YK 656.222

FO. B. UABICOB, kKaHaupatr TexHiYHMX HayK, [OOUeHT  Kadenpwu
«3ani3HNUYHi  CTaHuil Ta By3nu», [HINPONETPOBCbKMIA  HaLiOHabHWUIA
YHIBEPCUTET  3a/1i3HWYHOrO TpaHCNOpTy iMeHi akagemika B. JlasapsHa,

ByN. JlazapsaHa, 2, M. [IHinponeTpoBChK, YKpaiHa, 49010

®OPMYBAHHA PALIOHANIBHUX TMOTOKIB NOI34IB HA
MEPEXI SA/TISHNLUb

Y [paHiin cTaTTi 3anpornoHoBaHa MaTeMaTuyHa MOZefb pauioHasIbHOro
pOo3nofiny noi3gonoToKiB No 3ai3HNYHIN Mepexi. OCHOBHa MeTa A0CNiAXeHb —
po3pobka  anroputmMy  (DOPMyBaHHA  HanNpPAMKIB  MOTI340MOTOKIB MO
HaKOPOTLIOMY LWASAXY Mepexi 3ai3HuUpb, WO 3abe3neynTb MiHiManbHi
BUTPATN eHepropecypciB Ha NPOCyBaHHA Moi34iB. PO3MoAia NOTOKIB N0 Mepexi
BMKOHaHO 3a [0MOMOrok Teopii rpadis. B AKOCTI KpuTepito ONTMMasIbHOCTI
06paHo MiHIMYM MOT340-KiNoMeTpiB npobiry. In.: 7. bubniorp.: 17 Has3s.

KnwouoBi cnoBa: 3ani3HMYHA Mepexa, MOTiK Moi34iB, MareMaTuyHa

MOAe/b, pauioHa/IbHMIA PO3MOAiS, BEKTOPHA ONTUMI3aLLis.

BcTyn

Y yacu gediunTy pyxomoro cknagy, a TakoxX Mif vac nepexopdy 3HauyHoT
KISIbKOCTI PyXOMUX OAMHULb 3a/1I3HUYHOIO TPAHCMOPTY Y NPUBATHY BACHICTD,
BCe OiNbLUOI aKTyaslbHOCTI HabyBakThb MUTAHHA PaLiOHa/IbHOTO0 BUKOPUCTaHHS
BarOHHOro Ta JIOKOMOTMBHOIO MapKy, a TaKOX MUTaHHA MiHiMisauii BuTpar
eHepropecypcis Ha NPOCyBaHHA BaroHO- Ta MOT340MOTOKIB. B ymM0OBax pUHKOBMX
BIAHOCWH Ha TPAHCMOPTHOMY PWHKY, 3aMi3HMUSA MOBMHHA MPUAINATK BinbLue
yBarn LWOAO0 SKICHOro 06CNyroByBaHHA KOXHOrO KiieHTa. Ona MigTpUMKK

KOHKYPEHTOCNPOMOXKHOCTI  3a/1i3HMLb  HeoOXiAHO  BMPOBAAXKyBaTU  HOBI



TEXHO/OT i1 00 NOKPaLLEHHS! BUKOPUCTAaHHS TEXHIYHMX 3aC06iB TPaHCMOPTY.

AHani3 gocnigpkeHb Ta nyo6nikawin

3agadi posnofiny noi3gonoToKiB MO 3aMi3HWYHIN Mepexi 3a pisHUMK
KpUTEpIiaMK po3rnaHyTo baratbMa aBTopamu i Mae 6e3/iy airopuTmiB ii piLLeHb
[1 — 3]. 3aBoaHHA pauioHanbHOrO PO3NOAIY MOTOKIB MK CTaHLIAMU TakoX
LUMPOKO MpefcTaBneHa B nitepatypi [4 — 7]. MoTokoBsi 3afadyi, K npaswio,
3BOAATLCA [0 MNOLUYKY Takoro po3nofiny MOTOKIB Yy Mepexi, npn akomy 6
3abe3neyyBaBCca EKCTpeMyM [eskoro Kkputepito. [lpyu  uUpOMy Heob6XigHO
BpaxoByBaTK 0OMEXeHHSs, W0 HaKMafalTbCAa YMOBaMW 36epeXKeHHs MOTOKIB Y
By3/lax 1 HENepeBULLEHHSA MOTOKamMW MPOMYCKHOT CMPOMOXHOCTI  JVr.
TuNoBMMK NOTOKOBMMW 33afavyamu € 3agadva mnpo MoTiK MiHIManbHOT BapTOCTI,
MPO MakcUMasibHWUIA NOTIK, TPaHCMNOPTHa 3ajava, 3ajada Npo npusHayveHHsd Ta
IHWi. [na X po3B’A3aHHA PO3P06/AEHO YMMao EEKTUBHUX airOPUTMIB,
chopmyBaBCs HaBiTb BIAMOBIAHWA HaNpPsM O6GYUCNOBA/ILHUX METOAIB Mif,

Ha3BOH NOTOKOBOIro MporpamMyBaHHs [8].

