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~J.1tr1ic1-A lhttt-laya composllr with p• uny-tluJ>"d craw 
la ,..., neld or humonlc toniollJll loadln t: h conslderttl. Tbe 
soh1tlum •re cb~D In lb• romi or llrlmboll& pottatlal1 ...... 
dcn1llln tlut cbancrcrln llllknown crack oprnln11 fuDctkl m. 
n. problem I• red11ttd lo tbc solution or the f)~km or two­
dlmrmlnul boundary lnl<i;ral t'lfUallon• (BI I: ). The luOuMCr 1>( 
the fn-q•cur~· o( lht •pplltd load, tbr nUo o( tb rl .. tk CODJIHt 
p•••mrlrn or the composite on tht' dynamic Jfrcss Intensity 
lactun I• lbP d•fttl riclnl ty Is la~tig•ll'd. 

/rNkJ T~nw-prnny•SbDprd C.f'DCb; tbrce-IS)IU COftlpD•il r; 
lllumonlc torslo .. l lo:adlng; bou•dary intti:rDI t'lfUDllnn method 

I. I rRooucno. 

l.11ycn:d composites ho\'e wi<k applic~lions rn a \'3ricty of 
tndu.rutes - from actospacc l«hnolo~y lo m.:dH:inc. Ry 4 

.:omltination of 11111lcri4ls with different ch.nmc~enst ic5 the 11<'.W 
mati:ria l ~ wnh hish mc:chanical properties. ability to work in 
nggic~sivc cn\'1ronmcnts. or which Cllll take the unique optical 
properties. ets. can be obtain.:J lmpommt intc:n:!ll rcprcscnm 
the study of ~ m11teri'1ls on sturdincs.~ under lhc innucncc 
of italic and dyruumc l oodin~~ fl -4]. The pre<>em:c in the 
composites of rhc structural defects like crocks. co\'i tics. alien 
inc l usion~ requires a separnle midy because lilt defocts above 
pfay 11 role of 1he sires.~ concen1J111on and can rn iti1111: the 
soltdll Jcslruction (5-1 1 I. Oyn.lmic cll.lrllctcr of lo:1ding leads 
to a complex interfrtcnce of w;m: picture in the solid and 
(!cncmunll the new IYJ>C'S of elastic w;wcs am.I disp:m' '" 
phenomena. h uffcct9 on the ume bchll\'ior of stress intensity 
factors (SIF) ntlll crack contour. SIF can signilknntly greater 
than their same sutic analogues that i~ danger m terms of loss 
of dc:s.ign mtcgnly. 

The BIEs method is successfully usi113 for invcstig1111on of 
dynamic problems of layered cornp<)Sile!' with crnclc~ ( 1~- 1 5). 
The BIE~ method for im-cstig11tion of stress·dc:f~bk suite 
of 1luce-l11yer solid v.1th circular cmcb in lirm'-hurmonic 
tonion;i l l°"ding ftcld is applied in this paper. 
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n. PRROBUM STATEME~'T 

l..crs consider the elastic compo!litc, which consist$ a layer 
L with thickness h. Composite 15 bmi11:d by the two panics 
balf-spaca A. Solid IDlltcrials arc isotropic and characterized 
by shear moduli <iD. Poissoo's ratios µ 0 , and the mBS$ 

dcn~itic5 Pu . D - L, A . likal mcclmnkill coottct conditions 

11rc performed on cooJUgalc:d interface surfaces .'i,., m = I, 2. 
Halt~spaccx contain 11 pcnn)'-shupcd cmcks with r:adi \1$ n, 
o«upy rurfa.:~ S, pll.IUllCI to inlcrfacc surfaces Bnd arc 
lt:>c111ed on the depths d. Opposite the cracks-lllJl'faces S' arc 
subj«tcd to the achon of ~elf-balanced hnrmoruc t""iooal 
ln.'lding a~ functions of time t with frequenc y (I) 

N/ ( x , t ) c - .11i·; ( ll . t) c (-1 )' ' 1 x3_1 (I -61_.>N0 cxp(-/wt) 

~ t.t 1 ,.r1 ,x1 1 1 e S1 , /=I. ~ . / =1 , 2 

II ere I = ..r-:i ; N ~ • <'Onst is the amplirude value or the 
applied looding; 6 i.~ the Kloncckcr dell.II. 

In the domains S let choose the Camsian coordinak 
systcmS O,..r1x1.x,. , m = L2 In the median surft1ee of layer 

let choose a coordinale system with origin, which is loc4tod on 
the same line (Fig. I). All parameters of wave ftcld in 
composite is characterized by harmonic time clepeodcnC'c. In 
composite the only elastic S//-w11\•e with the specified locatioo 
method of crocks and their loading i propaptc:d. The problem 
for determining of stress-strain state of solid with cracks is 
reducc<I 10 problem or determining the amplitude \11lucs of 
component of e!DStic disph1cemcnl vectors 

u1D>(ui0
' .11~m .u~"». 1) ., f.,A • that satisfy di!Tmmtial 

OOlancc equations 
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A,ul0l+ k;'mu t"'"' o , D"' l-. A . (I} Oisplaccmcnts u~l>l .} • l,2 , D • L,A pncniled by the 

•• igmc I . fM>lcm'1 ad>cmi: 

11111\SVCT'SC elastic wAvc velocity for lhc D-the component of• 
Aolid, A, ill tbe thrce-dimcasional Laplace upmitor. To ~isry 
the cquatioo (I). \~ rormubte rwo groups of bouodary 
tooditiQlll or the problem. In lhc domllins s or cr.icb location 

<J1J(x)•(-1) 1 •
1 .r>-1 N1 • 

x(x1 •• r:··rM )ES , j.k • 1.2 . 
(?) 

