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ON CHAOTIC ATTRACTORS WHOSE BASINS OF
ATTRACTION COINCIDE WITH THE WHOLE SPACE

Vasiliy Ye. Belozyorov* Dmytro M. Moroz! Svetlana A. Volkoval

Abstract. A new type of chaotic attractors, whose basin of attraction is the entire phase
space, is considered. The main difference between these attractors and the known ones is
that any trajectory starting from the basin of attraction first enters a unique transport
channel (which is a straight line), and then the trajectory reaches the attractor itself along
this channel. For any quadratic dynamic system generating the mentioned attractor, a
new concept of a uniquely defined degenerate autonomous quadratic dynamic system with
exactly one real double equilibrium point is introduced. It is shown that if the degenerate
system exhibits chaotic behavior, then the original (non-degenerate) system also exhibits
similar chaotic behavior.
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1. Introduction

Chaos is a very interesting nonlinear phenomenon, which has been intensively
studied in the last five decades. Many potential applications have come true
in engineering, medicine, laser and biological systems, and other areas (see, for
example, [2-11,13,14,17-19| and the many references cited therein).

In the last twenty years, among numerous research directions of one or another
question of the theoretical nonlinear dynamics, it is possible especially to select
one of such directions containing so-called dynamic systems without equilibrium
points. The behavior of such systems was studied in papers [4,14,18,19|.

Chaotic systems without equilibrium points have applications in the field of
secure communication because in such systems there are no limitations on the
number of equilibrium points. In addition to this property (absence of equilibrium
points), chaotic systems used in secure communication problems must also have
the property that their solutions must be bounded for any initial data (this is
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desirable). In this case, the key to decrypt the encoded messages becomes more
complex (see [12,13]).

In this regard, the aim of this work is to find out whether there exist some
systems of differential equations whose attractor structure would be different from
the structure of attractors known at present.

2. Complexification and Realification of Dynamical Systems

Denote by R” a real space of dimension n. Let x = (x1,...,2,)7 € R” be an
unknown vector whose coordinates are functions of time ¢. Let also f(x) € R™ be
a real vector function of the variable x.

Consider the autonomous real dynamical system

x(t) = £(x) = (f1(x), oy fu(x)7, (2.1)

where functions f1(x), ..., fn(x) are real polynomials.

In what follows, we will assume that the functions fi(x),..., fn(x) are al-
gebraically independent. This means that there does not exist nonzero real
polynomial ®(¢1,...,&,) depending on n variables &, ...,&, such that ¥x € R”
O(f1(X) s () = 0.

Introduce a complex n-dimensional vector z = x + 4y, where i = v/—1, and
X,y are real n-dimensional vectors.

Change the variable x — z in the system (2.1). Then from (2.1) it follows that
z =x+iy = f(z) = u(x,y) + iv(x,y), where u(x,y), v(x,y) € R" are known
real vector functions. (In addition, we have u(x,0) = f(x) and v(x,0) = 0.)

Definition 2.1. The system
z(t) =f(z),z € C",f(z) € C" (2.2)

is called a complexification of the system (2.1), and the system

(5 )= (W0 ) (5 ) emn(Vey ) em e
is called a realification of the system (2.2).

Let W C C" be an algebraic variety of all complex solutions of system f(z) = 0
[16]. (By virtue of the definition of function f(z) the variety W is a finite nonzero
set of points. The number of these points is called a degree of the variety W [16].)

Denote by degcW the number of points in the variety W.

Definition 2.2. The system (2.2) is called complete if degcW =degcL, where
L € C™ is the variety of all solutions of system (2.2) for which all its coefficients
are independent parameters.



86 V. Ye. Belozyorov, D. M. Moroz, S. A. Volkova

The elimination theory asserts that the system f(z) = 0 with the help of
algebraic transformations can always be reduced to one polynomial equation
A(s) = apst + ars!™' + ...+ a; = 0 [16], where | = degcW; s = s(z1,..., 2n)
is a linear function of variables z1,...,2,. (Note that the numbers ay,...,a; are
real.)

Assume that the real polynomial A(s) has [g real and I¢ complex roots (any
complex root has the conjugate root). Thus, | =degcW = Ig + ¢ and ¢ is an
even number.