dopmMyntoBaHHA METW Ta 3afadi AoCNigKeHb

Bigomi mogeni po3noginy noTokie y Mmepexax [8] 6a3ytoTbCs Ha NOHATTAX
Teopii rpadis [9]. Lle nos’dA3aHO 3 TUM, WO rpag fae MOXIMBICTb HAOYHO
BiZIOOPA3NTM CTPYKTYPY MEPEXI, a napameTpu Moro By3niB i Ayr — npeacTaBuTy
OCHOBHUMW YNCNOBUMW XapaKTepucTuKamu i enemeHTiB. Habip xapakTepucTmk
3a/1eXXNTb Bif NPUPOAU CUCTEMMU, LLLO AOCNIMAKYETLCA, @ TAKOX XapakTepy 3adad,
WO BUPIWYKOTLCA, OAHAaK Yy TMOTOKOBMX MOAeNax 1ix, fAK npasuno,
NPeLCTaBNATb TAKUMM MapaMeTpamu, K 30BHILLHIA NOTIK Yy BY3/i, NOTIK MO
Ay3i, MpoMyCcKHa CNPOMOXHICTb Ayru, BapTICTb TPAHCMOPTYBaHHA OAMHMLI
MOTOKY MO Ay3i TOLLO.

[na Toro, wo6 BMKOHATW PO3MOAIN MOTOKIB MO 3aMi3HUYHIN Mepexi, 3a

[0MOMOroH anropuTMmiB, onncaHux y Teopii rpagis [2 — 4, 10 — 11], HeobxigHO



NpeacTaBUTY 3ai3HUYHY Mepexy Yy BUrNagl rpay 3 BiAnoBIAHUMU MYyHKTaMU
BIAMNPaB/IEHHA Ta MPU3HAYeHHA TPaHCMOPTHOT npoAykuii (noi3ais), a TakoxXx
3af,aTu Bary KOXHOT Ayru (BigCTaHb MK NyHKTaMu).

B AKOCTI KpUTEPitO ONTMMa/IbHOCTI 06MPAEMO MiHIMYM MOT340-KiIOMETpiB

npo6iry:
C=> > Xy, l(@)—>min, (1)

i,jev a)eWij
fe (o) — [oBXMHA WNSAXY o;

Z Xii» CyMapHui1 noTik Ha rpaci G(V,E).

@eW;;

[MocTaHOBKa 3aja4i po3nogisly noi3gonoToKiB Ha Mepexi

Y [aHiii cTaTtTi 3aBAaHHA BU3HAYEHHS pauioHalbHUX NOTOKIB Ha Mepexi
npeacTaB/eHe AK 3afa4a BEKTOPHOT ONTHMI3aLil.

Hexain G(V,E) — HeopieHTOBaHMI rpad 3 nepenikom BepwmH V i pebep
E . KoxxHomy pebpy Bignosigae uncio R(e).

Mpad G(V,E) mae 3agaHi notokn By, i,jeV.

Hexalt W; — Habip NpocTux WnsaxiB 3 i B j, aw — AEAKMIA NPOCTUIA LINSIX
3W; .

MosHauMmo uepe3 X, 4YacTuHy MOTOKY P;, sKWiA peanisyeTbCs Ha LUNAXY
@, TOAi Mae micue

MEZW:U Xijw =Ry - (2)

Beegemo iHAvKaTop pebpa e Ha Wwisxy @, T06To

()= {1, AKLLO € € @, 3)

0, AKLLO € ¢ w,

TOAi CyMapHUiA NOTiK No pebpy e Ans Habopy winsxis W, cknage



Z Xiio1,(€), (4)

@eW;;
a 3ara/bHKiA NOTIK No AaHoOMy pe6py e [AopiBHIOBATME

NE)=> > X,,-1,6); ecE.

i, jeV oel
Akuwo N(e) — MakKCMMasbHO AONYCTUMUIA MOTIK Ans pebpa, TO NMOBUHHO

BMKOHYBATMCS 0OMEXEHHS N0 NPOMYCKHili CNPOMOXHOCTI:

N(e)<N(e), ecE.

Akwo npunyctntn, wo |(w) — foBXMHA WXy o, I(a)):ZR(e), TO

eew

BEMMYNHaA

Pr=> > X, ()

i,jev a)eWij

MOXe CyryBaTV OLiHKOI palioHaIbHOCTI PO3noAiny 3agaHux noTokis B,

I, eV Harpapi G(V,E).
MosHaunmo E. — Habip pebep, Aki O6ynn BMKOpUCTaHi Ans nobynosu

Habopy NPOCTMX LWUNAXIB MDK YCiMa BepLUMHAMU, TOAI BESIMYMHA

L(E.) =D R(e)

ecE.
BiJoOpaXKae JOBXMHY Mepexi.

To670, Mae Micue 3aBAaHHS BU3HAUYUTM TaKMil po3nogin noTokis X. , 106

ifjo
nokasHuku Pr(E.) i L(E.) 6ynn miHiManbHUMW, | BUKOHYBaIUCA YMOBU (2) Ta
(6).

IHWKMMKM cnoBamMu 3aBAaHHSA PO3NOAiINY NOI340MOTOKIB 3BOAUTLCA A0 3afadi
BEKTOPHOT onTuMmisauii

(L(E*)

]—) min ,
Pr(E.)

3a ymoB (2) Ta (6).