The second group or mixed boundllry condi11oos formulated 
on the intot1ace surfuccs s1 .} = I, '1 of the conjugated 

campooait of tile solid for tangential stresses. shear 
displacemenl.$ and characlcrizes a perfect moc:baniclll cOlllllcl 

u}u(.r1 .. r?.-h/2) m u~1 1 .r1,.rz.d) . 

o',~1 (.r 1 ,x1 • - h/2)=crj :t (x1, .r2. cf) . 

11}L) ( .r1 .~ ,h/2) • 11~1' (Xj .. r,.-cl) • 

a~~> (x1 • .r1 ,h/2) "a~~~( .. r 1.-d), j=- 1,2 . 

In this coso. vcrtJCal displacemcnu Md norm:il tresses don ' 1 
cxist. 

Ill. METHOD OF SOLUllON 

The formulated dynamic problc:m or el.ulicicy theory is 
deltmli.oed by the BIEs method. The total wave field in ao 
cla111c ln)W is given as a sum 

{4) 

In claslio hlllf-surflic.:s 

(S) 

0$0llh1tion of iotcrllicc utfaccs S~DJ points:; displnccmCDIS 

u<A> aro C4USCd by tho opening of oppo.Wc cnict-surfaccs S 1 

under loading. 

Displocemcnts u~11 from the cnick opcnlns can be 
rcpres11nled in the form of Helmhol1i pocuntlals 

In the: considered method of c:r.icks locotioo in tho solid IUld 
I.heir loading. there arc no nonmJ crxk opmin~ oamcl)' 
Allli (x1) • 0, I • l.2. Similarly. the displacements IU'C chosen 

In the form 

'°' o~j' tx1 ) u .. 1 tx) = • nt,}/ ~ 1,2 , D .,. L,A. (i) ar, 
D ) JJ IJ aii:p( i;t~'>l jx, -~) Pf1 (x11o ) • a}/C~) I I dS~ , ~(~.~1 .0) e SJ 

s, ,,, -; 

with unknown densities aj~1 chnrac1ai7.ing the dispbccmmt 

of roinl5 of iJncrfacc 5Wfacc~ S1 in the direction Ox 1 • 

By applying lo (4), (5) tbc ratio of the Hoolcc's law, by 
coosidrnng (6). (7). ~on for the amplitude va11D 
of the ~tress tensor componcnJS on oblnioed 

o~~1 =a'Al +a~~11 • 

~-:: "'a~1l + ~1J . J,I ,. l, 2 , 

a~':J(x) • -Gi(AJ +,t4/J)!)~f1 (x) , D • L,A, 

~~1(x) ~ -G_,(A1 +.t1.a)~)~141(x) , 

~c A, is lhc two-dimensional Laplace' opentor. 

(II) 

Having 541i.sficd lho bollndary 'Ollditions (l) or lhc 
problem, and coMdcrlng rcpiacnllltions ( 4) - (8). a $)'Slem of 
eight rwo-dimcmionlll BIEa fDf unbio\\>ll densities tw 11 ud 

a~~) Is obtained. Applying to the but twtHlimcosional Pomicr 
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integral 1rwronn Oil vllri11blcs x, .. r: • 3 ystem or linear oblllincd BfEs coot:ain B 1ingulllrity or lype Ill -~-) . Further 
algebroi cqwiliOl\ll (LAB) with re pcct to the: Fourier reguhlriz..'lti<m DDd numcricaJ solving of BIBs are descn'bcd in 
tnmsfomumt Afl11, Ii~~' is obtained. Having solved LAH. a (9). At the same time, unknown crack-opening f'unctioos can be 

rcpreseniatioo a~fl vi4 tW11 is obtained. Aftc.r spplying the 

inverse two-dimcnsioo:ll intep Fourier tnuisf'onn.. the 
tt!J«:$Cl\tation bas the form 

Hero J 0 (:) is the Bous-scl flmctioo of the n:ro on:kr of a n:oil 
llf8lll'llC'll = : the function R( T) or~ us ~lbfactioo re ull of 
the bouomry condltioos no the: interlace composite llUl'f'accs 
and cb.aractc:rit..es the possibilily of appearance in lbc solid of 
surfoce Wll\'CS ilDd 11.ssodato:d dispcnion phcnomcmi. 

