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st Hekoropbix TunoB 3-D cucrem kBagpatudHbiX auddepeHInaIbHbIX ypaB-

HEeHU HaﬁﬂeHbI HOBbI€ TUIIbI XaOTUYE€CKUX aTTPaKTOpPOB. HpI/IBO,E[ﬂTCﬂ IIpuMepsbl.
1. BBegeunue

Xaoc siB/IsIeTCst OYeHb MHTEPECHBIM CJIOZKHBIM HEJTMHEHHBIM sIBJIEHUEM , KOTOPOE
MHTEHCUBHO N3y4vaeTCd B IIOCJICIHUE Y€ThIPpE JECCATUJICTUA B PASJINIHBIX O6.HaCTHX
busuku, GuoOrnK, MaTEMaTHKN, & TaKyKe B WHXKEHEPHBIX TPUIoKeHusaX. Henas-
HO Xa0C ObLI NPU3HAH OYEeHb IMOJIE3HBIM (DEHOMEHOM, BCTPEYAIOIIUMCH BO MHO-
IUX TEXHOJOIMYECKUX JIMCIUILINHAX TaKUX, KaK CHHEPIeTHKa, KOMIIbIOTepHbIe
HAyKH, CUCTEMbI 3aIlUTUbI UHMOPMAIHA, OMOMEIUITMHCKIE CUCTEMbI, JTUHAMUKA
KHNJIKOCTH U Tra3a M TaK JlaJiee. HOSTOMy HE yILI/IBI/ITe.HI)HO, 9TO aKaJleMHUYICeCKHUe
UCCJIEIOBAHUS B XaOTUIECKOH JIMHAMUKE 3BOJIIONUOHUPOBAIN OT TPAIUIIMOHHOTO
aHaJIn3a HeJIMHeHHbIX cucreM (6udypKanuu, yCTOHIMBOCTh, MEPUOJUYHOCTD) K
COBPEMEHHBIM HCCJIeIOBAHNSIM, B KOTOPBIX Xa0C IIOHMMAETCs KaK HOBOE HallpaBJie-
HUE B HayKe, Jalolrnee HOBble METO/AbI praBJIeHI/IH MHOT'MMH €CTE€CTBEHHbIMU IIPO-
reccaMy B OKpy2KalomeM Hac Mupe (cM., Harnpumep, paborsl [1| — [4] u aurepa-
TYypy IUTHPOBAHHYIO TaM ¥Ke).

Ceitaac nmeercst MaJIo IyOIMKAIMi, B KOTOPBIX CYIIECTBOBaHME Xaoca (¢ MaTe-
MATUIECKON TOYKM 3peHust) ObLIO CTPOro jokazano. OueHb 9acTo UMEHHO OTCYT-
CTBHE TaKUX JJOKa3aTCJIbLCTB He IIO3BOJIAECT IIOJIHOCTLIO ITIOHATL HpI/ILII/IHy BO3HUKHO-
BEHUST XaOTUIECKHUX IIPOIECCOB MPOUCXOANINX B PA3JINIHBIX HEJTMHEHHBIX JIUHA~
MHN4YECKUX cucremMax.

Hacrostas pabora siBisiercst npogosizkenueM crarbu [2]. Ee nosisienne mnpo-
JINKTOBAHO YKeJIaHKeM O0OBIIUTD Pe3yJIbTaThl IOy YeHHbIE B 2| 1, 0J[HOBpEMEHHO,
cJleIaTh 3TH Pe3yJIbTaThl 60JIee CTPOrUMHU.

B nannoii pabore jijist n3ydeHns Xaoca B KBaJIpaTUIHbIX 3-D cucreMax UCIoJib-
3yercs 1-MepHOe HesIBHOE JINCKPETHOE 0ToDparkenue, 6a3upyromeecs Ha JIUCKPeT-
HOIT Mozesin Pukkepa HomysisiiinoHHOlM guHaMuku [5]. DTOT 1MOIX0/] 1M03BOJISET
YCTAHOBUTH COIIPSIZKEHHOCTBb MezK 1y oTobpazkeHneM Pukkepa [2| u HekoropbiMm 1-
MEPHBIM $IBHBIM JIMCKPETHBIM OTOOpPasKeHHEeM, XaoTHYeCKHe CBOHCTBA KOTOPOIO
U3BECTHBI. B pesyabrare MOXKHO IPUATH K YTBEPXKJIEHUIO O XAOTHIHOCTH IIPOIEC-
COB B HeNpepbIBHOW KBaApaTwdHoii 3-D cucreme, koTopas u mopoxkmaer (depes
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noxojsmnye cedenns Ilyankape) ylmoMsIHyTOe BBIIIE JHUCKPETHOE OTOOpasKeHue
Pukkepa.
Paccmorpum crieayromyto cucremy (eM. [2]):

©(t) = arz(t) + a11y?(t) + aoy(t)2(t) + axz’(t),
y(t) = bry(t) + c1z(t) + ba(t)y(t

), (1.1)
2(t) = —ary(t) + biz(t) + cx(t)=(t).

B nasbheiinem Gyer nokasano, uro cucrema (1.1) obsiajaer XaoTHueCKUMu
arTpakTopamu, He ykasaHHbIMU B |2]. CylecTBoBaHne 3TUX aTTPAKTOPOB 00bsIC-
HsIE€TCsI IPUCYTCTBUEM B cucTeMe (1.1) HesIBHOrO UTEPAIMOHHOIO MIPOIIECCa TIOPOK-
JIEHHOTO JIUCKPETHBIM oTOOpakenueM tuna Pukkepa [2].