Definition 2.3. The ordered pair of integer positive numbers (Ig, lc) is called a
signature of the system (2.2) (or system (2.1)).

Let (c1,...,cn)T and A = (aij), Bi, ..., B, € R™"™ be a real vector and real
matrices, and let the matrices B, ..., B, be symmetrical.
Consider the system of ordinary quadratic differential equations

#1(t) =Y _ayz;(t) + xT () Bix(t) + e = fi(x(t),
j=1

................ ) (2.4)
En(t) = Y anjzi(t) + X" () Bax(t) + e = falx(t))
\ Jj=1
of order n with the vector of initial values x (0) = (210, ..., Zno)-
Consider the complexification
f(t) = a1;z(t) + 27 () Biz(t) + e1 = fi(z(t)),
j=1
................ , (2.5)

of system (2.4). The realification of system (2.5) is the following 2n-dimensional
real system:

7=t (2.6)
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Compute the Jacobi matrix of system (2.6). Then we have

A+B(X)7 _B( ) nx?2an
J(X’Y)_< B(y), A+By(x)>€R2 "

where the matrices

B(x) = ((o, .0,4,0,...,0)Bpx + xT B(0, ...,0, 7,0, ..., 0)T> € R™<"
W j7k:17"'7n
J J

B(y) = ((0, 0,5.0,.,0) By + yLBi(0, ..., 0, 7,0, .., 0)T> e RMX™
~—— j»k::[y"'zn
J J

are symmetric.
We make use of the following result.

Theorem 2.1. [1] Let g and h be real n-dimensional vectors. Then the eigen-
values of the matriz J(g, h) are the eigenvalues of the matrices A+ B(g)+iB(h)
and AT + BT (g) —iBT (h).

*

Lemma 2.1. Let < ﬁ* ) € R?" be an equilibrium point of system (2.6); h* # 0.

Then ( _gh* > € R?" is also an equilibrium point of system (2.6) and, therefore,
there exists an even number of eigenvectors of the matriz J(g, h) such that h* # 0.

Proof. The statement of Lemma 2.1 follows from the form of system (2.6).

*

Lemma 2.2. The equilibrium points ( Igl* ) € R*™ and ( —gh* > € R?" have
the same type.

Proof. Consider the Jacobi matrices in these points:

. o A+ B(g*), B(h")
J(g", —h") = ( —B(h*g), A+ B(g") )

From Theorem 2.1 it follows that the eigenvalues of the matrix J(g*,h*) are
eigenvalues of the matrices

A+ B(g*) +iB(h*), A" + B"(g") — iB"(h"), (2.7)
and the eigenvalues of the matrix J(g*, —h*) are eigenvalues of the matrices

A+ B(g*) —iB(h*), AT + BY(g*) + BT (h*). (2.8)
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The eigenvalues of the matrices A+ B(g*)+iB(h*) and AT 4+ BT (g*)+iBT (h*)
(A+B(g*)—iB(h*) and AT+ B (g*)—iBT (h*) ) are coincide. Then it is clear that
eigenvalues of matrices (2.7) coincide with the eigenvalues of matrices (2.8). The
proof is finished. U

Let Pr : R?” — R" be a mapping of projection from R?” onto R” is operating
by the rule: V(x,y) € R?" Pr(x,y) = x. Here x,y € R” and R?"=R" x R" is
the Cartesian product.

Introduce in system (2.6) the new variable (Xpew, Ynew)? by the formula

X Xnew+g*
— .
< y ) ( Ynew + h* )

Then we obtain

x(t) Bix(t) —y" (t) Biy (t)

T(t)Bx(t) =y (t) Bay(t)

_<A+B(g*)’ e ><Xm>+ YT Brx(t) + X7 () By ()

B(h*), A+ B(g")

vy (t)Bpx(t) + xT (t) Bpy (t)
(2.9)
It is clear that the point (0,0)7 € R?" is the equilibrium point of the system
(2.9). (For simplicity we have left the former designations of variables x and y,
and corresponding coefficients.)

It is quite obvious that if system (2.9) is chaotic then the system (2.6) (or (2.4))
will be the same (and vice versa). However, the system (2.9) is 2n-dimensional
system. Therefore, we do an attempt to simplify this situation and if it is possible,
then we will reduce the problem of existence of chaos in 2n-dimensional systems
to the same problem for some n-dimensional systems.