()

(6)

(7)

(8)

©)



3ayBaxunmo, Lo B NiACYMOBYBaHHI Z MOBMHHO BYTK 1< |, Lie 03Hauae,
i,jev

L0 Byfe BM3HAYEHO PO3MOAiNI MNOTOKIB B OAHOMY HanpsAMKY (Tyan), AKWO 1> j,
TO OTPMMAEMO PO3MOAIN B IHWOMY HanpsaMKY (Hasag).
Akwo posrnggatn rpad G(V,E) sk mogens Mepexxi 3ani3HuLi, BEPLLUNHN —

HallMeHyBaHHA CTaHuiin, To po3ymitoun nig R(e) — BigctaHb, a P, AK

i
MOI340MNOTIK MK MyHKTaMu i Ta | no pebpy e, toai L(E.) sBnse coboto
AOBXUHY MepeXi BaHTaXXHMX nepeBeseHb, a Pr(E.) 3 TOYHICTIO 40 MOCTIAHOIO

MHOXHVKa Bif0O6paXKae BUTPATN Yacy Ha AOCTaBKY BaHTaxy [12 — 14].

dopmMyBaHHA HanpsMKIB MOI340NOTOKIB MO HaWKOPOTLUOMY LUAAXY 3
(i—])
Br6ip HanpsMKY 34iACHIOETLCA 3a POPMY/IOH:

Pr(E. u{e}) - Pr(E.)
EIE O -IE)

pathiuHe npefcTaBneHHA  (POPMYBaHHSA  HanpsAMKIB  MOI340MNOTOKIB

Bi0OpaXKeHo Ha puc. 1.

Hexaln e, peanizye MiHiMyMm, Togi , nonosHmBwin E, = E, U{e.}, npningemo

B TOUKYy A, (puc. 1)iT. f. TaKux TO4OK byfe \E \E.|+1.

3aysaxumo, wo Pr(E.u{e}) <Pr(E.) Tak gk L(E. w{e}) <L(E.).
Yncno HanpsMKiB NOT3L40MNOTOKIB 3 i B | MO HAaMKOPOTLIOMY LUMSXY 3

(i— j) 6yse N(N+1)/2, gpe N =NV|.

(10)



Pr(E)

Ax

An

. - I(E)
I(E.) I(E.u{e}) I(E)

Puc. 1 — ®dopmyBaHHS HANPAMKY MOT340MOTOKIB MO HANKOPOTLUOMY LLUISXY 3 | B
]

MobyfoBa NPOCTUX LWNAXIB HA rpadi

AK 04MH 3 BapiaHTIB NOOYA0BM NPOCTUX LLNAXIB HA rpai, MOXe CNy>XUTK
HacTynHuU anropntm. Hexail N — KinbKicTb BepwinH y rpagi G(V,E); zn -
noyaTkoBa BepwMHa; zk — KiHLUeBa BepnHa. HeobxigHO BU3HAUUTK BCi MPOCTI
Wwnaxm 3 zn B zK .

1) Mo3sHaummo KP — 6e3niv npoctux wnaxis; KW — 6e3niv BapiaHTIB
MOX/IMBUX LLNAXIB.

2) 3afaemMo Mno4vaTtkoBy Ta KiHUEBY BeplwmHy zn i zk. T1ONOBHIOEMO
KW ={{zn}}.

3) Brubupaemo BapiaHT MoXnmBoro wnisxy we KW i Bugansemo imoro 3
6e3nivi KW .

4) BU3HAYa€EMO 7, Z,,..., Z, CYMDKHI BEPLUMHU 415 LUNSAXY W .

5) MepeBipAEMO KOXKHY CYMIDKHY BEPLUNHY Z,, | =1p, p<N:
5.1) akwo z,=zk, To KPuU{wuz} — NOMNOBHIOEMO MHOXWHY MPOCTUX

LLNAXIB HOBUM MPOCTUM LUNAXOM;

52) akwo z,.nw=Y, 10 KW u{wuz} — MNOMOBHIEMO MHOXMNHY



BapiaHTIB MOXK/MBUX LLAXIB HOBUM BapiaHTOM.

6) Akwo KW = — MHOXMWHaA BapiaHTIB MOX/MBUX LUIAXIB NMOPOXKHA, TO
nobyaoBaHi BCI MPOCTI LWAAXK, IHAKLLE Nepexoanumo 40 NYHKTY 5.2.

[na npuknagy posrnsHemo nobyfoBy NPOCTUX LUAAXIB HAa YaCTUHI Mepexi
3aNi3HMLb YKpaiHu, MpeacTaBneHol Yy ChnpoLLeHOMY BUINSAI, CXemMa AKOT Yy

BUTNALI rpady HaBefeHa Ha puc. 2.

Puc. 2 — 3anisHnyHa mepexka y Burnsagi rpagy

PosrnsaHemo rpad G, wo mictute N =7 BeplwmH (puc. 2). BusHaunmo Bei
NpOCTi wnaxu 3 zn= 2 B zk = 4. TONOBHIOEMO MHOXWHY BapiaHTIB LUMSAXIB

KW ={{1}}. Obupaemo oauH 3 BapiaHTiB w={1}; BULANIAEMO NOr0 3 MHOXMNHU
KW ={}.

Bu3Hauyaemo CymikHI BepwuHu gna wnaxy w={l} z =3, z,=1;
KISIbKICTb CYMIDKHUX BEPLUMH P = 2.

Tak aK z, # zk, z, # zk, T0 KP ={}.

