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The problem of optimum traction calculations is considered as a problem about optimum distribution of a re-

source. The dynamic programming solution is based on a step-by-step calculation of set of points of Pareto-optimum 

values of a criterion function (energy expenses) and a resource (time). 

Keywords: criterion function, expense of energy, dynamic programming 

     

      -

  ,    

   . 

    -

       -

    

  ( )    

[1–6]. 

     , 

,    -

 .    

     

,     , 

     -

.      

   . 

, ,  -

    .   

      ,   

  –   . 

     -

     -

     -

. 

 

   ,  -

      

,   .  

     -

 , , , -

,   .   

      

.     

 ,    

     

    ’    -

   .   -

      

.    -

        

     . 

     

-     

      

.     

      

    

  .    

   ,   -

 ,   -

 -  , 

   : 

–  ; 

–     -

 ; 

–  . 

-   -

  -    

(    ),  -

     -

    [7]. 

   

    -

    -

      .  

     

.   -

195



      -

. 

     

  ,    -

 ,    -

  ,     

(  ),     -

 ( ).  ,   

    -

    ’  -

   ,  -

         

    ,  

      

      

.     -

 [8–11]. 

   . . [12–14] -

    , 

      

,  ’    

   .  -

    -

   .   -

      

 . 

 [15–17] ,  , 

     

,     

    -

 .    -

      

   ,   -

    -

   ,  

    ,  -

       -

     . .  -

      -

     -

     

. 

    

    -

      

[18–20].     -

    -

.      

  , -

      

  . -

      

     

 .     -

    -

    -

     . 

1.   

 ,    

    . 

  

( )f s , ( )t s  – ,   

      

 ( , )   

  ; 

s  –  .   

        

.       

[21].  : 

–   ; 

–     -

; 

–  ; 

–  ,   ; 

–  ; 

–   ; 

–   ; 

–    ; 

–   . 

       

      

,      

.    

       

. 

 

s –  , 0 s l ; 

l –    (   

 ); 

( )v s  –   ; 

( ( ))f v s –  ; 

( ( ))t v s –      

   ; 

T  –    . 

     -

      

  :   -

  ( )v s ,    

      -

     . 

    

     -

  : 

 
( )

min ( )
v s

f s  (2) 

  

196



 ( ( ))t v s T ,   0 s l . (3) 

   . 

 (2)–(3)    . 

      -

 :    , 

  (   -

  ,    -

 ,   .),  -

 ,   . 

’      -

 (3)    (2)  -

 : 

 ( ( ))t v s T ,   0 s l . (3 ) 

 (2)–(3 )  .  -

  ’     -

  . 

’    0 s l   N  -

  1[ , ]j js s , 1, ,j N .  

  
js   ( )jv v s   

    jV , 

1, ,j N : 

( )j i jV v s ,   1 ji m , 

 jm  –     jV . 

 
jm     

    js     -

 ( )jv s  (   , -

  ,   -

).      

jv V      js   -

 1,j js s       

( )j jt t V  – ’  ,   -

   ( )j jf f V – -

 ’  .  -

   0 Ns l s    -

     . -

   0 Ns l s   -

    -

   . , -

       

  ,    -

 jV . 

      

kv , 0k N  ( 0v   Nv  ),   -

     -

,        -

      (  

     -

 T ). 

     -

     

(2)–(3 )      -

 [22, 23].     

   . -

    

   , -

  ,     -

  . 

    -

   .   

 

 
1

( )
N

j i

j

f v ,   i jv V ,   1j N  (4) 

  

 

1

( )
N

j i

j

t v T ,   i jv V ,   1j N . (5) 

,   (5)  

  . 

2.    

 (4)–(5)    -

   ,  -

  , ,  

  [11, 12].  

   . -

  ( )jB u    : 

-    

1

( )
j

k k

k

f v  

  
1

( )
j

i i

i

t v u  i iv V , 1j N , 

 j    1, , N , 0 u T . -

,  ( )NB T    

  (4), (5).   -

   : 

 

1
\ ( )

( ) min [ ( )] ( )

0 1, , .

j j j j

j j j j j j
v V t v u

B u B u t v f v

u T j N
 (6) 

     -

 0 ( )B u , 0 u T ,  ( ) 0jB u , -

   (6)    . 