Consider the projection Pr(x,y) = x of solutions (Xnew(t), Ynew(t))? € R?"
of system (2.9) on subspace R™. If h* = 0, then the solution that we have again
Xnew(t) — g% € R™ will satisfy system (2.4). On the other hand, if h* # 0, we
introduce the system

x; (t) Bixa(t)
x4(t) = (A+ B(g"))xa(t) + T : (2.10)
Xg(t)BnXd(t)

Thus, from (2.6) it follows that if g* # 0 and h* # 0, then [A+ B(g*)|h* =0
and, therefore, det[A + B(g*)] = detJ(g*) = 0. If g* = 0 and h* # 0, then it
must be det A = det J(0) = 0. It allows us to introduce the following definition.

Definition 2.4. If h* # 0, then the system (2.10) is called degenerate.
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Comment. Note that if h* = 0, then the degenerate system (2.10) is the system
that can be obtained from the system (2.4) by moving the origin from the point
0 to the point g*. In this case, the concept of the degenerate system is trivial.

Suppose that system (2.10) has the signature (0,lc). Then there exist m =
lc/2 pairs of the equilibrium points of system (2.6) (see Lemma 2.1):

g% g g g
h*l b _h*l bR h*m b _h*m M

Thus, for any system (2.4) we can construct m degenerate systems. In addi-
tion, any degenerate system has one real equilibrium point of multiple 2 and this
equilibrium point is the point 0 € R™.

Notice that for system (2.10) the polynomial A(s) = ags' +as' ' +...4+a; =0
has only one real double root. Thus, for system (2.10) we have | = ¢ and the
signature of system (2.10) is (2,lc — 2).

Lemma 2.3. Let the point H(g*,h*) be the equilibrium point of the system (2.6)
and let the norm ||h*|| be small enough. If system (2.10) constructed for ap-
propriate vector g* is chaotic, then system (2.6) (and system (2.4)) will also be
chaotic.

Proof. We take advantage of the following known fact of algebraic geometry [16].

Let W C R?” be a linear d-dimensional subspace in R?” and let A € R2"—W C
R?" be a chaotic attractor in the subset R*® — W. (Here we consider the case
2n—d—1<dimA <2n—dand ANW = 0.) Let also Pry(A) : R?* — W — W
be the projection A on W. Then the closure Pry(A) = W.

Assume that d = n and W = R". Then the system (2.9) is derived from the
system (2.6) as a result of the transfer of origin from the point 0 € R?" to the
point H(g*,h*) € R?". If system (2.9) is chaotic (it means that system (2.6) is
also chaotic), then its chaotic attractor must be located in the space of dimension
more than 2n—1. Consequently, after projection of the chaotic attractor from the
space R?" on the subspace R", the attractor of system (2.9) got after projection
can not be located in a subspace of dimension d, where d < n — 1. Thus, this
attractor can not be regular and consequently it must be chaotic. (A chaotic
attractor in R™ must have a fractional dimension between n — 1 and n.)

Further, since the magnitude ||h*|| is small enough, then from existence of the
chaotic attractor in system (2.10) it follows that the solutions of this system are
bounded. It means that the solutions of system (2.9) (and system (2.6)) are also
chaotic and bounded (the boundedness conditions are given in Theorem 5.3 [15]).
Thus, if the attractor of system (2.6) is chaotic, then the attractor of system (2.4)
must also be chaotic.

Introduce in system (2.4) the new variable x, is given by the formula: x —
x, + g*. Then system (2.4) can be transformed in the system

x; (t)B1x,(t)

x-(t) = (A+ B(g"))x,(t) + r + , (2.11)
X! (t)Bpx,(t)
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where the vector r € R™ depends on h*, and if h* = 0, then r = 0 (in this
case system (2.11) coincides with system (2.10)). Then the system (2.11) can be
considered as a perturbed system with respect to system (2.10).

