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METHODS OF CALCULATION LINE OPTIMUM TRAVEL OF TRAINS
WITH CONSIDERATION OF LONGITUDINAL DYNAMIC EFFORTS

Summary. The paper examines the main provisions of the methods used for
optimization of station-to-station travel time taken (according to the criteria of minimum
fuel consumption for haulage) for freight long train timing with consideration of
longitudinal dynamic efforts. A hybrid mathematical model of long train travel is
developed, where in one case of travel the train is considered as a flexible non-extensible
line with a variable running weight, in other cases the train is considered as a system of
weights connected by nonlinear deformable elements with a consideration of gap
clearance in a draft. The model allows essentially reducing the time of solving the
problem. The problem of selecting an optimum mode of train operation with
consideration of longitudinal dynamic efforts and use of method of dynamic
programming in a discrete form was set.

METOIUKA PACHETA OIITUMAJIbHBIX ITEPETOHHBIX BPEMEH XOJIA
[TOE3J10B C YUYETOM ITPOJOJIBHBIX TUHAMWYECKUX YCUJIMU

Pe3tome. PaccMOTpeHBI OCHOBHBIE TIOJIOKEHHSI METOAUKH ONTHMH3AINH (IT0 KPUTEPHIO
MUHHMYyMa pacxo/ia TOIUIMBA Ha TATY) NEPEroHHbIX BpPEMEH X0/a K rpaduKy JBMKEHUS
IPY30BBIX JUIMHHOCOCTaBHBIX IMOE€37I0B C YYETOM HPOAOIBHBIX JUHAMHUYECKUX YCHIIHI.
Pazpaborana rubpuaHas MaTemMaTHdecKas MOJENb JBWKEHHS [JIMHHOCOCTABHOTO
1moe3aa, B KOTOPOW B ONHUX CIydasx ABIKEHHS TO€3]l paccMaTpHUBAeTCs, KaKk TMOKas
HepacTsHKUMas HUTh C IEpEMEHHON MOTOHHOM Maccoil, B JpyTrHX, Kak CHCTeMa Macc,
COCAMHEHHbIX HEJIMHEHHBIMH Ae()OPMHUPYEMBIMH  3JIEMEHTAMH, yYHUTHIBAIOIIUMHU
HaJIMYUe 3a30pOB B YHPsKU. Takas MOJeNb MO3BOJIIET CYHIECTBEHHO COKPAaTHTh BpeMs
pewmenus 3agayn. [loctaBnena 3amada BeIOOpa ONTUMAIBHOTO peXKKUMa BEICHHUS T0€3/a C
Y4€TOM MPOJOIBHBIX TUHAMUUYECKUX YCHIINH C HCITOJIb30BAHUEM METO/1a JUHAMUYECKOTO
MIPOrPaMMHUPOBAHUS B TMCKPETHOH (popme.
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1. INTRODUCTION

Increase of traffic-carrying and train-handling capacities shall be considered as the basic direction
of development of the railway transportation in Lithuania. Therefore, the increase of weight and length
of freight trains is one of the important and effective directions of engineering policy in transport. The
increase of traffic-carrying capacities of the railways can be achieved by organizing regular traffic of
long trains. When long trains are travelling on brakes in track grading elevations, longitudinal dynamic
efforts can reach dangerous values (in respect of durability and stability of vehicles in a track).

Therefore, the mode of train operation shall be selected with consideration of dynamic loading of
the rolling-stock at each specific section.

The analysis of passenger and freight trains [2, 5-10] timing shows that it is economically
reasonable to organize train traffic for trains weighting up to 8,000 tons on the main corridors of
Lithuanian railways in case of the estimated increase of freight traffic by 15-20%.

The relevance of the organization of regular traffic of heavy trains weighting up to 8,000 tons on
the main corridors of Lithuanian railways is also conditioned by the fact that in 2012 Joint Stock
Company "Russian Railways" would complete preparation of engineering and production regulation
for the regular service of freight trains weighting up to 9,000 tons.