[MOMOBHIOEMO  MHOXWHY  BapiaHTIB  LWAAXiB  HOBMMMW  BapiaHTamu
KW ={{2,3}{2,1}}.

O6upaemo ofauH 3 BapiaHTiB w={2,3}; BUZAIAEMO MOr0 3 MHOXMHU



KW ={{2,1}}.

Bu3Hayaemo CyMixXHI BepwunHU ana wnaxy w={2,3} z, =4, z,=7;
KISIbKICTb CYMIDKHUX BEPLUMH P = 2.

Tak 9K z, =k, a z, # zk, T0 KP ={2,3,4}.

[MOMOBHIOEMO  MHOXWHY  BapiaHTIB  LWAAXiB  HOBMMM  BapiaHTamu
KW ={{2,3,7},{2,1}}.

Posrnagatoun  BapiaHT  wnaxy  w={2,3,7} - KP ={2,3,4},
KW ={{2,3,7,5},{2,3,7,6},{2,1} }.

Posrnagatoum sapiaHt wnaxy w={2,3,7,5} - KP ={{2,3,4},{2,3,7,5,4}}.

Posrnagatoum BapiaHT wnaxy w={2,3,7,6} — KW ={{2,3,7,6,5},{2,1} }.

Posrnagaroum BapiaHT LLNAXY w={2,3,7,6,5} -
KP ={{2,3,4}{2,3,7,5,4},{2,3,7,6,5,4}}, a TakoXX BMAaNSEMO LEel BapiaHT 3
MHOXWHU piweHb KW ={{2,1}}.

[opaemo po BapiaHTy KW ={{2,1}} cymikHy BepwunHy z,=7, TOAi
KW ={{2,1,7}}. Tenep pogaemo po BapiaHTy KW ={{2,1,7}} Tpn cymixHi
BepwnHn z, =3, z,=5, z,=6. 1041 KW ={{2,1,7,3},{2,1,7,5},{2,1,7,6}}. Tak
AK z, # ZK, z, # ZK, @ TaKOX Z, # ZK, TO KiNbKiCTb MOX/IMBUX BapiaHTIB LLNAXIB
KP ={{2,3,4},{2,3,7,5,4},{2,3,7,6,5,4}}.

Posrnagatoun BapiaHt wnaxy w={2,1,7,3}, 4OLAEMO A0 HbLOTO CYMDKXHY
BepwuHy z, =4, Topi KP={{2,3,4}{2,3,7,5,4},{2,3,7,6,5,4},{2,1,7,3,4}},
npu ubomy KW ={{2,1,7,5},{2,1,7,6}}.

Posrnagatoum BapiaHt wnaxy w=4{2,1,7,5}, 4OLaEMO [0 HbLOTO CYMiKXHY
BepLUNHY 2, =4, TOAI
KP={{2,3,4}{2,3,7,5,4},{2,3,7,6,5,4} {2,1,7,3,4},{2,1,7,5,4}}, npu ubomMy
KW ={{2,1,7,6}}.

Posrnagatoun BapiaHT wnaxy w={2,1,7,6}, LOAAEMO 4O HLOTO CYMDKHY



BepwnHy z, =5, Toai KW ={{2,1,7,6,5}}. Tak aK z, # zK, TO NpOLOBXKYEMO
MOLYK MOX/IMBKX Wwnsxis. Jlogaemo go sapiaHTy KW ={{2,1,7,6,5}} cymixHy
BepwnHy z, =4, togi KW ={}, npu ubomy gogaemo wnax w={2,1,7,6,5,4} no
MHOXMHU LLNAXIB, TOAI
KP ={{2,3,4},{2,3,7,5,4},{2,3,7,6,5,4},{2,1,7,3,4}{2,1,7,5,4},{2,1,7,6,5,4}}.
KiHeub anroputmy.
Ha puc. 3 npeacrtasneHa rpagiyHa peanisauis metogy nobynosu npocTux

LNAXIB.

Puc. 3 — MpagpiyHa peanizayisa MeTo4y nobyL0BU NPOCTUX LLNAXIB

TaKM YMHOM, i3 BEPLUMHY 2 B BEPLUMHY 4 iCHYE 6 MOXNMBUX LUNSXIB PyXy

Moi340MOTOKIB.

Po3nogin noi3gonoToKiB 3a HanpsAMKamMmun
Hexan y nigrpaa H(V,E.) € W(E.) HanpsmiB, @ — [AeAKUA WWNAX 3

W (E.), Toai, AKWoO pebpo eew, TO NOI3QOMOTIK MO AaHOMYy pebpy Bifg



HanpsMKy no3Haunmo yepes X (e, w). CymapHUi1 NOTIK Mo pebpy e cknage

NE= D X(ea). (11)

weW (Ex)
enw=e

BennumHa N(E.) = maxN(e) BM3Ha4Yae MakCUManibHWUIA NOI3L0MNOTIK, TOA

ecE.