Further, from the condition ||h*|| — 0 it follows that |[r| — 0. It is well
known that for any sufficiently small perturbation r the perturbed system (2.11)
possesses that type of the chaos just as system (2.10). The proof is finished. O

Comment. Note that the existence of a chaotic attractor means that the solu-
tions of both system (2.10) and system (2.4) are bounded. However, the existence
of a chaotic attractor in system (2.4), generally speaking, does not imply the ex-
istence of a similar attractor in system (2.10); the solutions of system (2.10) can
only be bounded.

Further, for simplification of denotations, we will use for the solutions of sys-
tem (2.10) the symbol x(¢) instead of x4(t).

3. Autonomous Quadratic 3D Systems with signature (0,2)

It should be said that systems with signature (Ig > 0, l¢) are quite well studied.
Only in very insignificant number of articles the nonlinear systems with signature
(0,Ic) were also investigated. Further we will consider the simplest class of such
systems: it is the class of quadratic systems with signature (0, 2).

At research of Lorenz-like and Chen-like attractors there is a situation when
one of equations of describing the dynamics of the corresponding system is linear
(see [4], [19]). One of such systems can be represented in the following way:

#(t) = priz(t) + prau(t) + pr3v(t) + a1,
Uu(t) = porx(t) + paou(t) + pasv(t) +q11x2(t) +qrez(t)u(t) +quzz(t)v(t) +b1,
0(t) = p312(t) + psau(t) + pssv(t) +r11a?(t) +riez(t)u(t) +risz(t)v(t) +e1.
(3.1)
Here p11, ..., 713, a1, b1, 1 € R (the case a3+ b3+ ¢ # 0 is not excepted).
In [4] it is shown that by means of suitable linear changes of variables system
(3.1) can be transformed to the following form

x(t) = h12y(t) + hlgz(t),
Y(t) = horz(t) + haay(t) + hosz(t) + 2(t)2(1), (3.2)
(1) = hane(t) + hss(t) + hsg=(t) — 2(B)(e) + pr(t)=(t) + 1

Here hia,...,h33,p € R and we suppose that h%, + h?; # 0. (In opposite case
we get his = hi3 = 0, x(t) = const, and system (3.2) is transformed in a linear
system.)

With the help of Lemma 2.3 the answer on the question about existence of
chaos in system (3.2) can be derived by research of its degenerate system. Such
a study was carried out in article [4].
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Let

i(t) = Ji2y(t) + fi32(1),
= for2(t) + faoy(t) + fazz(t) + z(t)z(t), (3.3)
= fa12(t) + fa2y(t) + fa32(t) — x(t)y(t) + px(t)2(1),

[ ST
~ e+

be the degenerative system for system (3.2).

Theorem 3.1. [}/ Suppose that for system (3.3) the following conditions:

(a1) fa2 <0;

(a2) Ip| <2;

(a3) f3y+4f12fa1 <0

are fulfilled. Then all solutions of system (3.3) are bounded.

The following theorem allows us to clarify some properties of the solutions of
system (3.2).

Theorem 3.2. Let A C R3 be an attractor of system (3.2) (there are no equi-
librium points in this system). Let B C R3 denote the basin of attraction of this
attractor: A C B.

Suppose that for the degenerate system (3.3) in Theorem 3.1 the condition
(a2) is replaced by condition —2 < p < 0 (the remaining conditions are retained).
Furthermore, we also assume that for system (3.2) the condition hi2(hsi —h21p) —
hisho1 < 0 is satisfied.

Then B = R? and there exists a transport channel (this is a straight line L
connecting points (0, h31 — ha1p, —ha1) and (¢ > 0, hs; — ho1p, —ha1)) such that a
trajectory starting from any point of region R3 — A will reach to the attractor A
only along the straight line L.

Proof. According to Lemma 2.3, the boundedness of solutions of the degenerate
system (3.3) implies the boundedness of solutions of system (3.2) .

Let us calculate the Jacobian matrix of system (3.2) at the point (c, hg1 —
ha1p, —ha1):

0  hi2 h13
J(c) = 0 hoo hos + ¢
0 hzz —c hs3+pc

(a) ¢ > 0. In this case, for a sufficiently large ¢, the matrix J(c) has the
following eigenvalues: A\ = 0, Ao 3 = —r =+ ¢, where r > 0,q > 0.