2. UccnenoBanue HesiBHOUW PYyHKIIUU
F(x,y) =y-exp(a-y) — A-x-exp(F-x) = 0.

(A) s nagasia B 9TOM pasjiesie Mbl IPUBEIEM HECKOJIBKO OCHOBHBIX MOJIOZKE-
Huit Teopun 1-MepHBIX 0TOOPaXKEHUIA.

[Tosoxkum V = [0, 00). Oupenenum Ha MHOX)ecTBe V MeTpuky d hopmy.oii:
Yoy, v € V d = ||vg — va|. Onpenenum dbopmynoit h(v) = v - exp(r — v) gBHYIO
dbyukmuio h: V-V tner >0, veV.

[Tycrs v* # 0 — HenogBUXKHAsT TOYKa oTobpaxkenus h. OdeBujHO, 9TO vV* = 7.

O6osnaqnm wepes Bs(a) = {v € V: d(v,a) < 6} u Bs(a) = {v € V:d(v,a) <
0} oTKpBITHI 1 3aMKHYTHIH mapel B V. fcno, uro a > 6 > 0.

*

Onpenenenne 2.1. [3]. Touka v* € V HasbiBaeTCsl pacTsAruBaroiiel HeloBHIK-
HOIi TOUYKOI oroOpaxkenusi h B Bs(v*) jyist Hekoropoii nocrosinaoit § > 0, ecim
h(v*) = v* u cymecTByer KOoHCTaHTa A > 1 Takas, 4To

d(h(z), h(y)) = Ad(z,y), Yo,y € Bs(v").

Kpowme Toro, Touka v* Ha3bIBaeTCs PEryJIsIPHON pPaCTSICUBAIOINIEH HEIOIBUKHOM
TOYKOiT oTOOparkenus h B Bs(v*), eciin v* sBiIsieTCst BHY TPEHHEH TOYKON MHOXKECT-

Ba h(Bs(v*)).

Onpepenenne 2.2. [3]. [Ipezamonoxkum, 4To v* — pacTaruBaoiasi HelOIBUXKHAS
Touka orobpaxkenuss h B Bs(v*) ams mexoroporo § > 0. Torga rosopsT, UTO
v* sBjsieTcst TPyObIM OOpPATHBIM pEIeIIEPOM OTOOpaKeHus h, ecjin CyIIecTByeT
Touka vg € Bs(v*) rakas, aro vy # v* u R(m) (vp) = v* M1 HEKOTOPOT'O TOIOKHUTE-
JILHOI'O LeJIoro m. KpoMme Toro, Touka v* Ha3bIBAETCS HEBLIPOXKICHHLIM I'PYyOLIM
0OpaTHBIM peresiiepoM OTOOpaXKeHus h, eCJiu CyIeCTBYIOT ITOJIOXKUTE/THHBIE KOHC-
TaHTBI f1 U 0y Takue, uro By, (vg) C Bs(v*) n

d(h'™ (), h'™ (y)) = pd(z,y), Yz, y € By, (vo)-

Onpepenenne 2.3. [3|. Touka v* Ha3BIBaETCSI PEryJIsIPHBIM I'PYOBIM 06pATHBIM
pernesisiepoM orobpazkenust h, ecin MHOXKeCTBO h(Bs(v*)) OTKPBITO U CyIIecTByeT
IIOJIOZKUTEJIbHAsT KOHCTaHTa 7y Takast, 910 By, (vg) C Bs(v*) n v* aBisercs BHyT-
perieit Toukoit mozectsa h(™ (B, (vg)) st TOGOTO TONTOKHTETHHOTO Y < 0.
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Teopema 2.1. [3]. IIpednonootcum, wmo h : V — V umeem peeyaraproiis u
HEBBLPOAHCIEHHVIT 2pYbuItl 0OpamHBLT penesnrep V¥, accouuuposartull ¢ vg; m U 0
yKkaszanol 6 onpedeserusax 2.1 — 2.8, omobpasicerue h ABAACMCA HENPEPOIEHBIM
6 Bs(v*), omobpascenue h\™ (v) menpepuisno 6 mexomopot oxpecmmocmu .
Kpome mozo, h HenpepwvieHo 6 HEKOMOPHIL OKPECTVHOCTAL MOYEK U1, ..., Um—1,
ede vj = f(j)(vo) ons j =1,...,m — 1. Toeda cywecmeyem maxoe KOMNAKMHOE
cosepwenmoe unsapuanmmoe muosicecmao D C YV, codeporcausee kKanmopogo mHo-
otcecmso, wmo omobpasicerue h ABAACMCA TAOMUYECKUM 8 cmuicae Jlusanu Ha
D (maxorce kax u 6 cmuvicae Jlu-Hopke) u amo omobpasicenue umeem naommyio
opbumy 6 D.

Tenepn, s GyHkiwu h(v), MBI OIPeIeJIUM 3HAUEHUST IIADAMETPOB, KOTOPbIE
ykazaubl B ompenenenusx 2.1 — 2.3. Torma, B coorBeTcTBUM ¢ TeopeMoit 2.1, u
OyIeT MoKa3aHa XaOTHIHOCTbL OTOOparkeHus h.

(al) Omennm paccrosinme Mexay Toukamu h(v* — ) u h(v* +0), rme 6 > 0.
Nmeem

d(h(v* =96),h(v* +0)) = ||(v* = §) exp(r — (v* —0)) — (vV* + ) exp(r — (v* +9))|| =
= ||[v* exp(r — v™) - expd — J - exp(r — v™) exp d—
—v* - exp(r —v*) -exp(—9) — § - v exp(r — (v* +9))||.