Along with the traffic-carrying and train-handling capacities of the railways, the task of
conservation of fuel and energy resources is set.

The existing methods of producing hauling calculations [13] for train schedules allow determining
only minimal station-to-station travel times taken and do not provide optimization of the same in
respect of fuel consumption for haulage.

Therefore, it is reasonable to develop such methods that would allow calculating station-to-station
travel times taken (optimum times taken in regards of fuel consumption for haulage) and their
realization (optimum performance charts) with consideration of longitudinal dynamic efforts using
unified positions.

The offered methods [1, 4] allow calculating station-to-station travel time taken (optimum times
taken in regards of fuel consumption for haulage) and their realization (optimum performance charts),
yet without taking into consideration longitudinal dynamic efforts.

When solving the problem with consideration of longitudinal dynamics [11, 12, 14], the train shall
be considered as a system of discrete weights. We need to integrate the system of differential
equations, the 2n degree of which can reach several hundreds. The expenditures of computing time for
calculation essentially increase with the increase in the degree of the system of equations and the
length of integration interval. The problem examined herein excludes an opportunity to reduce the
length of integration interval; therefore, seeking to reduce the expenditures of computing time we need
to use hybrid mathematical model of train (flexible non-extensible line with a variable running weight,
in other cases the train is considered as a system of the weights connected by nonlinear deformable
elements with a consideration of gap clearance in a draft).

The mathematical model of train in the form of flexible non-extensible line with a variable running
weight is described in [3]; therefore, this paper is limited to a more detailed mathematical model of train
in the form of system of discrete weights connected by nonlinear deformable elements with
a consideration of gap clearance in a draft.

2. MATHEMATICAL MODEL
To determine the longitudinal efforts affecting the vehicles, we shall represent the train in the form

of a chain of solid bodies (Fig. 1) connected by the nonlinear deformable elements with
a consideration of gap clearance in a draft [14].
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Fig. 1. Design diagram of a train
Puc. 1. Pacuérnas cxema moesna

Travel of a train as a system of discrete weights can be described using the following differential
equations:

V(1) =[S, (1) -S 4O+ F,t.v,, xu()U)/m,, (j=1+n, s, =S, =0);
Q1 ®= Xl ®= Vi (t); .
q;(®) =vi.(O-v;®), (j=2+n); ’
entry conditions v, (0) =v;,; d;(0) =q;,; aditional conditions S;(0) = S,;

)

here n is the number of vehicles in the train; g, =x,, —x; —0,5(1,, —1,); ¢ is relative displacement
of the centers of inertia of two next vehicles (deformation of connection between vehicles (j-1) and j);
lj is length of j vehicle; x; is coordinate of its center of inertia calculated according to trajectory of
travel; m; is weight of element j; v; is its speed; S; and Sj.; are longitudinal efforts affecting the vehicle
(these efforts are internal efforts in relation to the system); F; is the resultant of the external efforts
applied to the vehicle j.

The problem of determination of the longitudinal efforts affecting the vehicles of the train during
travel is limited to the solution of Cauchy problem (initial value problem) for a system of ordinary
differential 2n degree equations (1) under the given initial and several additional conditions due to
specification of the problem of function S,(q;,q;). The solution of the system of the differential

equations (1) is determined by its numerical integration with application of predictor-corrector method
based on two-step difference formulas, such as Adams-Bashforth and Adams-Moulton process.

