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Ahstracs—A three-layer composite with penny-shaped cracks
in the feld of harmonic torsional loading iy considered. The
solutions are chosen in the form of Helmholtz potentials with
densitics that characterize unknown crack opening functions,
The problem is reduced to the solution of the system of two-
dimensional boundary integral eq (BIFs). The influence of
(he frequency of the applicd load, the ratio of the elastic constant
parameters of the compesite on the dynamic stress intensity
factors in the defect vicinity Is investigated.

Iicdex Terms—penny-shaped cracks; three-layer compesite;
harmonic torsional loading; boundary integral equation method

[ INFRODUCTION

Layered composites have wide apphcations in a varicty of
industnies — from actospace technology to medicine. By a
combination of matenals with different charactenstics the new
materials with high mechanscal propertics, ability to work n
aggressive environments, or which can take the unique optical
propertics, ets. can be obtained Important interest represents
the study of these materials on sturdiness under the influence
of static and dynnmic loadings [1-4]. The presence in the
composites of the structural defects like cracks. cavities, alien
nclugions requires a separate study because the defects above
play a role of the stress concentrators and can mitiate the
solids destruction [5-11). Dynamic character of loading leads
to a complex interference of wave picture i the solid and
generating the new types of clastic waves and dispersive
phenomena. It affects on the ime behavior of stress intensity
factors (SIF) near crack contour. SIF can significantly greater
than their same static analogues that is danger 1n terms of loss
of design integnty.

The BIEs method is successfully using for investigaton of
dynamuc problems of layered composites with cracks [12-15].
The Bllis method for investigation of stress-deformable state
of three-layer sohid with circular cracks in time-harmonic
torsional loading ficld 15 applicd in this paper.
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[1. PRROBLEM STATEMENT

Let’s consider the clastic composite, which consists a layer
L with thickness h. Composite 15 limited by the two parties
half-spaces A. Solid matenals are isotropic and characterized
by shear moduli (5,,, Poisson’s ratios p; , and thc mass
densities p;, , D~ L, A . Ideal mechanical contact conditions
arc performed on conjugsted nterface surfaces S, , m=1,2.
Half-spacex contain a penny-shaped cracks with radius o,
occupy surfaces S, panallel to interface surfaces and arc
located on the depths . Opposite the cracks-surfaces S* arc

subjected to the action of self-balanced barmomic torsional
loading as functions of time r with frequency o

N (x.) = =Ny =(=1)""" x, (1=6, 0N expl=ioor) .

XN Xy, %08, I=L3, =12

Here 1=v-1 ; No = const is the amplitude value of the
applied loading; & is the Kronecker delta.

In the domains S lct choose the Cartesian coordinate
systems O, x,x,X;,, ,m=12 In the median surface of layer
let choose a coordinate system with origin, which is located on
the same line (Fig 1). All pamamcters of wave ficld
composite is characterized by harmonic time dependence. In
composite the only clastic S//-wave with the specified location
method of cracks and their loading is propagated. The problem
for determining of stress-strain state of solid with cracks is
reduced to problem of determining the amplitude values of
component of clastic displacement vectors
u'? @™ W ), D=1,4 , that satisfy differcntial
balance equations
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Figure 1. Problem’s schome

transverse clastic wave velocity for the -the component of a
solid, A, is the three-dimeasional Laplace operator. To satisty

the equation (1). we formulate two groups of boundary
conditions of the problem. In the domains S of cracks location

cr,,(x)-(—l)"'.r,_, N,
XXy X, Xy JES | A= 12.

(2)

The second group of mixed boundary conditions formulated
on the interface surfaces S;, /=12 of the canjugated
component of the solid for mngentml stresses, shear
displacements and characterizes a perfect mechanical contact
u}"’(.t,..tl.-h/I)uuj,f'(,t,..n.dl .
0’,?(-"|.¥1."'/,'= (,‘::(‘1 X d) .
WP (X 2= (5, x5~ d)
0‘,1’(-\].-"1-"/2)“0,;;‘&..\';.—d) J=L2

In this casc. vertical displacements and normal stresses don’t
exist

11l. METHOD OF SOLUTION

The formulated dynamic problem of elasticity theory is
determined by the BIEs method. The total wave ficld in an
elastic layer is given as s sum

n"":u}“ou'!“ s (4)
in clastic half-surfaces

(4) A) (E 1) -
W =u e, =12 (5

Displacements  u{™ , j=1,2,D=1,4 generated by the
oscillation of interface surfaces {7 points; displacements

u arc caused by the opening of opposite crack-surfaces §*
under loading.

Displacements )’ from the crack opcning can be
represented in the form of Helmholtz potentisls

ar(x,)
u‘,f'«x)-—%‘# CAl=12, 6)
el
expl " |x, -

P ) = [ A8 Ry ds; . §(5.5,.00€ S
s T

with thc unknown densitics characterizing the point
displaccments of opposite crack-surfaces i the direction
Opxy

Au (%)) =[u',,(.t,..t:.-O)-u,,(x,.x,.+0)]/4n VX S

In the considered method of cracks location in the solid and
their losding, there are ne normal crack openings, namely
Ay (x;) =0, =12 Similarly, the displacements are chosen
in the form

oR
ul(x) = ——-’ﬁ’— m =12 ,D=LA, (T
] 'i
exp| k" |x, ¢

B (xp) = Hu“”(z) ds; | &(E.5.00€S;

[~ -4l
with unknown densities af’’ characterizing the displacement
of points of intcrface surfaces §; in the direction Ox .

