by3=b3;=0

o\ o
by =1423- (—) —4=
11 2 \g P %
x(2420,+2))

282
b= = —2+20,+,
1

a,:0:a, Unsigned 0 Straight lines

b22:/1§

On other parametric fields, the corresponding bifurcation curve is presented as a graph, which is not a second-order
curve.
Bifurcation of the type “stable focus — unstable focus” at a point (@, /¢, ;0) occurs under following condition:

Car\
(11_/12 azfc_l =0 (24)

When reducing equation (24) to the canonical form of the second-order curve, the invariants listed in Table 7 were
obtained:

Table 7. Analysis of the properties of bifurcations of the "stable focus — unstable focus" type of the system (2) at the equilibrium point (4, /¢;;0)

Field by | I, | I | Curve type
A1:0:a;
A1:0:a,
A1:0:¢4 Two parallel lines
A1:0:¢y
A1:0:1,
b11=by)=b33=0 s
—_0s. ca
A2:0:a, bp=705 CZ/CI —0—22 = Hyperbole
b13:_0.5' a, 46’1 4C1
b23:0.5
by1=byy=by3=0
Jn:0:a bip=-0.5 -025 | 025 Hyperbole
o biz=ca,/2¢; ’ ’ @ P
by=a,
b 1=byy=by3=0 s R
Ay:0:¢, bp=05_ay/¢ 751_]2 70.25a—; Hyperbole
b3==0.5" a, 4cq c
by=a,
b1=b1,=b»=0
b3=0.5 Two parallel
:0: .
@ by3=0.5- ha /c 0 0 lines
by=ha,
b11=b1,=b»=0
a,:0:¢c, b=05" % 0 0 TWO parallel
by3=0.5- Ja/c; lines
by=a,
b)1=b1,=b»=0
Two parallel
a,:0:a, b13=0.5- (1-Aa,/c)) 0 0 lir‘:;s p
byy=0.5- 1,

On other parametric spaces of the system (2), the corresponding bifurcation curve is represented as a graph that is
not a second-order curve. Analytical conditions for the occurrence of bifurcation at points (a,/c; ;0), (0;a,/c,) are
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symmetric, and their list of topological structures is the same, so we limit the study of bifurcation hyperplanes to the
point (a, /c; ;0)

7. Three-dimensional bifurcation diagrams

The analytical condition for the occurrence of bifurcation in the system (2) at the point (a, /¢, ;0) is presented in
the form (20)-(22). The bifurcation hyperplane (20) is present only on the planes aj:a,:4;, a,:ay:c;, aj:idyiAy, aylic,
ay:;¢;, ayicyic; on which it is perpendicular to the axis a;. The bifurcation hyperplane (21) exists on parametric spaces
of the general form: 4,:1,:a;, 4;:1,:¢;. Moreover, there it will pass through the points (1;0;0), (0;1;0) and will be parallel
to the third axis. Also, the bifurcation hyperplane (21) will be present on all bifurcation diagrams, one of the variables
of which is 4; or 4,. On these parametric spaces, this bifurcation hyperplane will be represented by planes perpendicular
to the axes A; and 4, respectively.

Let's rewrite the bifurcation condition (22) in the following form:

a' cj=a;. ¢ (25

Taking into account the nonlinearity of the bifurcation effects of the system, which were discovered earlier, we
will conduct a full study of the possible bifurcation properties of the system.

Table 8. Analysis of the properties of the "node — saddle" bifurcation of the system (2) at the equilibrium point (4 /¢;;0)

Field by I, I3 Iy Curve type
a;:8,:C 212‘;::220/ 52 -0,25 0 (co/4)? Hyperbolic paraboloid
a1:8,:Cy bEZO.S -0,25 0 (cy/8)? Hyperbolic paraboloid
by=—c¢,/2

a1:c1:Cy bf 0.5 -0,25 0 (a,/4)? Hyperbolic paraboloid
by=—2,/2

a,:C1:Cy by 2:_0'5 -0,25 0 (a1/4)? Hyperbolic paraboloid
by=2,/2

Under condition (25), the bifurcation hyperplane is a hyperbolic paraboloid.

From the bifurcation condition (23), which contributes to the emergence of a node-focus type bifurcation at a non-
zero singular point of the system, it can be seen that in most cases the degree of bifurcation hypersurfaces reaches three,
and sometimes exceeds this value. The only exception to this rule is the bifurcation hyperplane represented by the
bifurcation diagram a,:c,:4;. Table 9 presents the results of the study of bifurcation hyperplanes on possible bifurcation
3-dimentional measurement diagrams, as well as invariants.