Tak kak v* exp(r — v*) = v*, To U3 noceHE HOPMYIIBbI CerLyer

d(h(v" = 6), h(v" +6)) = [Ir - (exp(8) — exp(—0)) — & - (exp(d) + exp(—d)|| >

>25-(r—0.5-(exp(d) + exp(—9))) = X -d(v* — §,v* 4+ 9),

e A =1 — 0.5 (exp(9) + exp(—0)).

[Tycrs exp(d) = u. IIpeamonoxum, aro r — 0.5 - (exp(d) + exp(—d)) = A > 1.
Orciona crenyer u? — 2(r — 1)u + 1 < 0. D10 HepaBeHcTBO MMeeT permnenne 1 <
u < [r—14 /r(r—2)]. Takum obpasom, ecim 0 < § < In[r — 1+ /r(r —2)| n
r>2 10 A> 1.

(a2) Mmeem h'(v) = (1 — v) - exp(r — v). Touka maxcumyma dynxi h(v)
MOKeT ObITh HaiiJeHa U3 YCIOBUs h/(v) = 0. Orciona ciaeayer Vmax = 1 ¥ Apax =
exp(r — 1). Takum obpaszom, ecau r > 1, To dynknus h(v) Gyger HeMOHOTOHHOI
U YHUMOJAJIbHOI Ha umHTepBasie [0,00): unrepsasn [0,1) siBjsieTcss MHTEPBAJIOM
BO3pacTanusi, a uHTEpBaJ (1,00) sBIsSETCS MHTEpBAJIOM yObiBaHus. [IpuHnMast
BO BHHMaHWe IIyHKT (al), MBI moJlyduM, 9T0 mpH r > 2 To4uKa v* = 7 gBJsieTcs
penesuepoM (| \h/(T)H > 1 upur > 2). dcHo, uro v* — peryssipHast pacTArMBAOIIAST
TouKka orobpaxenus h B Bs(v*).

(a3) PaccmoTpuM urepanuoHHbIi Ipotiece

viy1 = viexp(r —v;);1=10,1,2,... (2.1)

where r > 0, v; > 0;¢=0,1,2, ...
ITo oupenenennto moaoxum W = [0,1]. IIycre T : V — W — nenpepsiBrOe
orobpazkenue 3ajannoe dopmysoit w = (2/7) - arctanv. Tak kax lim (2/7) -
V—00
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arctanv = 1, 7o Mbl MOxkeM cunTaTh, 9To T — romeomopdusm u T(V) = W,
T Y(W)=V.
CumBosiom
2
g(w) = T"H(h(T(w)) = = arctan <tan % - exp <7" — tan 7r2w>> (2.2)
T

OIIpE/Ie/INM HelpepbIBHOE colpsizkeHHoe h orobpaxkenue g : W — W [4].

Oyukuust g(w) noxoxka Ha GYHKIUIO h(V): Wmax = 0.5 U gmax = (2/7) -
arctanexp(r — 1) < 1 (lim gmax = 1); unrepsas [0,0.5) siBiIsiercst HHTEPBATIOM
BO3pACTAHUSA 1 I/IHTepBaJ;?(()).OE), 1] siBstercst maTepBatoM yobiBanus. [Tosromy, ecin
w* =r > 0.5, o (2/m) - arctanexp(r — 1) > (2/7) - arctanr. Orcroga ciexyer
exp(r—1)>rur>1.

Acno, uro obparnoe oToGpaxenue g~ ! (w) umeer ase Bersu: g7t (w) u gy H(w),
re Kaxmoe m3 orobpaennit g; L (w) u gy ' (w) obpaTimo.

Ompenenum pyukmuo G : W — W npasumom

G(w) = g;, " (9, (-(g;, (w)))), k=2,3,...

rje win i = 1 nim i, = 2. flcHo, uro orobpazkenue G(w) sIBJISIETCSI MOHOTOHHBIM.

Orobpaxkenne G(w) mmeer, mo KpaifHeil Mepe, OJHY HEIOJBUMKHYIO TOUYKY
w*. VI3BecTHO, UTO HENOJBHXKHAs TOYKa w* orobparkeHusi G(w) cOOTBETCTBYET
HenoIBIZKHOI Touke w*™* orobpaszkenns ¢ (w) = g(g(...g(w))). Touka w** oTo6-
pazenns ¢F) (w) cooTBeTCTBYET MM HEMOABIAKHONA TOUKE MM P-IUKITY 0TOGpa-
xenust g(w). [epBast curyaiusi BOSMOXKHA TOJBKO IPU i1 = i9. Tak KaK MOXKHO
B34 Th JII000€ 11es10€ k U IIPOM3BOJILHO BBIOPATH YHCJIA 11, {2 PABHBIMEU 1 Man 2, TO
w3 yenosus g7 (g5 (w)) # g5 (97 (w)) crenyer, o memonoTonmast byHKIus
g(w) MoxeT MMeThb JIEoboe YUCIIO IUKJIOB PA3IMIHON KPATHOCTH P M HECUYETHOE
MHOKECTBO HEIEPUOTUICCKUX TPACKTOPU.

084 0.8+

0.6 06

044 044

029 024

0 02 04 06 08 0 02 04 06 08
X X

Puc.1. Orobpakenne g(z); r = 3.2. Puc.2. Orobpaxenue g(g(z)); r = 3.2.
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Puc.3. Orobpaxkenue h(z); r =3.2. Puc.4. Orobpaxenne h(h(z)); r = 3.2.