By applying to (4), (5) the ratio of the Hooke's law, by

considering (6), (7). a representation for the amplitude values
of the stress lensor componenis are obtained

(L) _ (L) (L)
O = JJI+°1)2 L] 8)
l‘) (4) 1=12, (
/)l'o;\l+ ;)I e

Al x) = -Gy (A, + PP (x) , D= LA,
a3 (x) = G (A, + )P (x)

where A, is the two-dimensional Laplace’s operator.

Having satisfied the boundary conditions (3) of the
problem, and considering representations (4) —(8), a system of
eight two-dimensional BIEs for unknown deasities Au, and

a!’ is obtained. Applying to the last two-dimensional Fouricr
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integral transform on variables x,,x, , a system of linear
algebraic equations (LAE) with respect to the Fourier
transformant Ad, , &j‘,” is obtained. Having solved LAE, a
representation @'}’ via A, is obtaincd After spplying the
inverse two-dimensional mtegral Fourier transform, the
representation has the form

ol =— e f f ItAu,,(;((l\)))ﬂ(t)

Q(0)=(G R -G} RV (1-H})-4G, G, RV RV,
,l-c-m“ X @I))“)- ’.‘2 _k;l))z . D-L.A . ‘9]

——————Jy(t[g-n)dds; ,

R()=(G, R +G, &)’ (G, KD -G &E) H} .

Here Jy(2) is the Boussel function of the zero order of a real
argument = ; the function R(t) arises as a satisfaction result of
the boundary conditions on the interface composite surfaces
and characterizes the possibility of appearance in the solid of
surface waves and associated dispersion phenomena,

The boundary conditions (2) satisfy at the last stage of
solving the problem. Considering the representations (8), (9)
and calculating integrals over infinite integration domains

S 1=12
P 'k(D) -
”w-’oﬁk"ﬂds; -

-

exp| =5 | RS" ()
-1!—[;‘WT—]J°(!F’1‘)
[x =4 \I("l ‘GA) i =g) 4,

F-nl =5 -m) +(x - k== i =m) +(q - )

the original problem is reduced to the solving of system two
two-dimensional BIEs of Helmholtz potential type

expik{?|x -F,l]
=g

jjAu ®f :R;"(r)“‘" exp|-2dR{ Y| Jq (sp)deds, =

=(=1Y""x Ny, j=12, xeS.p-J(x.-{.) +n =) .

The crack-opening functions Au, are unknown values of

BIEs. Integration into (10) is defincd only over the finite crack
domains S, which is important for the numerical solving of the
equation. Having developed of the first term of the BIEs in a

serics in power [x—Z for &7 =0 . can show thut the

(A, +k§"’}jjz\u,(§) ds; + (1)

obtained BIEs contain a singularity of type [x ~& ™. Further
regularization and numerical solving of BIEs arc described in
[91. At the same time, unknown crack-opening functions can be
written as

Ay (x )= - - B, (x.k") | j=1.2, (1)

where B, is unknown, twice continuous-differential in §
function. The representations (11) mean that there are no

jumps of displaccment across the crack contour. During
numenical solving of BIEs (10), the circular integration

domain § was covered by a grid of quadrangular boundary
clements in the polar coordinate system Ore , the discrete

values B, were fixed within cach of them. The division

density of domain § was 20 clements per radial and 24
clements ot angular coordinates. BIEs of the problem were
reduced to the solving of the LAE system for discrete values
f}; . The values of the Iatter in the contour elements of the
domain § were determined the amplitude valucs of the mode-
I dynamic stress intensity factor (SIF) by the relations

Kio(@.K")=-2G, nJna

. [B,(a.q’.kﬁ" Jsing-B, (a.o.k;")coso] .

1V. RESULTS AND DiSCUSSION
The dependences of the normalized unplimdc values of

the dynamic SIF £} =| K3, |/ K1 (x,,,--av, Ja/x is the
mode-1ll static SIF for o twisting crack in an infinite solid)
versus the dimensionless wave number &3“’a for the case
G=G,/G; <1 ore presented in Fig 2. As the frequency

ka increases dynamic SIF increase monotonically from

their static values for k3"'a =0, reach the maximum value,
and then fall. The increase of the layer stiffness leads to an
increase of absolute maxima Kjj, und an increase of the

frequency ki*'a at which these maxima arc reached. The
cases G =1 (square-marked curve) and G =001,G=0
(circle-marked curve) characterize respectively the interaction
of two cracks in an infinite solid and the case of a crack in a
half-space with a clamped surface.

In Fig 3a, b the dependences of the absolute maxima of
the dynamic SIF amplitudes are presented in the frequency
spectrum for the layer thickness A (at a fixed depth d = 0.5
of cracks occurrence in the half-spaces) and the depth J (at a
fixed layer thickness 4 « @ ). The increase in the thickness of
the layers leads to the gradual decrease of the maxima K™
and their propagation to their analogs for the case of a crack in
a bimaterial, consisting of two half-spaces. At the same time,
the decrease of the parameter G leads to a decrease the
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G=G,/G =1~
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dences of the amplitudes of the dynamsc SIF K,
on the wave number &!“'a

oscillating dependence of the dynamic SIF from A The in-
crease the depth of the cracks occurrence m the half-space
leads 10 a decrease K™ and thew propagation 1o thewr ana-
logues for the casc of a single crack i an infimite solid [16].
For d 27a the considered curves do not depend on the
paramcter G.
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Figare 3. Dependencey of the amphtodes of the dynanmuc SIF
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