When modeling train travel, we shall assume that the vehicles are equipped with the most
widespread friction-type cushioning devices, while the coupling gears always have gap clearances. In
this case, the power characteristic Sj(qj,qj) interwagon coupling j is possible to present as Fig. 2 and

mathematical dependence [14].
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0,if0<q; <&,

under &, <|qj|<A+5Oj (where 5,; = Ounder q; <0and 5,; = &,; under q; > 0)
and g; q; >0:
knj(qj _5oj)’ if

K (@ = 0oy < g (A = ) + kg (@ = 5y
kkj(qj _qu)+kpj(qu _5(;j)+ﬂqjx
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kkj(qj _qnj)+knj(qnj _5tl)j)+ﬂqjl
iF [k, () = 80,)] < Kig (A = Qo) + Ky (@ = )
under (k; —ky A (kg —ky) <, = J5;| <A anda; =5, ] > A :

ki (a; —A; —y;) +kyA; - B4,
where: &,; is size of gap clearance in the coupling; q,;, g, are g;values; at the moment of change in
product sign q;-q;; k., k, coupling rigidity at loading and unloading; k,; — rigidity of wagon
structure; g — coefficient of viscosity; A, =S, 1ky. As the paper [7] demonstrates, equations (2)
reflect the actual power performance fully enough. As it can be seen in Fig. 2, functions Sj(qj,qj)
ambiguously depend on 0; €(J4;:5pj.a7) when q; >0 and on g, c(0—-Aj) when q; <0. Therefore, to

make the assignment of the entry conditions of the problem unambiguous, it is necessary to specify
additional requirements q; < 0that determine the values S, (qj ,qj) at the moment of time t = 0.

A
8

q.

Moy

Fig. 2. Power characteristic of interwagon coupling
Puc. 2. CuioBast XapaKTepPHCTHKA MEIKBATOHHOTO COCINHCHHS
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The sum of the projections of all external efforts to the tangent to the trajectory of travel shall be
represented as follows:

Fj = Pj +Tj + Bj +Wj : (3)

here P, is the projection of gravitation of vehicle j on the tangent to the trajectory of travel; T; is the

hauling capacity of the locomotive calculated according to the algorithm described in [4]; B; is the
braking force affecting the vehicle; W; is the force of the basic resistance against forward motion of the
vehicle j determined according to [4]. As the lateral view of the examined track section is supposed to
consist of rectilinear components k with grades i, and coordinates of the ends xv(v:o, K-1 x, =0),

then the analytical expression P, can be presented as follows:

5 (x )_ m;d;o, if x; <0, under x; >0; . 4
PO myay,, if x; 2%, x4 (v=1,k-1)[

we shall consider the value of down grade (the component of the vehicle’s gravitation is functioning as
accelerating force) as positive, while the value of upgrade as negative.
We shall present the force affecting the vehicle during braking using two components:

B, =B, +B,;; ®)

where: By; is the force affecting the vehicle during electrical (regenerative or dynamic) braking, which
is set according to the algorithm [4].
We shall determine the forces B; according to [14] according to the following formula:

sz :_nj(ijj(t); (6)

where: n; is the number of brake blocks in the vehicle; ¢ is the friction coefficient of a brake block
against the wheel; k;(t) is the force of pressure onto one brake block. It is convenient to change the

formula (5) to the following [14]:
¢, = Allk; +B)/lk; +C')llv; + D')v; +E'[; (7)

where: v; is measured in m/s™. The law of variation of pressure force k(t) in proportion to air

pressure in the brake cylinder depends on type of air distributor and type of braking (adjusting, full
service, emergency). Values A, B, C, D are determined on empirical formulas, they affect the
regenerative and conventional breaking. During modeling [14], we shall assume that variation of time
of pressure force onto the brake block corresponds to the diagram presented in Fig. 3.
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Fig. 3. Approximation of the diagram of filling and release of the brake cylinder
Puc. 3. AnnpokcuMariisi TuarpaMMbl HAllOJTHEHHUS M OTITYCKa TOPMO3HOTO HMJIMHAPA

Here t is current travel time; t, is the moment of the beginning of pneumatic brake actuation,
whereas t, is the moment of the beginning of releasing the brakes of the head train vehicle; 7 is the
time interval, after which the brake wave with propagation velocity C, would reach section j from the
head section; z; is the time interval, after which the releasing wave with propagation velocity C,.
would reach section j from the head section; z; is the time interval, during which the pressure force
applied to the brake block would increase from zero up to the value k,; =b; +k (bj is the set

values), whereas 7,; is the time period of increase from value z; up to value Knm.; 7 is the time
interval, during which the realizing of brakes of the vehicle j takes places. It is necessary to emphasize
that when modeling the braking using pneumatic brakes, variation of the values =, n; ;, along the
train length shall be considered.