akuo N(E.)<N 7o rpadp H(V,E.) € JONYCTUMIUM 3 TOUKM 30pY MPONYCKHOI

CMPOMOXMKHOCTI LUAAXY. Y BUNAAKY, KO MakCUMabHO fonycTUMuii notik N y

KOXXHOro pebpa pisHuiA, TO pgonyctumictb rpaga H(V,E.) BM3HaYaeTbCS

cnissigHoweHHaM N(e)< N(e) VeeE.. dopmyna Ans nigpaxyHKy BeMUMHN

N (e,®) ABNSE CO6OIO BMUpa3
i) m,
X (e, w) :Z Z P(i,.i,), (12)
p=Lv=j(e)+1
fe P(i,,i,) —noi3gonoTik3 i B i,;
(j(e), j(e) +1) — HoMepM BEPLUMH B MapLUPYTI @, AKi 3'€aHaHI pebpom e € w;
m,, — YMCIIO BEPLLNH Y MapLUpYTi @.
PosrnaHemo rpad G (puc. 4), Wwo Bigobpaxkae 3ani3HUUYHY Mepexy MiX 7
NyHKTamu. 3aaemMo Ha3Bu pebep:
el={1,2}, e2={1,7}, e3={2,3}, e4={3,4}, e5={3,7}, e6={4,5}, e7={5,6},
e8={5,7}, e9={6,7}.

Puc. 4 — BuxigHuia rpad mepexi



3afiaHa MaTpuus BifcTaHend R(e) i Noi3nonoTokiB B MatoTh BUMNAL!

0 39 0 0 0 0 41 0 2 20 0 5 5 14
390 499 0 0 0 0 1 0 18 40 0 17
0 49 0 33 0 0 24 00 0 11 7 3 10
Re)=|0 0 33 0 14 0 O0|P=[2 11 14 0 5 7 16
0 0 0 14 0 26 28 310 11 5 0 20 8
0 0 0 0 26 0 12 020 8 22 0 0 0
41 0 24 0 28 12 0| |6 7 0 0 8 10 O]

OO6MEXeHHS 3 NPOMYCKHOT CPOMOXKHOCTI A1 KOXKHOro pebpa npmimaemo
0fjHaKoBMM. BoHo 6yae pisHum N (e) =140.

BrvKopuCTOBYOUM MaKeT CUMBONbHMX obuncneHs Maple [15 — 17],
OTPUMAEMO PILLEHHS 3 PO3MNOAINY NOI3L0MOTOKIB HA MNPOCTUX LUAAXaX 3
ypaxyBaHHAM NPOMYCKHMUX CNPOMOXHOCTei pebep.

Ha nepwomy eTani BWKOHAHHA 3aBAaHHA NOOYAYEMO OCTOBHWIA Tpad)
MiHIMa/IbHOT CyMapHOi JoBXUHN [2 — 3] H(V,E.), AKWiA nokasaHo Ha puc. 5.
CymapHa pgoexuHa nobyposaHoro rpapa H(V,E.) craHosutb L(E.)=171,

Habip pebep gaHoro rpada asnse coboto E. ={el,e3,e4,e5,e6,e9}.

Puc. 5 — OCTOBHMIA rpath MiHIMa/IbHOT CyMapHOT AOBXUHU

MobynoBaHa MHOXMHA BCIX NMPOCTUX LWAAXIB 3 i B |, MpU YoMy i< j,



TOOTO po3rnafaeTeca oauMH  Hanpsmok (tyawn), pgna rpapa H(V,E.)
npeacTaBneHo B Tabn. 1.
Tabn. 1 - MNMepenik wnaxie rpaga
B2 B3 B4 B5 B6 B7
\B
[el] [el, e3] [el, e3, [el, e3,e4, | [el, e3, e5, [el, e3,
1 ed] e6] e9] e5]
- [e3] [e3, e4] [e3, e4, e6] | [e3, eb, e9] [e3, e5]
2
- - [e4] [e4, e6] [e5, e9] [e5]
3
- - - [e6] [e4, e5, e9] [e4, e5]
4
_ — - - [€6, e4, e5, [e6, e4,
5 e9] e5]
— — — — — [e9]
6

Po3noAin noi3gornoToKy Ha MHOXWHI NPOCTUX LWNSAXIB  3AINCHIOETHCA

HaCTYNMHMM YMHOM: 3 BepLUMHM 1 B BepluMHy 2 no wnsxy [el] peanisyeTbes

Noi34onoTiK 2; 3 BepwnHM 1 B BepwmHy 3 no wnsaxy [el, e3] peanisyeTbes

noizgonoTik 20; 3 BepwuHM 1 B BepwunHy 5 no wnaxy [el, e3, e4, e6]

peanizyeTbCA NOI340MOTIK 5; 3 BepLUMHK 1 Y BepwnHY 6 no wnaxy [el, e3, e5,

e9] peanisyeTbCA NOI3L0NOTIK 5; 3 BepwWMHN 1y BeplinHY 7 no wnaxy [el, e3,

e5] peanizyeTbca NOI340NOTIK 14; 3 BepWNHN 2 Yy BEPLUMHY 4 no wnsaxy [e3, e4]

peanisyeTbCA MNOi3A0NoTiK 18; 3 BepLMHM 2 B BepLWKNHY 5 no wnsaxy [e3, e4, e6]

peanisyeTbCA NOI340NoTIK 40; 3 BEPLUMHN 2 Yy BeplwnHy 7 no wnaxy [e3, e5]

peanisyeTbCA MOI3Z0MNOTIK 17; 3 BeplwMHN 3 B BepwnHy 4 no wnsaxy [e4]