MbI 1OKazkeM, 9TO IPU HEKOTOPBIX 3HAYEHUsAX Iapamerpa 1 (yHkmms (2.2)
MOXKeT ObITh XaoTHdecKoil. JlJist 970l 1memu Mbl yKakeM Te 3HAUeHNs IIapaMeTpa
7 1IpU KOTOPBIX B cucreMe wit1 = g(w;),i = 0,1,2,..., 6yJyT IpUCyTCTBOBATDH
3-TIMKJIBI.

Ypasuernus w = g(w), w = g(g(w)) 1 w = g(g(g(w))) TPyIHO paspenIUMBL.
[TosroMmy JiuIst UX MCCJIEIOBAHUSI Mbl BOCIIOJIB3yeMCsl COpsizkeHHOCThio g 1 h. (Ha
puc. 1 — 4 nokazaHbl J1Be uTepanuu 0TobpaykeHuit g u h.)

[Tycrs v = h(v) = vexp(r — v). Torga npu r > 1 B cucreme (2.1) cymecrByer
l-nuki. IIycrs v = h(h(v)) = vexp(2r — v —vexp(r — v)). B arom ciydae npu
r > 2.008 B cucreme (2.1) cymecrBytor 1-1ukibl u 2-1mukisl. [lycrs Temnepb v =
h(h(h(v))) =vexp(2r —v —vexp(r —v)) - exp(r — vexp(r — v) exp(r — vexp(r —
v))). B srom caywae mpu r > 3.103 B cucreme (2.1) cymecrBytor 1-1uxist, 2-
IUKJIBL ¥ 3-IUKJIbL (YKa3aHHBIE 3HAYEHUSI T MOTYT ObITh HANJIEHBI C IOMOIIBIO
JIIOOOT0 MATEMATUYECKOT'O MTaKeTa, KOTOPLI MMeEeT B CBOEM COCTaBE IPOIPAMMY
YHUCJIEHHOTO PEIeHUsI TPAHCIEHIEHTHBIX yPABHEHUIA. )

Coruacuo Teopeme Ilapkosckoro [4] nuki mepuoja 3 MopoKIaeT IUKJIbL BCeX
nepuoyioB. Takum obpasom, B cucreme wit1 = ¢g(w;) CyIIECTBYIOT BCE IUKJIBI C
nepuogavu 2¢,i = 0,1,2,.... CoryacHo Teopeme 3unrepa [4] B cucreme w;yq =
g(w;),i = 0,1,2,..., mpu JIOO6OM N ¥ HEKOTOPOM 3HAYCHUU MApaMeTrpa I = Ty
HPHUCYTCTBYIOT BCE HEYCTOMUMBBLIE IMUKJBI Iepuogos 2¢.i = 0,...,n — 1, u oxun
ycToitunBblii 1uka nepuoia 2". Ecau r = roo = 3.103, 10 orobparkenue g(w)
HUMEET TIOJIYYCTOWYINBYIO TPAEKTOPHIO S B JTI000H OKPECTHOCTH JI0O0H TOYKH KOTO-
poil JieXKaT TOYKM CUYETHOI'O MHOXKECTBA HEYCTOWYMBBIX IHUKJIOB BCEX IIEPUOJIOB
20,7 = 0,1,2,.... IlosTOMy MHOXKECTBO BCEX IEPHOAMUECKUX TOYEK ILIOTHO B W.
(JTrobast Touka MHOXKeCTBa S ¢ J060i Hallepe| 33 JaHHON TOYHOCTHIO MOYKET ObITh
ANIIPOKCUMHUPOBAHA HEKOTOPOH MEPUOMIECKOl TOUKOIA. )

(a4) B srom nynkre onpejienenust 2.1 — 2.3 GyyT nepeHeceHbl Ha IIPOCTPAH-
crBo W u orobpakenue g : W — W.

IIycts w* # 0 — HemomBu»KHasi TOUKa oTobparkeHusi g. [Ipemmosoxkum, ITo
r > 3.103. Torma ms s1000# WTepUpPOBAHHON (DYHKIUN g(m) (w) Ha mHTEpBaJIE
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[0, 1] mpucyrcrByer 2™ HenmoaBMKHBIX TodeK wj = 0, wi,..., w;_ 4, rae [ = 2™,
CpeﬂI/I ITUX TOYEK HpI/ICYTCTByeT 1 HelloJBU>KHad TOYKa w*.

[Ipeamonoxkum, aro w; , = w*. OueBUAHO, YTO ypaBHEHUE g (w) = w*
Takxke umeer 2™ nefcTBUTENBLHBIX KOpHel &p,...§;_1 Ha unrepsaie [0,1]. Tak
Kak MHOXKEeCTBO W OrpaHHYeHo, TO PACCTOSTHUE MEXKJTY JBYMs (DUKCUDOBAHHBIME

toukamu crpemurcsa K 0: lim d(w*,w; ;) = 0. DT0 o3HaUaET, UTO HMEET MECTO
m—o0

npejiesibHoe paBeHcTBo lim d(w*,&_1) = 0.
m—0o0
dAcno, uro g(§—2) = g(w*). Orcroga BbITEKAET, YTO CYIIECTBYET TOUYKA W
taxast, 410 &_o = ¢ D (wp) m g(g"™ V) (wo) = g(g"™ Y (w*) = w*. Kpome Toro,

MBI nMeeM  lim d(w*, wp) = 0.
m—0o0

(ab) HamomHuM, 9TO B CHJIY CONPSIZKEHHOCTH OTOOpaXKeHuit g u h, Bce yTBepK-
JIeHUsI, KOTOPbIE CIIPABEJIMBBI [T § UMEIOT MECTO TakKe u Jis h [4].