The boundary conditions (2) satisfy BI the lost Slllgc o 
solving I.he problem. C:OOSidcring the ~scnllltlons 8), (9) 
1111d calculating integr:ils over infinite intcgralion domllins 
s,, 1=1,2 

lll-~ =Jc.r, - i;, )1 +( 1 -i;,)i +:ci. 
lx-ril = ~<xt - '1!)1 •<.ri - T11)1 • ~-~ - J,....(i;-, --ri-,-) -+-(i;-, --ri-,-,2 

the original problem P reduced lo the solving of system two 
two-dimensionAI Blf.• llf Helmholtz potential type 

( 
i •l> )JJ oxp(1 k~AI Ix -~I] 

: +k2 l ru11<t.> Ix-~ dS + (10) 

•JI Au1m J ~AJ(t) O(r) expl-~"'IJ0(rp)drdS~ ~ .v 0 R(t) 

~ C- 1)1 ' 1 x> /t/0 ,} 1,2. x e S .p .. J(x1 -~1 )2 +(x1 -t,1 )1 • 

The: cmidt-opcning fuootions t.u I lltt unknown value or 

BIE1. lntcgrulion Into ( 10) ls dc:f111ed only o"" the finite: c:rack 
domains S. whi h is importult for the numerical solving of the 
equal.ion. "3ving dcvi:li>ped or lbc flJ'SI tmn of the BIF.s in a 

seric In f!OWcr Ix - ~ for ~ "1 -+ 0 • c:an show that the 

written as 

w~o P1 is unknown, t ·c:e c:ontinuous-difTcn:ntW In S 

function. The R'.prcscntations ( 11) ~n dl:ll thet1' arc no 
jumps Qf displacement i.cro s lbc crack contour. During 
numerical solving of Bll!s ( 10), the c:Jtclill:v IDICgration 
dom4in S WM covered by a grid of quadrangular boundllry 
elements In the polllr coordinate ~)'Stem Orq • the dism:tc 

VafUCS f\ I WC1'C fixed Within c:ach Of them. The divi Ion 

density Of dolll.'llJI S WU 20 Clemcnls pc:T radW and 24 
c:lcmenl at angular coordlruitc:1. BIE1 of the problc:m were 
reduced to the i;olviog of the: LAJ! system for discrete values 
ll 1 • The values or the latter in tho contour elements of thc 

domain S were dctc:rmintd the: amplillldc valuu of the modc-­
m dynamic ~ intc:ntity fac:lc!I' ( IF) by the: TClations 

K1t1 (cp.k~'11 ) s- 2G.i rrJ'rw 

·[ ~(a.cp,ki" ' )sincp-Jl1 (u.cp.~·0 )c:oscp] . 

IV. REslJLTS ANO DISCIJSSION 

The dependences of the oorm.aliud amplitude values of 

the dynam SIF Kfu =I K1~1 V KJ/i ( K~i =iNo .fOl7i is the 

mode-Ill 11Dtic SIP for a twisting c:nsc:k in an infinite: solid) 

vm11S the dimensionless wave number .t]"•a for the case 

G => G,./Gt ~ I Ille: prCSl!nlcd in Pig. 2. the frcquc:ncy 

.t~JI" increases d)'llllmic SIF incrCASe mon<>lon~lly from 

!heir static values ror k4 1o .. 0, reach the O!lllXimum va.luc, 
Md then fall . Tbc increase of tbc layer stiflhcss I adJ to an 
incrc:asc of obwlutc maxima K'/ii and an In re.uc or the 

frcquc:ncy .t~l 1a at which these maxima arc reaclK'd. The 
CASes G 2 I (squoro-morkcd curvc) and G = 0.01 , G = 0 
eirclc-marlccd C\ll'VIC) cbanictcri1..e reirpcctiY\!ly the inler.lction 

of two cr.iclc.9 in on infinite solid and the case of a cnkCk in a 
half-space with a clamped rurfilcc: • 

In Fig.. 3a, b the dependences of the ;absolute maxima of 
the dynmnic SIF D1Dplitudc:s arc: prc5CD1cd io the frequency 
spectrum for the hayer thiclcncss h (at a fixed depth d • O.Sa 
or mcb occunence in the hAlf-spaces) and the depth d (at a 
fixed layc:r lhicknes h - a}. The incn:asc in the: thickness or 

lbc laycn leads to 1bc grudwil dccreai of the maxima i'fii"""" 
and their prop;sg;itloo to their anolog.s for the case or• C111Ck in 
a bimatcrilll, oonsisting of two holf-spoccs. A1 tbc same time, 
UIC docrcasc or the pammetcr G lead to A ~ the 
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on die ••\'C number A ~ ' 1

i1 

~illating ~c of the dy11111nic SIF from h ~ in· 
crease the depth of the cracks occWTan.:c in the lllllf~pacc 

lead!< to a dccn:asc f:.'/amu and tbcu propal:l'lmn lu thctr ana­
logues for the case of a single crack man mfimtc solid I 16]. 
For d ~ 1a the: collllickrcd curves do not Jc:pcnd on the 
iwamctcr G. 

,;-;;, ..... ·~----------~ 
_l 0111 :_~ : 

0 I 

(j 0. 2~ 

0 ( 2. ~ 4 . ~ d,'o 

figarc l . l>cpmdcncn oflbc .....,lm>dn of the dyn:umc SIF 
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