Further, in a sufficiently small neighborhood of point (¢, h3; — ho1p, —ha1) we
have &(t) = hi2(hs1 — ho1p) — higha1. Then for sufficiently small At > 0, we can
write: :c(t) =c+ (hlz(hgl . thp) — h13h21)At.
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Thus, if ¢ > 0 and hia(h3y — h21p) — hisher < 0, then z(t) — A. As for
y(t), z(t), then due to the fact that R(A23) = —r < 0, we will have y(t) —
h31 — h21p and Z(t) — *hgl.

(b) ¢ < 0. In this case x(t) is a negative decreasing function. But since all
solutions of system (3.2) are bounded, there is a moment ¢* such that x(¢*) > 0.

Now, taking point (x(t*), hs1 — ho1p, —ha1)) as the starting point, we reduce the
proof to item (a).

Finally, from items (a) and (b) it follows that |c| can be chosen arbitrarily large;
this means that B = R3. O

4. Systems with bounded solutions on the whole space R”

Consider the following autonomous system of differential equations

m'l(t) = anxl(t) + 4 alnxn(t) +dy + qb(ﬂ?g(t), ey .Tn(t)),
Z2(t) = agiz1(t) + - - - + a2nan(t) + do + x1(t) (baowa(t) + - - - + banxn(t)),

where a;; = 0 and ¢(z2, ..., z,) is a function of its arguments differentiable on the
whole space R"~! such that

8¢($27 7$n) .
.,0) =0, —FF——+ =0;0=2,...,n.
¢(O7 ) O) 07 aw/[/ (0’.“70) 07 1 ) ) n

Let ¢ # 0 be an arbitrary real constant.
Along with system (4.1) , we will also consider the following system

Fa(t) = ag1c +axnwa(t) +- - - + apn(t) +d2 +c - (baoxa(t) +- - + banxn(t)),

(This system is derived from system (4.1) after replacing z1(t) = ¢ = const.)
(

Theorem 4.1. Assume that for any real ¢ the point E*(c) = (x5(c), ...,z (c))T
be a unique equilibrium point of system (4.2).
Let’s assume also that for system (4.2) the following conditions are satisfied:

(b1) lim E*(c) = lim E*(c) = E*, where |[E*|| # oo;

Cc— 00 c——00

(b2) for all sufficiently large ¢ > 0 the Jacobian matriz J(c, E*) of system (4.2)
at point E* is Hurwitz;

(1)3) tliglo.fl(t) —di + (alg, ...,aln) B4 ¢(E*) < 0;

(b4) ¥v # 0 € R*! the function ¢(v) > 0 on the open set {R"~! — 0}.
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Then all solutions of system (4.1) are bounded and they oscillate along the
line L parallel to the x1 axis and passing through the points (cb,E*)T € R" and
(ce, EX)T € R™, where ¢, and c. are any real numbers such that c, # ce.

Proof. Without loss of generality, we can assume that n = 3. (For an arbitrary
n > 3, the proof of the theorem will be similar.) As a result, we get the following
system

L(t) = a12y(t) + a13z(t) + do + G (y(1), 2(1)),
y(t) = (lgll'(t) + azgy(t) -+ aggz(t) + dy + l‘(t)(bggy(t) + bggz(t)), (4.3)
Z(t) = agll’(t) + aggy(t) + aggz(t) +d, + :L'(t)(bggy(t) + 5332(25)).

If we now put #(t) = 0 and x(t) = ¢, then system (4.3) is transformed into
the following system

{ y(t) = agic + axny(t) + agsz(t) + dy + c - (baay(t) + bagz(t)), 4)

2(t) = as1c+ asay(t) + agsz(t) + d, + ¢ - (b3ay(t) + bszz(t)).

Let ¢ — +o00. In this case, the equilibrium point of system (4.4) will tend to
the point

B = (4", 2%) = (_533a21 — bozaz bz2a21 — b226l31)
’ bsgbao — bagbsa ’ bagbaa — basbsa /7

where according to (b1) the norm ||E*|| # oc.
Let us represent the first equation of system (4.3) in the following integral
form:

z(ta) = z(t1) + / ’ (algy(T) + a132(7) + dx + d(y(71), Z(T)))dT. (4.5)

t1

We will first consider the case z(t1) = ¢ > 0. Then, according to conditions
(b3) and (b2), from (4.5) it follows that if the time to > t; is sufficiently large,
then there exists a time t* € (¢1,%2) such that z(t*) = 0 and at ¢t > ¢*, we have
x(t) < 0. (Since system (4.4) is Hurwitz, then the vector (y(t), z(t)) — E*.)