The analytical dependence K (t) can be presented using the following expression:

maxj !

0,if t—t, <t;;undert—t >t;andt <t,;
b, Ko, t—t, =t, /7y, if 7, <t—t, <7, +7,;
Kowe; [0 +(@=D,)- (t—t, —t, —t,,)/ 7],
Ki(t)=1if 7, +7,, <t—t, <7, 47, +7,; . (8)
K s
Kaex j [L= =ty =t5;) 75,1, 1 7o <t =t <7 + 7

0,if 7, +75 <t—t,.

if T 47+, <t-t, <7, +7;;

While solving the problems regarding travel of a train as a system of discrete weights, it is
necessary to integrate a system of the differential equations, the 2n degree of which can reach several
hundreds. The expenditures of computing time for calculation essentially increase with the increase in
the degree of the system of equations and the length of integration interval. The problem examined
herein excludes an opportunity to reduce the length of integration interval; therefore, seeking to reduce
the expenditures of computing time we need to use the method of reducing the degree of system of the
differential equations.

The mathematical model of train in the form of flexible non-extensible line with a variable running
weight is described in [4]; therefore, this paper is limited to a more detailed mathematical model of
train in the form of system of discrete weights connected by nonlinear deformable elements with a
consideration of gap clearance in a draft.
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In regards to railway trains with gap clearances in a draft, this issue is examined in the papers [14].
The reduction of the degree of system of the differential equations (1) shall be done by means of
appropriate grouping (n vehicles in each group).

Thus, the length and weight of the group equals the sum of lengths and weights of the wagons in
the group, whereas the new system of the differential equations describes sort of displacement of
centers of inertia of groups consisting of n wagons. The forces originating during deformation of the
elements interconnecting the groups of wagons shall equal the forces affecting the wagons at
corresponding sections of the train. According to the changes described herein, it turns out that the gap
clearance in the equivalent coupling of the groups equals the sum of gap clearances in interwagon

coupling, whereas the rigidity of group coupling k;, :(ijj)j, wherek,, is rigidity of interwagon
w-1

coupling; w is the number of the wagon in the group; j is the group’s number. The external efforts
applied to centers of inertia of the wagon groups equal:

Fi(X,0) =D F, (X, 1); 9)
w=1
where: F,, (x,,.t) is the force affecting the wagon number  in the group j. As demonstrated in the

papers [11], it is reasonable to reduce the degree of the system of equations (1) 6+8 times, which leads
to reducing the expenditures of computing time to solve the problem 10+15 times. Meanwhile, the
time characteristics of the changing process change; however, the greatest values of longitudinal
efforts can be received with a precision sufficient for application.

3. MODE OF TRAIN OPERATION

To determine rational mode of train operation with consideration of longitudinal dynamics, we
shall examine the following system of equations [4]:

v,(0) =[S, ®) =S L)+ F,tv,,xu(,U)m,, (j=1+n, S, =S, =0);

Q1(t) = Xl(t) = Vl(t);

. . ; 10
4;(t) =v;. () -v;), (j=2+n); (10)
entry conditions v, (0) =v;,; d;(0) =q,; aditional conditions S; (0) = S,;

dv?) _ 2 3 _ . .