Table 9. Bifurcation hyperplanes of the "focus - node" type of the system (2) at point (4, /C;;0)

Field by | I, | I, | I, | Curve type
aayic, Hyperplane of the 4th order
ajiay:A; Hyperplane of the 3rd order

a:ar):hy Hyperplane of the 4th order
a;:cyily Hyperplane of the 3rd order
ajicyihy Hyperplane of the 6th order
apAid, Hyperplane of the 4th order

b, 1:/1%
ai A
bp= 2
b44:“%
2
bn,_al - 4 , Cylinder
1 a >c; —ellipti
ay:Cyiy by 2_(1% 4ai (c_%l_l> 010 Ezall:ccll— pj:gl))t;(l:ic
c a,<c| — hyperbolic)
b13=2a,
_ai(2h)
2=
bj4=a,(p=2)
b33=b3,=0

ay:Cyily Hyperplane of the 4th order
A Ay Hyperplane of the 4th order
Ay Hyperplane of the 4th order
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On other parametric spaces, the bifurcation surface is represented as a graph, which is not a second-order surface.

The bifurcation arising under condition (25) is characterized by several features. First, since the parameter 4, is not
included in (25), on three-dimensional bifurcation diagrams, in which one axis is represented by the constant 1, the
bifurcation hyperplane will have the form of a cylinder perpendicular to the axis A;. That is why research on the
corresponding diagrams should be simplified to 2-dimentional measurement diagrams.

Table 10. Analysis of bifurcation properties of the "stable focus — unstable focus" type of the system (2) at the equilibrium point (4, /¢;;0)

Field b;; 1, I3 | Curve type
b13=—0.54, /¢
. bM:O'S« % 3 Hyperbolic
a:ay:c; by, =—0.54, Tl 0 Toc paraboloid
b11=b1y=by=by= ! !
=b33=b34=b44=0
b=
13 2e,
ay:ayi. b1,=0.5 _l_i _i 1 Hyperbolic
1-42-%2 byy=—0.5 4 47 4¢ 16 paraboloid
by=b1=by)=byy=
=b33=b34=b44=0
b14=0.5
by;=—0.5
@ oh ;3 —o 5?1/01 7‘1_% 0 ai Hyperbolic
15272 34— VD" & 4¢3 16¢ paraboloid
by 1=b1=b13=by=
=by4=b33=b4s=0
b13:_0,5
. byy=a\/2¢, ai 1 Hyperbolic
a,.cy .j.z b44:a1 _E_Z 0 0 Cylinder
by1=b1,=b14=by= !
=by4=b33=b34=0

On other parametric spaces, the corresponding bifurcation surface is represented as a hyperplane, which is not a
second-order surface.

8. Discussion

The proposed model extends classical Lotka—Volterra dynamics by incorporating non-isolated subpopulations with
migration and heterogeneous ecological niches. The analysis demonstrates that the ratio of competition coefficients and
transition parameters critically determines system stability, dominance, and possible coexistence. Bifurcation analysis
reveals that small parameter variations can trigger qualitative changes, including shifts between stable and unstable
states or the emergence of attractors. These findings highlight the importance of accounting for inter-subpopulation
exchange in modeling real-world biological, social, and economic systems, where ignoring such interactions may lead
to oversimplified or inaccurate predictions.

9. Conclusion

Compared with previous studies, the conditions for the occurrence of bifurcations at equilibrium points (of the
“node—saddle,” “node—focus,” and “stable focus—unstable focus” types) have been determined, and a complete
classification of bifurcation curves and hyperplanes has been provided with respect to their nonlinearity.

From the presented results, it is clear that the model sufficiently adequately describes intra-dynamic processes that
are taking place against the background of several subpopulations that are not isolated, but at the same time differ
among themselves in terms of habitat and feeding method. The adequacy of the proposed model is confirmed by a large
number of phase portraits and diagrams reflecting the conditions of qualitative changes in the behavior of both the
system in general and individual subpopulations in particular. The results show that the key factor in the case of
interaction of subpopulations with separate niches for existence is the ratio of the coefficients of intersubpopulation
competition: ¢; /c,. This ratio plays one of the main roles in determining the dominant subpopulation in the system. It
should be noted that the system-wide dynamics of subpopulation processes also significantly depends on the
reproductive potential of all subpopulations and on intra-system dynamics, which are reflected in the transition
coefficients proposed in this work. Thus, the mass fraction of individuals, which according to their phenotypic
properties belong to the parent, is proposed in the work to be called transition coefficients, which, in turn, belong to the
gap [0;1] and must meet the condition of the closedness of the system.

It has been established that subpopulations in real life can exchange offspring, which, in turn, can significantly
affect both quantitative and qualitative aspects of dynamics. For example, for a two-dimensional system, the sum of the
main elements of the matrix of transition coefficients is essential. In the case where the sum is close to the size of

Volume 16 (2026), Issue 3 — Page 141



Mathematical Model of Subpopulation Dynamics in Case of Different Niches for Subpopulations

subpopulations in the system, the subpopulations have little dependence on each other. In opposite case, the dynamics,
being much more complex, can move to qualitatively different levels.

The bifurcation properties of the subpopulation dynamics model with a basic Lotka—Volterra type function were
studied. Applied substantiation of possible bifurcations of the system makes it possible to assess the factors that will
qualitatively affect the dynamics of the system, and to develop a number of recommendations to prevent the occurrence
of disasters and collapses in the system.
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