Now let it be z(¢;) = ¢ < 0. In this case system (4.4) ceases to be Hurwitz.
Therefore, by virtue of condition (b4) of Theorem 4.1, the function ¢(y(t), z(t)) >
0 increases and if the time to > t¢; is sufficiently large, then there exists a time
t* € (t1,t2) such that z(t*) = 0 and at t > t*, we have z(t) > 0.

Thus, we come to the following statement: if z(t;) > 0 and ¢ € (¢1,t*), then
x(t) > 0; if z(t1) < 0 and t € (¢1,t*), then z(t) < 0.

It is clear that at t; — to there is a transition through point ¢* of the trajectory
(z(t),y(t), 2(t))T € R? from region z(t) > 0 (t; < t < t*) to region z(t) < 0
(t* <t < t2). Consequently, there exists a moment ¢, such that at ¢ > ¢, the
trajectory (z(t),y(t), z(t))T will begin to move along the straight line £ from
point (z(t,) > 0,y(t.), z(t,;))T to point (0, E*)T. After passing through the point
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(0, E*)T, there is again a moment #; > t, such that at t > #; we get (z(t;) <
0,y(t:), =(t:)"

Thus, we have oscillations of solution (z(t), y(t), z(t))T of system (4.3) in the
neighborhood of point (0, £*)7 along the straight line £. O

By Finin denote the minimum value of the function

F(zg,...,xy) = a1222 + -+ - + a1nTpn + d1 + ¢(22, ..., Tp)

(due to condition (b4), the function F(xg,...,2,) is bounded from below).
Thus, in order to obviously guarantee the fulfillment of condition (b3), it

is necessary to consider the number d; to be negative and sufficiently large in

absolute value.
Let us calculate Lyapunov’s exponent A[f] for a real function f(¢) [10]:

1| f(®)
Alf] = Jim | ZE o) 0, (4.6)
Let Alz1], Alxa], ... Alz,] be all n Lyapunov’s exponents of system (4.1).

Theorem 4.2. Under the conditions of Theorem 4.1, among all Lyapunov’s ex-
ponents of system (4.1), there exists at least one nonnegative exponent.

Proof. From the first equation of system (4.1) it follows that
t n
z1(t) = 21(0) +/ (Z a1z (7) + di + d(z2(7), ---,xn(T))>d7'-
0 “i=2

Then, from here and (4.6), we have

n

21(0) + /Ot(z @1i:() +di+ ¢(2(7), ., 2a(7)) ) dr

=2

—oot

Alx] = thm —In 0]

Since the integrand is not less than Fi,;,, we have

—1 |$1(0) + Fmint‘ —-—1 Frin
A >1—1—>171‘1 t| =0.
o] 2 Jim 2 In |21 (0)] = oot +xl(O) 0

The last inequality means that solutions of system (4.1) may exhibit chaotic be-
O

havior.
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5. Examples of quadratic systems with signatures (0,2), (2,2),
and (0,4)

1. Consider the following system with signatures (0,2):
z(t) = 8.6y(t) — 152(¢),
y(t) = —2.92(t) — 3.9y(t) — 1.52(t) + =(t)z(t)), (5.1)
2(t) = —0.2z(t) — 2.0y(t) + 1.452(t) — z(t)y(t) — 0.24x(t)z(t) + 1,

In this case the complex equilibrium points can be found from the following
algebraic system of equations:

8.6y—152 = 0,—2.92—-3.9y—1.52+3z2 = 0,—0.20x —2y+1.452—xy—0.2422+1=0.
From this we obtain two complex equilibrium points:

x = —0.2749359445 + 1.148385374¢
Hy = | y=0.2483530056 — 0.6439687636: | ,
z = 0.1423890565 — 0.3692087578:

x = —0.2749359445 — 1.148385374¢
Hy = | y=0.2483530056 + 0.64396876361
z = 0.1423890565 + 0.3692087578:

Thus, we have g = (gz, gy, 92)" = (—0.27493594, 0.24835300, 0.14238905)" .
Construct the degenerate system (2.10). Here we have: fio = hig, fi3 =

hi3, fo1 = ho1 + gz, foo = hao, fo3 = hag + gu, f31 = h31 — gy + P9z, f32 = h3a —
9z, f33 = has + pg,. Thus, we derive the following system:

z(t) = 8.6y(t) — 152(t),
G(t) = —2.7576x(t) — 3.9y(t) — L77492(t) + 2(t)=(t)),
() = —0.48252(t) — 1.7251y(t) + 1.50802(t) — 2(t)y(t) — 0.24(t)(t).
(5.2)
(This system has one double real equilibrium point (0,0,0). The eigenvalues of
the Jacobian matrix at point (0,0,0) are (0.0000, —1.1958 + 2.47064).)
It is easy to verify that for system (5.2) all the conditions of Theorem 3.1 are
satisfied.
Now we return to system (5.1). Here we have p = —0.24 < 0, h3; — ha1p =
—0.896; —h21 = 2.900 and hlg(hgl - hglp) — h13h21 = —51.146 < 0. All the

conditions of Theorem 3.2 are satisfied. The results of the study of system (5.1)
are presented in Fig. 6.1.

2. Consider the following system of signature (2,2):
i(t)
y(t)
£(t)

8.6y(t) — 15.0z(t) + 0.24y(t)z(t) + 1.1622(t) + 0.75,
—2.9z(t) — 1.9y(t) — 1.52(t) + 1.0x(¢)2(1), (5.3)
—0.2z(t) — 2.0y(t) + 1.02(t) — 3.2x(t)y(t) — 0.24x(¢t)z(t) + 1.0.
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From here we obtain four (two real and two complex) equilibrium points:

x = —0.9447264757
H, = y = —36.76734204 )
z = 29.69561519

r = 2.117189443
Hy=| y=0.7533302783 |,
z = 12.26718473

x = —0.1563483580 — 0.53225507731
H; = y = 0.1903308266 + 0.5079267475¢ ,
z = 0.1519502360 + 0.3004214765:

x = —0.1563483580 + 0.53225507731
Hy = y = 0.1903308266 — 0.5079267475¢
z = 0.1519502360 — 0.3004214765:

The degenerate system is following:

i(t) = 8.636y(t) — 14.602z(t) + 0.24y(t)z(t) + 1.162%(t),
y(t) = —2.748x(t) — 1.9y(t) — 1.6562(t) + 1.0z(t)=(t),
2(t) = —0.846z(t) — 1.499y(t) + 1.0372(t) — 3.2z(t)y(t) — 0.24z(t)2(2).

(5.4)
From here we obtain two zero equilibrium points Hi, Ho at the origin and two
real equilibrium points:

z = —0.7818485908 z = 2.236392419
Hy= | y=-36.64553597 |, Hy= | y=0.4867712491
2 = 29.43776844 z = 12.18973437

In Fig. 6.2 the chaotic attractors of the system (5.3) and the system (5.4)
(and its singular point) are shown.

3. Consider the following system of signature (0,4):

#(t) = —1.22(t) — 1.0y(t) — 0.52(t) — 0.4z(t)y(t) + 1.1y%(¢)
—1.0y(t)z(t) — 4.8,

g(t) = 4.7x(t) + 1.2y(t) + 4.02(t) — 1.1z (t)y(t) + 1.0z(t)=(¢) (5.5)
—0.4y2(t) — 0.422(¢),

() = 2.02(t) — 4.0y(t) + 1.02(t) — 1.0.

From this we obtain four complex equilibrium points:

x = —1.751955684 + 0.8534802106¢
H) = | y=—-0.7626493568 — 0.5093557404% |,
z = 1.453313941 — 3.7443833831
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x = —1.751955684 — 0.8534802106¢
Hy = | y=—-0.7626493568 + 0.5093557404¢
z = 1.453313941 + 3.744383383:
x = 5.825941906 — 8.1461582331
H3 = y = 1.595614935 — 4.873503383¢ ,
z = —4.269424072 — 3.201697065¢
x = 5.825941906 + 8.1461582331
Hy = y = 1.595614935 + 4.8735033831
z = —4.269424072 + 3.201697065¢

)

The degenerate system is the following:

(i(t) = —0.895x(t) — 3.430y(t) + 0.263z(t) — 0.4z (t)y(t) + 1.1y>(t)
—1.0y(t)z(1),
y(t) = 6.992x(t) + 3.737y(t) + 1.0852(t) — L.1z(t)y(t) + 1.02(t)z(t)  (5.6)
—0.4y2(t) — 0.422(¢),
2(t) = 2.0z(t) — 4.0y(t) + 1.02(t).