peanisyeTbCA NOI340NOTIK 11; 3 BepwiHM 3 B BeplwnHy 5 no wnaxy [e4, e6]
peanisyeTbCA MOI3A0NOTIK 7; 3 BEPLWMHN 3 B BepLIMHY 6 no wnsaxy [e5, e9]
peanisyeTbCA NOI3LONOTIK 3; 3 BepwMHM 3 B BepwnHy 7 no wnaxy [e5]
peanisyetbCA noi3gonoTik 10; 3 BepwMnHW 4 B BepwnHy 5 no wnsaxy [e6]
peanisyeTbCA NOI340MOTIK 5; 3 BEPLWUNHN 4 B BEPLUMHY 6 No wnaxy [e4, e5, e9]
peanisyeTbCA MOI340MOTIK 7; 3 BEpWMHU 4 B BepluMHY 7 Mo wnsxy [e4, e5]
peanisyeTbCA NOT3A0MNOTIK 16; 3 BepPLWMHM 5 B BepLUNHY 6 MO Wnaxy [e6, e4, e5,
e9] peanisyetbca Noi3gonoTik 20; 3 BEPLUNHM 5 B BepLUMHY 7 NO LWNsXy [e6, e4,
e5] peanisyeTbCa NOI340NOTIK 8.

Mpy faHOMY pO3Mofini HaBaHTaXXeHHS Ha KOXKHe pebpo 3a Nnoi3f4onoTOKOM

BiJO6paXkeHe B Tabn. 2.

Tabn. 2 - HaBaHTaXXeHHs pebep 3a Noi3fonoTOKOM

Pebpo el e3 e4 e5 e6 e9
L 0BXNHa 39 49 33 24 14 12
Moi3gonoTik 46 119 132 95 65 35

[aHnin po3nofin noi3fgonoToKiB 3a0BO/bHAE OOMEXEHHSI 3 MPOMYCKHOT
CNPOMOXHOCTI.

A 3HaYeHHS MNOKa3HWMKa paLioHa/IbHOCTI PO3MoAiny MOTOKIB CKnage
Pr(E~)=15591 noi3go-km.

MHoOXnHa pebep, aki He ysiiwnm B rpadp H(V,E.) aBnse coboto {e2, e7,
e8}.

[Mo6yayemo BCi MOXNMBI KOMOGIHALIT 3 €/leMeHTIB AaHOT MHOXWUHW:

QE={{e2}, {e7}, {e8}, {e2, e7}, {e2, 8}, {e7, €8}, {e2, e7, e8}}.

Bubupatoun 3 nobynoBaHOi MHOXWHW KOMOGIHaWit0 pebep MiHIManbHOT
Barn, Mo u4epsi fgogaemo 1X fo rpajpa H(V,E.) i1 npoBogumo po3noain

Moi340MOTOKY Ha OTpUMaHOMYy rpadi 415 BCIX MPOCTUX LLUNAXIB.




To6TO HACTYNHMM KPOKOM A1 po3nofiny noi3gonoToky 6yae AofaBaHHS

po rpagpa H(V,E.) pebpa {e7}, Bara AKoro AopiBHIOE 26, puc. 6.

Puc. 6 — [logasaHHA pebpa {e7} o rpagy MiHIManbHOT LOBXUHM

Tenep

MHOXWHHa  pebep  AaHOro rpaja  sBnse  cobow

E. ={el,e3,e4,e5,e6,e7,e9}. Po3nogin noToky 3 AogaHMM pebpoM BifbyBaETbLCA

aHa/IONYHUM YMHOM: 3 BepLnHN 1 B BepLUMHY 2 no wnaxy [el] peanizyeTbcs

Noi34onoTiK 2; 3 BepwnHM 1 B BeplwmHy 3 no wnsaxy [el, e3] peanisyeTbes

noizgonoTik 20; 3 BepwuHM 1 B BepwunHy 5 no wnaxy [el, e3, e4, e6]

peanisyeTbCA NOI340MOTIK 5; 3 BepLUMHKM 1 Y BepwnHy 6 no wnaxy [el, e3, e5,

e9] peanisyeTbCcA NOI3L0NOTIK 5; 3 BepwmHN 1y BeplinHY 7 no wnaxy [el, e3,

e5] peanizyeTbca NOI3L0NOTIK 14; 3 BepWNHN 2 Yy BePLUMHY 4 no wnsaxy [e3, e4]

peanisyeTbCA MOI340MNOTIK 18; 3 BepwnHN 2 B BepLUMHY 5 Mo wnaxy [e3, e4, e6]

peanizyeTbCs
peanizyeTbCs
peanizyeTbCs
peanizyeTbCs
peanizyeTbCs
peanizyeTbCs

peanizyeTbCs

noi3gonoTik 40; 3 BepWMHM 2 Yy BeplMHY 7 no wnaxy [e3, e5]
Moi34onoTik 17; 3 BepwunHM 3 B BepwmHy 4 no wnaxy [e4]
noi3gonoTik 11; 3 BepwnHN 3 B BepIMHY 5 no wnaxy [e4, e6]
MOi340NO0TIK 7; 3 BEPLWMHN 3 B BePLIMHY 6 no wnaxy [e5, e9]
MOi340NOoTIK 3; 3 BEPWMHW 3 B BEPLIMHY 7 MO wWnaxy [e5]
noi3gonoTik 10; 3 BepwunHM 4 B BepwmHy 5 no wnaxy [e6]

noi3gonoTik 5; 3 BepwnHN 4 B BepwnHy 6 no wnaxy [e6, e7]



peanisyeTbCA NOI3LONOTIK 7; 3 BepLUUHN 4 B BeplUMHY 7 Mo wnsxy [e6, e7, e9]
peanisyeTbCA NOI3LONOTIK 16; 3 BepwuHM 5 B BepwwuHy 6 no wnaxy [e7]
peanisyeTbca noi3gonoTik 20; 3 BeplwMHM 5 B BepliMHy 7 no wnaxy [e7, e9]
peani3yeTbCA noi3gonoTik 8.