C nomomsio oneparopa T ! mbI mepeiinenm or mpocrpancrsa W K IpocTpanct-
By V. Torma cymecrsyer Touka vy = T ! (wg) a/1s KOTOpOii yeI0BHs ONpeIe/eHns
2.2 OyJIyT BBIIIOJTHEHBI.

B camom gerte, mycrs v* = A" (1) n

Bs,(vo) C Bs, (v*) C Bs(v*),d2 < 81 < 6,
— IIOCJIe10BaTEJIbHOCTL BJIOZKEHHBIX IIIapOB. MbI nMeeM
Va,y € By, (0*)d(h"™ (z), h™ () > Ad(h™ Y (z), ™D (y)) > ... > A"d(z, y).

fAcno, aro p = A" u 65" < 6" < 6. Paccmorpum nocieioparebHOCTb {v; =
hW)},§ = 0,...,m, tae v; € Bs, (v*). Myers dy = max(d(vo, v1), -, d(vo, vm)). B
COOTBETCTBHU C IIyHKTOM (a4) [yIst 1ocTaTo4Ho 60JIbIIoro m paccrosuue d(v*, vp)
MOXKET OBITh CJIeJIAHO CKOJIb YIo/iHO MaJibiM. [ToaTomy,

("™ (2), i (y)) > pd(z,y),Va,y € Bs,(vo)

7 BCE YCJIOBUsI OTpeJieieHnst 2.2 BBIMTOJHEHBI. TO4YKa v* SBJISETCS HEBBIPOXKICH-
HBIM T'PYyObIM 0OPATHBIM pere/IepoM 0TOOparkeHust .

Hakomner, MbI IpoBepuM peasu3anuio ycaoBuit onpesesnenus 2.3. IIpemmoiio-
KM TIPOTHBHOE: TOYKa v* He ecTh BHyTpeHHss Touka muoxkectsa h(™ (B, (vg))
JUUIsE JIIOOOTO TIOJIOZKUTEJIBHOTO 7y < d2. B sroM citydae Touka v* HPHHAIJIEKAT
rpanuiam mMuozxkects h(™ (B (vg)), Bs, (v*) u Bs(v*). IloaTomy, Mbl oydnm § =
In[r — 1+ /r(r—=2)], A =1, u 7 = 2, 970 TPOUBOPEUUT IIPEJITOJOKECHUIO T > 2.
Takum 0bpazoMm, MbI UMeeM Yo = 09 U TOUYKA ¥* SBJISIETCS PEryISPHBIM IPYOBIM
0OpaTHBIM peresIepoM OToOpaxKeHus h. JTO O3HAYET, UTO BCE YCJIOBUS TEOPEMBI
2.1 ynosnerBopensl. [Tosromy orobpaxkenue h : V — V spisieTcst XaOTUIECKUM.

(B) B panbHeiimem, B 9TOM IyHKTE MbI OyjIeM CUATATH, YTO [IEPEMEHHbBIE T >
0,y > 0 u mapamerper A >0, a € R, § € R.

Crenymomas TeopeMa MOXKET OLIThL HalieHa B JII0OOM yUeOHUKE 110 MaTeMaTH-
YECKOMY AHAJNZY.
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Teopema 2.2. (Teopema o measwoli gynkyuu.) Ipednonostcum, wmo Gynruus
H(z,y) : R x R — R nenpepvisno dugpepenyupyema oz kasncdoti mowky (,y)
omxpwumozo mmnooicecmea D C R X R. ITyemw (9, yp) — mouka 6 D, das xomopot
H(x0,y0) = 0 u H,(x0,y0) # 0. Tozda cywecmsyrom oxpecmmocmu U C R mouxu
xo vV C R mouru yo makxue, wmo das wascdozo x € U ypasnenue H(x,y) =0
umeem eduncmeennoe pewernue y € V. Kpome mozo, amo peuwserue moscem oumy
npedcmasaeno xax y = h(z), 2de dynryua h(z) nenpepwieno duddepenyupyema
npu T = xg.

Oupejesum kpurndeckue Toukn Gyukuun F(x,y) = y-exp(a-y) — A -z -
exp(B - ) = 0. DTH TOUKK SABISIOTCS KOPHIMI CHCTEMBbI ypaBHeHuit F(x,1y) =
0, F;(x, y) = 0. 371eCh MBI Oy YMM €JIMHCTBEHHYIO KDUTHUIECKYIO TOUKY (s, Ys) =
(=1/B,—1/a). Tak xkak > 0,y > 0, To mpu 5 > 0, > 0, f > 0, < 0 u npm
B < 0, > 0 nepBblil KBaJIpAHT He CONEPKUT KPUTUIECKUX TOYEK.

[Mycrs B < 0, < 0. Borancium guckpumusaant Disc dyuknun F(z,y) =
y-exp(a-y) —A-x-exp(f-x) =0 npu (z,y) = (s, ys):

1

Disc = F,, - F, — (F,,)? = —Xaj - exp(az + fy) < 0.
Takum obpazom, ecan [ < 0, < 0, o byukus F(x,y) = 0 Mmoxker umerhb
TOYKY CaMoIlepecevdIcHUd. STa TOYKa CyHIEeCTBYET IIPpU BBIIIOJIHEHUUN CJIEYIOIIETrO
yenosust: FI(—1/8,—1/a) = \/(B-e) —1/(a-e) = 0. [locnenuee ycioBue MoXkKeT
OBITH TIEpernucano B ¢popme 3 — al = 0.
Pacemorpum coepryronue cayyan: (a)f —ad < 0,a < 0,8 < 0; (b)S — aX >
0,0 <0,8<0; (c)a>0,8<0;(d) a<0,8>0.

Mpbr umeem
/

ym:—Fz— mexp(ﬁ-x—owy).