(For the system (5.5) ((5.6)) the conditions of Theorem 3.2 (Theorem 3.1) are not
satisfied.)

From here we obtain two zero equilibrium points Hy, Ho at the origin and two
complex equilibrium points:

x = 7.577897589 — 6.958810395:¢
H; = y = 2.358264291 — 4.163163179¢
z = —5.722738013 — 2.735031924:

x = 7.577897589 4 6.958810395:
Hy = y = 2.358264291 + 4.163163179¢
z = —5.722738013 + 2.735031924:

)

On Fig. 6.3 the chaotic attractors of the system (5.5) and the system (5.6)
are shown.

6. Systems with antisymmetric matrices

Now we consider the following application of Theorem 4.1.
Let us introduce the following restrictions in system (4.2): the matrices

Aq = (aij)ij=2,..n — diag(ag, ..., anyn) and
Ba = (bij)i,j:2,...,n — diag(bgg, ceey bnn)

are antisymmetric. It is obvious that if for any sufficiently large number ¢ > 0
and Vi € {2,...,n}, we have a;; + cb;; < 0, then the system (4.2) is stable. Let
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Phase portraits of systems discussed in sections 5 and 6
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Fig. 6.1. Chaotic attractors of system (5.1) obtained at (a) xo < 0 in the starting point S, (b)
Zo > 0 in the starting point S and (c) zo = 0 in the starting point S; (d) behavior of solution
x(t) of system (5.1) in the starting point S; (e) chaotic attractor of the degenerate system (5.2)
and (f) confirmation of its chaotic nature with the help of Lemma 2.3.
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z(t) of system (5.3) in the starting point S; (e) chaotic attractor of the degenerate system (5.4)

and (f) confirmation of its chaotic nature with the help of Lemma 2.3.
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Fig. 6.3. Chaotic attractor (a) and the behavior of the solution z(¢) of system (5.5) (b). Limit
cycle (c) and the behavior of the solution z(t) of the degenerate system (5.6) (d)
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matrices A, B and vector (dy,...,d,)" of the system (4.1) be as follows:

0 1 —-13 0 0
—41 0 -3 0 -1
A= -2 3 o 1 1 [,
340 0 -1 0 2
111 -1 ag O 61)
0 0 0 0 0
0 -01 1 -1 0
B=|0 -1 -01 0 2 ,
0 1 0 -01 -1
0o 0 -2 1 -01

dy = —11110,dy = 0,d3 = —0.7,d4 = 0,ds = 16; as4 is a real parameter.
As for function ¢(xa, ..., x,), we will write it as

D29, ..., Tn) = &y, 2,u,v) = ay® + 0.1yz + 0.162° + 0.44u> + 0.202,

where a is a real parametes.

On Fig. 6.4 the chaotic attractors of system (4.1) with matrices (6.1) are
shown. (Note that in cases (c), (d), (e), and (f) the restrictions of Theorem 4.1
imposed on the function ¢(y, z,u,v) are not satisfied: a < 0.)

7. Conclusion

In this paper, new types of attractors generated by systems of ordinary dif-
ferential equations were obtained. The most sought-after applications of these
attractors are in the fields of cybersecurity, communications, and cryptography.
Therefore, we see our research continuing in the search for more complex attrac-
tors than those presented in this article.

In the future, we propose to strengthen Theorem 4.1 by introducing more
complex functions ¢(xa, ..., x,) into system (4.1). In addition, we also propose to
replace the linear functions baowo+- - -+bop Ty, ..., bpaXa+- - ++bppxy, in system (4.1)
with nonlinear functions ¢o(x2,...,Zn), ..., On(T2,...,2n). This will significantly
complicate the attractors generated by this system.
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