Mpy UbOMY PO3MOAIN HaBaHTAXKEHHS HA KOXHe pebpo 3a Moi3fonoTOKOM

BiflOGpaXkeHWIA B Tab/. 3.

Tabn. 3 - HaBaHTaXeHHs pebep Noi3L0N0TOKOM

Pebpo e e3 e e e e e
1 4 5 6 7 9

L 0BXNHa 3 49 3 2 1 2 1
9 3 4 4 6 2

Moi3gonori 4 11 8 4 8 5 3
K 6 9 1 9 0 1 2

OTpyMaHi  3HaYeHHS He MepeBULLLYOTb O0OMEXeHb 3  MPOMYCKHOT
CNPOMOXHOCTI.

3HayYeHHA MOKa3HMKa pauioHa/IbHOCTI  po3MoAiny MNOTOKIB  CKnage
Pr(E.) =14304 noi3go-Km.

[nsa noganbLIoro posnoAiny noi3gonoTokis, gogaemo B rpadgp H(V,E.)
KOomOiHauii pebep 3 MHOXMHM QE. 3HayeHHA MNOKa3HMKIB paLioOHa/IbHOCTI

pO3MoAiny NOTOKIB ANa AaHWX rpadis 3Be4eMo B Tao/1. 4.
Cepen, po3rngHyTMX 8 BapiaHTiB (MOYMHaKouM 3 rpada MiHiMasbHOT

poexmHn  H(V,E.), 1 3akiHuytoun noBHMM rpadom G) TibKM 4HOTUPU
He3piBHAHHMX MiX co6oto no [Mapeto [12]. Lle sapiaHT 1 rpapa H(V,E.),
[IOBXXWNHa LLNAXY AKOro L(E.) =171 Km, 3HaYeHHA NoKasHMKa
Pr(E.) =15591 noi3go-km; BapiaHT 2 rpaga H(V,E.) (go rpaja H(V,E.)

popann peébpa {e7}), poxumHa wnaxy axkoro L(E.)=197 KM, 3HayeHHS



nokasHuka Pr(E.)=14304 noi3go-km.

Tabn. 4 - 3HayeHHsA MOKa3HWKIB pauioHasbHOCTI Npu fofaBaHHI B rpag

KOMOiHaLii pebep, NoYMHaum 3 MiHIMa/IbHOT Baru

Pebpa,
Bara CymapHa 3HaYeHHs
L0
Homep pebep, WO | AOBXMHA WNAXY MOKa3HMKa
[0LaK0ThCH _ _
BapiaHTa [l0Aar0ThCA, rpada, pauioHaIbHOCTI,
Ao rpagy .
KM KM Moi340-KM
H(V,E.)
1 - - 171 15591
2 e’ 26 197 14304
3 e8 28 199 14442
4 e2 41 212 14067
5 e7, e8 54 225 15364
6 e2, e’ 67 238 12215
7 e2, e8 69 240 12303
8 e2, e, 95 266 11925
e8

BapiaHT 6 3 Tabn. 4 (go rpaca H(V,E.) poganu pebpa {e2, e7}); 4oBXunHa
wnaxy L(E.)=238 km, 3HayeHHs nokasHuka Pr(E.)=12215 noi3fo-kw;
BapiaHT 5 3 Tabn. 4 (go rpaga H(V,E.) poganu pebpa {e2, e7, e8}), AOBXKMHA
wnaxy L(E.)=266 km, 3HauyeHHAa nokasHuka Pr(E.)=11925 noi3go-km;
BapiaHT 8 3 Tabn. 4 (go rpaga H(V,E.) gopanu pebpa {e2, e4, e9}); AOBXKMHA
wnaxy L(E.)=266 kv, 3HayeHHA nokasHuka Pr(E.)=11925 noi3go-km, a

pewiTa «ripwi», HX Ui YoTupun. ["padivyHe npeacTaBieHHs He3PIBHAHHUX MiX

co60t0 no lMNapeTo BapiaHTIB NPeACTaBIeHO Ha puC. 7.
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Puc. 7 — 'pachiuHe npefcTasBneHHA He3PIBHAHHMUX BapiaHTIB no lMapeTo

TakuM YMHOM, pilLEHHAM 3aBAaHHA BEKTOPHOIT onTumisauii (9) 3a ymoB (2)
I (6) 4ns po3rnaHyTOro npuknagy € BapiaHtn 1, 2, 3, 5, Ta 8 3 1a6n. 4, wWo
3HAYHO CKOPOTW/O YMUCNO YCIX MOXIMBUX BapiaHTIB pilleHb ANA MPUAHATTS

PiLLEHHS.