197



   T   N    -

  (6)   -

 ’    .  -

 ,    -

  . 

     -

  : 

( , ) ( , )x y z w x y ,   z w . 

  –     . 

  A ,    -

,      

 .    

: 

1

( )
j

i i

i

F f v ,   
1

( )
j

i i

i

T t v , 

  1 2( , , , )jv v v    , 

  : 

1

( )
j

i i

i

t v T ,   i iv V ,   1i j . 

    -

   
jS .    -

    jS    

.   ,jk jkF T , 1, , jk K , 

  jS ,     

,  

1 2 jj j jKF F F ,   1 2 jj j jKT T T . 

 ,  ( )j jk jkB T F , 

1, , jk K .  ( )jB u     -

 u    j .    

     ,   

  jS .  ,  jS  

      

  . 

 jS , 1, ,j N    

,   (6).  -

   0S  = {(0, 0)}.  

 .    : 

1 1, 1, 1, \ 1, ,j j k j k jS F T k K . 

   ( , )F T  : 

1, ( )j k j jF F f v ,   1, ( )j k j jT T t v , 

 11, , jk K ,   jv    -

,   : 

1, ( )j k j jT t v T ,   j jv V . 

      

      , -

 : 

, ,, \ 1, ,j j k j k jS F T k K . 

    -

: 

, ,, \ 1, ,N N k N k NS F T k K . 

 
NNKF    -

 .    

 
NNKT    .  -

   :  

 ( , )F T    ,   -

   (    ).  

    

     

 1, ,j N    : 

( ), ( ) \j j j j j jf v t v v V  

     . 

   ( , )F T   , 

    ( , )F T    , 

  .    

      

      

     . 

 

     -

      -

      -

  ,    -

    

      

( , ) ( i , )F T .    

  .    

     -

     -

    . 

  

1.      [ ] /  

. . .   . . . – .: 

, 1979. 

2.       

[ ]. – .: , 1985. 

198



3.     [ ] /  

. .  [  .]. – .: , 1987. 

4.      -

  [ ] /  . . . . – 

., 1971. 

5. , . .   -

    -

 [ ] / . . , . . -

. – .: , 1989. 

6.   [ ] : .   -

  /  . . . -

. – , 1989. 

7.    -

     -

    

  [ ]:   

  30  2003 . 

8. , . .   

   ( - )  

  [ ] / . .  // 

. . – 1968. – . 276. – . 3-13. 

9.     

[ ] / . .  [  .] // . . – 

. 492. – . 3-10. 

10. , . .    -

 [ ] / . .  // . . 

– 1964. – . 232. – . 3-8. 

11. 3 , . .   -

 [ ] / . . 3  //   

 . – 1973. –  7. – . 21-22. 

12. , . M.   -

    [ ] /  

. M. . – : , 1974. – 

43 . 

13. , . .   -

      

 [ ] / . .  // .  

. – 1974. – . 132. – . 3-11. 

14. , . .    

    [ ] / 

. .  // . . – 1977. –

. 156. – . 3-23. 

15. , . .   -

       

     -

 [ ] : . . … . . 

: 05.09.93 / . . . – .: , 

1990. – 23 . 

16. , . .    

      

  [ ] / . .  // 

. – . 39. – ., 2000. – . 41-48. 

17. , . .    -

     

[ ] / . . , . . , . . -

 // . . . . .- .  

 - . -  . –  

 39. – ., 1998. – . 160-169. 

18. , . .     

  [ ] / . . ,  

. .  //   . -

. - . – . 73. – .: , 1999. –  

. 23-27. 

19. , . .   -

      /  

. .  //   . -

. - . – . 62. – .: , 1999. –  

. 12-19. 

20. , . .    -

  [ ] / . . ,  

. . . // : . . . –  

. 5. – .:   , 2000. – . 62-65. 

21.   [ ] / . .  [  .]. – .: 

, 1987. 

22. , .    

 [ ] / . , -

. – .: , 1965. – 458 . 

23. , . .  : , 

,  [ ] / . . -

. – .: , 2004. – 208 . 

 

   10.11.2010. 

   16.11.2010. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

199