™ —(P+Q)(l+7)[ﬁ(v,u(x),uc) W (x,v,u(x)) - B, (v, K'(t), u(x), U, ] ; )
dr _ 7, (1,(v,u(x),U.)) - z(x)

d¢ V(0 T(I(vu(,U,)

When calculating haulage, the state of train is traditionally characterized by a point in four-
dimensional phase space (x,v,z,U,). However, such approach does not allow considering longitudinal

dynamics, which significantly affects the mode of long train operation. We shall, therefore,
characterize a state of the train by a point in five dimensional space (x, V,z’,Uc,S), where the S
coordinate is entered as follows:

S(t)= mJaij(t) (12)

and is determined by solving the system of equations (10). The area of admissible phase trajectories
shall be determined by the following restrictions:
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X, £X<X,
é(x,v, T, §) 0<r<r, ; (13)
0

<v<v™(x)

5™ (v)<8 <)) (14)

where: X,, X, are coordinates of the initial and the end points of the trajectory; z, is the maximum
allowed temperature of electric engine overheat, v™(x) is the maximum allowed train speed;
S™™*(v), S*™*(v) are the maximum allowed contraction and stretching forces in the coupling devices
[14] (Fig.4).

As to the vector of operation u(x)=[uy, U,, ..., uy], according to the rules for technical maintenance,
all possible values of the vector of operation have restrictions that can be written down as follows:

<

(15)

8, (1.0, ()= B7)

|
where: U is the area of allowed operations; 1™ is maximum allowed engine current; qo is the load
per vehicle’s axle; y, is the coefficient of wheel-rail adhesion; K" is the force of pressure of the

brake blocks of a set of wheels; ¢, is the brake block-wheel friction coefficient; B maximum

allowed force of recuperation (restriction in regards of the engine current to the excitation current).
Elements u;(j=1+m) of the vector of operation, which characterize the number of control notches

of the locomotive j, accept discrete values and are numbered as follows. For example, for a mode of
traction u;=123,..,n, of a no-load operation u;=0, of a mode of recuperation,

u;=-1-2,-3,...,—n,, pneumatic braking u, =—(n, +1),-(n, +2),....-n, -

H|3,| v
2.0 |
1.8 |
1.6 {
1.4 1
1.2 1
1.0 !
08 |
0.6 |
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02|
V. kmh
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Fig. 4. The area of allowed contraction and stretching efforts
Puc. 4. O6macTh TOMyCTUMBIX CKMUMAFOIIHUX W PACTIATUBAIOIINX YCUITHIA
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An optimum law of operation the train travel u(x) shall satisfy the isoperimetric constraint (it is
possible to compare the laws of operation only when the train’s travel time taken is identical):

Ll | oy (16)

where: t, is travel time taken at the station-to-station block corresponding with the operation u(x); t, is

the set travel time at the train’s stop-to-stop section.
As a criterion for assessing the law of control u(x) we shall take a composite function which

represents the rate of fuel consumption for train traction at the stop-to-stop section

ng(V,U)'ﬂ (v,u)dx .
Au|= | = 17
[u] Xf Vi, u) (17)
where: g(v,u) is the rate of fuel consumption per unit of time; 7,(v,u) is the locomotive’s coefficient

of efficiency.
Then, the problem of selecting a rational mode of operation long train can be formulated as
follows: to find such law of operation u(x) €U that a corresponding solution of a system of equations

(10, 11) would belonged to area G, constraint would be met (14), the criteria of optimality (15) would
accept minimal value, whereas the initial and the end points of the trajectory would belong to the

unspecified set Q, and Q,, where Q, is the set of initial values (xo,vo,ro,§o); Q, is the set of end

values (x,v,, 7. S, ).

The proposed methods is realized in the form of computer program (programming language C++
Builder, environment - Windows XP/2000/Vista/7) for optimization of long train operation with
consideration of longitudinal dynamic efforts.

4. CONCLUSIONS

The developed methods of selecting the mode of long train operation with consideration of
longitudinal dynamic efforts allows determining an optimum station-to-station travel times taken in
regards of train timing and corresponding performance charts on the main directions of Lithuanian
railways.
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