(a)[Tycrb y - exp(a-y) = Az - exp(8 - x) = ¢ > 0. Torga ypaBuenue A - x -
exp(f - z) = ¢ numeer aBa kopHsi. [losromy byuknus F(z,y) =y-exp(a-y) — A-
x - exp(f - x) = 0 umeer JBe BeTBU.

Mycte 1+ -2z =14+a-y=0. dro oznauaer, yto = x5 = —1/0, y = ys =
—1/au F(zs,ys) = (ea)™t — A(eB)~! = 0. [ocnennee ypasHerue TpOTHBOPETHT
yeqoBuo 8 — aX < 0. [losromy, eciiu 1 +3-x =0, 10 1 + -y # 0.

Ecmu f — aX = 0, 0 Ymaz = Ymin = —1/a. Hosromy, ecmu § — aX < 0, To
Yz € [0,00) Ymaz < —1/c juist HuzkHeit BeTBu KpuBoii F(z,y) = 0, ¥ Ymin > —1/a
JIst BepxHeil BerBu KpuBoit F'(x,y) = 0.

Mpbr nmeem y;: =0upu x = x5 = —1/4. Tak xkak 115 y ~ 0 Mbl moxyIaeM 1 +
a-y > 0, To B CHIy TeOpeMbI 0 HesABHOI hyHKIMN ToUKa & = T3 = —1/[ aBiagercs
MaKCUMyMOM HesiBHOM dyHKuuu y; = fi(x) (HUKHsIs BETBb) 1 MUHUMYMOM HesiB-
Hoit dyukumn y, = fyu(x) (Bepxuss Bersb). Cirydaii (a) mokasan Ha puc.5.

(b)9roT citydaii moBTOpsier ciaydail (a), ecam 3aMeHUTH T Ha Y. Touka y =
Yys = —1/a siBAsieTCsl TOUKOI MaKCUMyMa, JIJIst JIEBOW BETBH U TOYKON MUHUMYMAa
JUIs IpaBoii BeTBu KpuBoil F'(z,y) = 0. Coy4ait (b) nokasan na puc.6.
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(c¢)IIycrp cuoBa y - exp(ar-y) = A -z -exp(f-z) = ¢ > 0. B srom cayuae
ypaBHeHUe ¥y - exp( - y) = ¢ MMeeT TOJBbKO OJIMH KOpeHb. [losTomy dyHKIms
F(z,y) =y-exp(a-y) — A-x-exp(f-x) = 0 umeer oy BeTBb (CM. puc.7).

(d)dror ciaydait moBTOpsier ciaydail (¢), ecan 3aMeHHTb T Ha Y (CM. puc.8).

159 159

05 05

0 02 04 06 08 1 0 02 04 06 08 1
X X

Puc.5. Kpusas y-exp(—2-y)—1.95- Puc.6. Kpusas y-exp(—2-y)—2.05-
x-exp(—4-z)=0. x-exp(—4-z)=0.
3,
051
251
02]
)]
0151
y Y15
01
h
005 051
0 05 1 15 2 0 0005 00l 005 o 0%
X X
Puc.7. Kpusasi y-exp(2-y) —5-z- Puc.8. Kpusas y - exp(—2-y) — 5 -
exp(—4-z) =0. x-exp(4-z)=0.

BameTnm, ITO €C/IM NMeeT MeCTO WIN YCIOBHE (&) MIIN yCIoBHe (C), TO BETH IH-
Ha y orpanuyena (y < —1/a). Tak kak npu £ — 00 MbI OyJeM UMETh y = \ - T -
exp(B-z—a-y) < Aj-z-exp(f-x), rae A1 = A-e, To bynkuus y = A-z-exp(f-z—a-y)
BejieT cebs Takke Kak pyHKius A1 - x - exp(f - z) (3mech § < 0).

Hastee MbI 6yieM n3ydarh TosIbKo caydan (a) u (c). Ilyers = —p, o = —m,
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rae p > 0. Torma ciyuaii (a) mmeer mecro mpu —p+A-m < 0u 0 <y < 1/m;
caydaii (¢) umeer mecto ipu —p+A-m < 0um < 0.
[Tepenutiem ypasuenne F(x,y) = 0 B dopme: y = Az - exp(—pz + my).
PaccMoTpuM HESBHOE UCKPETHOE 0TOOpaskeHue

Tnt1 = ATy - exp(—pzy + map1),n =0,1,2, ... (2.3)

Teopema 2.3. IIpednosrooicum, wmo p >0, A > 0, zg > 0. Ilycmv uau

1I)m >0, —p+2Im <0, uxg < 1/m (nanpumep, p = 1, m = 0.1, u
Aer = 9.025)

UAU

2) m <0 (nanpumep, p =1, m =0, u Ay = 24.533; p =1, m = —0.1, u
Aer = 66.686 ).
Tozda omobpasicenue (2.3) bydem zaomuveckum.

Jloxazamenvcmeo. N3 ycinoBuit TeopeMbl 2.1 i TeopeMbl O HESIBHON (DYHKITUN CJIe-
nyet, 9To siBHas GyHKIWA y = f(x), mosydennas u3 HessBHON dyHkmn F(z,y) =
0, ynosasierBopsier ycsosuto: f([0,00)) C [0, 00).

[Mycts B (2.3) m # 0. C moOMOIIBIO 3aMeH v; = pPx; NEPEMEHHBIX X; [POIECcC
(2.3) MoxkeT OBITH IpejCcTaBIeH B hopme

vig1 = viexp(r — v; + svi41);4 =0,1,2, ... (2.4)

where s =m/p, r =InA >0, v; >0;i=0,1,2,...