BUCHOBKMU

3afaya po3noginy noToKIB Moi3fiB Ha MepeXi Mae psag HefoNiKiB:

—  33flaya BUPIWYETLCA 419 OAHOPILHOIO BaHTaXYy;

—  MpU3HaYeHHA MOI340MOTOKIB HE BUTPUMYHOTLCS;

—  He BPax0BYETbLCA MPOMYCKHa CMPOMOXHICTb 3a1I3HUYHUX LINSHOK;

—  MpW BU3HAYEHHI ONTMMa/IbHOrO PO3MOAiNY BPaxOBYETLCA fiMLle OAUH
KpuTepin;

—  Hemae MOXX/IMBOCTI BpaxyBaTu 6araTOKONMiHICTb NeperoHis;

—  He BpaxoBYHTbCA Pi3Hi KaTeropii noi3ais;

— He BpaxoOBYKTbCA  Pi3HI  KOeqilieHTM  3/OMY  MPOMYCKHOT

CNPOMOXHOCTI MOoT34amu, Ta iHLLi.



ToMmy po3noAin noi3L0NOTOKIB MO Mepexi HeobxiAHO BUKOHyBaTW 3
ypaxyBaHHAM 3a3Ha4yeHUX (PaKTopiB Ta 0OMeXeHb. TakMM YMHOM, PiLleHHAM
3aBflaHHs BeKTOpHOT ontumisauii (9) 3a ymoB (2) i (6) Ana PO3rNAHYTOroO
npuknagy € sapiaHt 1, 2, 3, 5, Ta 8 3 1abn. 4, WO 3Ha4HO CKOPOTWUIO YMCNO
YCiX MOXMBWUX BapiaHTIB piweHb A1 MPUAHATTA  pilleHHA.  Bubip
KOHKPETHOr0 BapiaHTy, Lie BXe 3aBAaHHA He MaTemMaTUyHe.

OTXe, 3aBjaHHA BU3HAYeHHA paLioHa/IbHUX MOTOKIB Ha Mepexxi MoxXe ByTu
NpeacTaBNeHO  AK  334ava BEeKTOpHOI  onTuMisauil 3 BIAMNOBIgHMMM
obmMexeHHAMK. [laHa 33a4a Mae LUMPOKe 3aCTOCYBaHHS.

Akwo posrnagatv rpad G(V,E) Ak Mogenb 3ani3HUUYHOT MepeXxi, BepLUNHN
— HaliMeHYBaHHS BifMNoBigHNX NYHKTIB MPU3HAYeHHs, TO po3ymitoum nig R(e) —
BiiCTaHb, a nig P, — noi3gonoTik MiX nyHkTamu i Ta j, L(E.) sBnse coboto
LOBXVHY Mepexi BaHTaXXHUX nepeseseHb, a Pr(E.) 3 TOYHICTIO 40 NOCTiHOro

MHOXHVKa Bij06paXkae BUTPATU Yacy Ha NepeBeseHHs.
PilleHHs faHOT 3afadi [03BONSE 3HAYHO CKOPOTUTU YMUCNIO YCIX MOXK/IUBUX
BapiaHTIB pilleHb, i JOMOMOITA NPUAHATU PILLEHHS, Cepef HEe3PiBHAHHMX MO

[MapeTo BapiaHTiB, BU6pATV ONTUMANbHUA.
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YK 656.222

®OPMYBAHHSA PALLIOHA/IbBHX MOTOKIB MNO1341B
HA MEPEXI 3ANISHNLUb

HO. B. Yunbicos

B faHHOI cTaTbe NpeasiokeHa maTeMaTuyeckas MOAEeNb pauvoHa/IbHOro
pacrnpefeneHns rnoe3fornoTOKOB MO >Kee3HOLOPOXHOW ceTh. OCHOBHasA Lesb
nccnefoBaHMn  — paspaboTka  anroputma  (DOPMMPOBAHWUA  HampaB/IEHW
Moe340NOTOKOB MO KpaTyailieMy MyTn CETU XKene3HbIX JOpor, YTo obecneyunT
MUHMMa&/IbHbIE  PacXodbl  3SHEPropecypcoB Ha  MPOABVIKEHME  MOe3A0B.
PacnpeseneHne noTOKOB MO CETU BbIMO/HEHO C NMOMOLLbIO Teopumn rpados. B
KayecTBe KpUTepUs OMTMMASIbHOCTU BblGpaH MUHUMYM M0e340-KUIOMETPOB
npobera. M3.: 7. bubnuorp.: 17 Ha3s.

KnoueBble cnosa. XKenesHoaopoXKHas CETb, MOTOK noes3nos,
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MaTeMaTN4eCKas MOZJeENb, paunMoHa/IbHOE  pacripeneneHune, BEKTOPHaA

onTnMmnsarns.

UDC 665.9

RATIONAL TRAINFLOW FORMATION
ON THE RAILWAY NETWORK

Yu. V. Chibisov

Mathematical model of the rational trainflow distribution on the rail
network was offered in this article. The main purpose of research work is
development of the algorithm which will help to make the shortest paths of the
trainflows, which will provide a minimum expenditure of energy resources to
the promotion of trains. The trainflows distribution on the network was made
with the help of the graph theory. The minimum of the train-kilometers was
chosen as the optimality criterion. Im.:7 : Bibliogr.: 617.

Keywords: railway network, train flow, mathematical model, rational

distribution, vector optimization.
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