Badukcupyem 3navenune vy = vy. Bocnosb3yemcs TeopeMoil 0 HesiBHOH DyHK-
MU JIsE TIOJIYY€HUs PelleHuii vy, vy, ... ypaBHeHuil (2.4) OTHOCUTENIBHO V;t1; @ =
0,1,2,.... Torma npornecc (2.4) Moxer ObITH HIEpeCaH B siBHON (dopme

Vit1 = viexp(r + svi | —v;);1=0,1,2, ... (2.5)

[Mycte m > 0 (s > 0). Torma Gyaem umers vf < 1/s uwr + svj,; <7+ 1.
[Tosromy mpomecc (2.5) MOXKeT OBITH AIIPOKCHMUPOBAH POIECCOM

tiy1 = tiexp(r+1 —ti);i =0,1,2,.... (2.6)

Tak Kak xaoc BO3HHKaeT B cucteMe (2.6) mpu 7 + 1 = 3.103, B cucreme (2.5) on
BosHukHeT npu 7 — 1 = 2.103 (cm. nyukTe (al) — (a5)). Ecom m < 0 (s < 0), To
uporiecc (2.1) Moxker ObITH AINPOKCUMHUPOBaH IiporieccoM (2.5). B arom cayuae
r—1=23.103 < r — sv{_; 1 Xaoc BosHHKaeT B cucreme (2.5) mpu r + 1 = 4.103.
[Tpunumast BO BHUMaHUE, 9TO A = In7 MbI MOJyYUM yTBEPXKJICHUE TEOPEMbI 2.3.
(Ha pucynkax 9 — 11 npecrasiienst 6udypKaIioHHbIe THarpaMMbl OTOOparKeHIst
Tpy1 = A exp(—Tp + 5 Tpy1).) 0
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07 13 14 15 16 17 18
lambda

Puc.9. Budypkanuontas juarpaMma 0TOOPazKeHUsI Tn+1 = ATy, - €Xp(—ap);
Aer = 24.533.

Puc.10. budypxaruonnas auarp- Puc.11. Budypxkarmonuas guarpa-
MMa OTODDaXKEHUS Tpil = ALp - MMa OTOODAXKEHUSI Tpil = ALp:
exp(—xn + 0.1 Zpt1); Aer = 9.025. exp(—2p—0.1-Zp11); Aer = 66.686.

3. XaoTudeckue aTTpaKTOpPbl KBaAPaTUYHbIX CUCTEM

Teopema 3.1. Ilycmv dasa cucmemos (1.1) a; > 0, by < 0 uw a; + 2b; < 0.
IIpednonooicum maxorce, wmo b+c =0, a9 = 0. Tozda ar0boe pewerue cucmemoe
(1.1) asasemcsa duccunamusnoim. Kpome mozo, cywecmeyem mmoocecmeo W =
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{0, Y0, 20} Hauasonvix dannvir maxoe, wmo ¥(xo, Yo, 20) € W pewenue cucmemoi
(1.1) ¢ nauarvnvmu danroimu (To, Yo, 20) 6ydem oepaHueHHbIM.

Joxasamenvemeo. (a) Ilepermmen cucremy (1.1) B dopme:
x=F(x), x = (z,y,2)T, F:R* - R3.

Torma nuseprenmus nosst F(x) moxker 6bITh Berancaena no dgopmyse: div F(x) =
a1 + 2b; < 0. Do o3navaer, uro cucrema (1.1) siBasIeTCS UCCUTIATUBHOIA.

(b)Tonoxum by = ¢; = 0. Be3 norepn 06IHOCTH MOXKHO CIUTATD, UTO (1] <
0,a12 = 0,a22 > 0. B aTrom ciydyae mo/kHO ObITh b > 0 n ¢ < 0. BocnosibzoBas-
HINCh 3aMeHOll iepeMeHHol © — x/(2b), MbI MOXKeM cuuTarhb, uro b = 1, ¢ = —1.
[Tpu s1ux yemoBusix u3 (1.1) caemyer, uro

¢ ¢
i(t) = a12(t) + a11ys exp /a:(r) dr | +agzdexp [ — /:c(T) dr

to to

Mosnoxkum V(t) = &(t) — arx(t), e dyuxius V(t) onpejienieHa Ha naTEpBaJIe
[to, t] € [0,00). Torma Mbl IOy THIM

t t
V(t) = an1yg exp /x(T) dr | + aezg exp —/m(T) dr | . (3.1)

to to
Boraucsium nipoussoiHyto 1o Bpement t ot dyukuun V(t). C momomipio ypas-
t

nenns (3.1), Mbl uckounM Beipazkenne exp(+ [ (1) dr) u3z dopmyist
0

t ¢
V(t) = anydz(t) exp /1‘(7) dr | — agzdx(t)exp | — /:L'(T) dr
to to

Torma Gymem mvers (V(t))? = 22(t)(V2(t) — 4ar1ayg23). Orcoma cremyer

. —4 2.2
V(t) = +a(t) V() + g, g = — 222050 -

aq
Tlociieiiee BeIpazkeHnue MOXKeT OBITH IPeodOPA3OBAHO K BUJLY

t t

d V(t V2(t
i/x(T)dT—/ V =In )+ ()—I—g. (3.2)
; S VVEtyg Vi(to) + v/ V3(to) + 9
0 0
[Moxcrasisist (3.2) B (3.1) Vit € [tg, 00), MBI Oy dUM
V(t) +V2(t) + V(to) + /V2(to) +
V(t) — ally(Q) ( ) ( ) g + a2228 ( 0) ( 0) 9 (33)

V(to) +/VZ3(to) +9 V(e) + V() +g
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dAcuo, aro YV (t) senmunna V (t) + 1/ V?2(t) + g > 0. [Tosromy MOKHO onpe/ie-
JIUTH BEJMYMHBI

2
a11Yo

T V) + V) 1 g

Torpa ypasuenue (3.3) npunumaer dopmy V = —p- (V 4+ /V2+g)+s-(V +
VV2+g)~L Orcrona ceyer

< 0,5 =agz2 - (V(t) + VV2(tg) + g) > 0.

s —pg
V(1T +2p)(1+ 2p + 25 — 2pg)

V==«

Takum 06pa3oM, yCa0BUST PA3PENIMMOCTH ypaBHeHHsI (3.3) OIpeIe/ICHbI CIIey-
IONUM HEPABEHCTBOM:

14 2p+2s—2pg > 0. (3.4)
IIycrs ycnosue (3.4) Bemosmeno. Torma u3 (3.1) crenyer
t

_ /12
exp /w(T)dT -V V—|—g>0.

—2a11y}

to

t
Tax xak dbynkius V(t) orpanniena, To dynkmus [ 2(7)dT npu ¢ — 0o Takxe
to

orpaumntiena. Cires0BaTesIbHO, TO/IKHO OBITE lim z(t) = 0 (ycaoBHe CXOIUMOCTH
t—o0

HecoOCTBEeHHOro nHTerpasa) u lim &(t;) = 0.
1— 00
Beenem B cucremy (1.1) HOBBIe TIepMeHHBIE p U ¢ 110 DOPMYyJIAM: Y = p COS P,
z = psin ¢, rae p > 0. Torma moayyanm

&(t) = ay - 2(t) + p2(t) - (a11 cos? ¢(t) + a1z cos ¢(t) sin ¢ (t) + aga sin? ¢(t)),
5(1) = (by + (beos? 6(1) + esin? 6(0)) - 2(0)) - p(t),
d(t) = —c1 — (b—c)cos¢(t) - sin p(t) - z(t).

(3.5)
U3 nepsoro ypashenusi cucrembr (3.5) ciepyer, uro ypasuenue V (t) = @(t) —
a1z(t) = 0 uMeeT cueTHOE YHCIO KOpHEH ti,...t;, ..., tae ¢(t;) = k;m;k; nemoe

qrcs10. D10 o3HadaeT, uro dbyHkiwmsa V(t) mensier 3nak ¢ nepuojgom 7. Ciiemosa-
TeJIbHO, SKCTPEeMYMBI (DYHKINH Z (1) MOBTOPSIOTCS ¢ IEPHOIOM ¢(tit2) —P(t;) = .

fdcuo, uro cymecrsyer t* € [0,00) Takoe, uro mpu t > t* yukmsa |z(t)|
siBJIsieTcsl yobiBaromeil. Puc.12 nemoHcTpupyeT 9T0 yTBEpK/ICHUE.

Haxower, ecin z(t) — 0, To npu by = ¢; = 0 1 B CHILY CXOJMMOCTH HHTErpaJja
oo
J @(7) dr u3 Broporo u rperbero ypasrenuit cucremst (1.1) ciemyer, uto pemenust
to
y(t) u z(t) orpanuIeHbI.



HOBBIE THUIIBI 3-D CUCTEM C XAOTUYECKOI JIMHAMUKOIT 31

Puc.12. Opomorus dynkmun ().

(c)lepenurmem cucremy (1.1) B opme:

0 0 O
x=10 b a |x+G(x) =A4Ax+G(x)=F(x),
0 —C1 b1

e x = (z,y,2)7; G,F:R? — R
[TpeacTaBuM mocieiHee ypaBHEHNE B CJICLYIOMEM HHTerpaJbHOM BH/IE:

x(t) = exp(At)xg + /exp A(t — 7)G(x(1)) dr, (3.6)
0

rue xg € W.
U3 (3.6) caenyer

t

(@) < Kllxoll +/k\G(X(7))!dT, (3.7)
0

rie k = || exp(At)| < 0.
ITpu x¢ € W pemtenue x(t) ypasaenusi x = G(x) orpanuueno. CieoBareib-
o0

HO, Mbl 10JeKHBL uMeTh [ ||G(x(7))|| d7 < oo. I[losToMy, BOCIOIB30BABIINCE HEpPa-
0

BercTBOM ['ponoyasia-Besuivana u3 (3.7), Mbl 101y 4aeM

Ix(t)]] < kllxoll exp [ / KIG(x()] dT] < .

0

Teopema moxaszaHa. ]
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[ycrs x(t;) = x4, p(ti) = pi, ¢(ti) = ¢i, The t; KOPHU [IEPBOrO ypaBHEHUs
z(t;) = 0 cucremspr (3.5), i = 1,2, ... . MBI MOKeM CUUTATD, 9TO ... < ¢i—1 < @; <
Git1 < Piyo < ...

Byxem npemosaraTh, 9T0 TOJBKO OJHO M3 CJACAYIOMINX JIBYX yCIOBUI MMeeT
MECTO:

Ui t;, ti41 U Ti40 ABIAIOTCA IIOCJAEA0BATEIbHBIMA MUHUMYMOM, MAKCUMYMOM
u MuaEMYMOM p(t); i =1,2,..;

W t;, tiy1 U t;1o SBIASIOTCS MOCAEI0BATEILHBIMU MAKCUMYMOM, MUHUMYMOM
n MakcumyMoM yskmmn z(t); i = 1,2, ...

[TpenoioKuM, 9T0 UMEET MECTO BTOPOl BapHaHT.

Teopema 3.2. [Ipednoaootcum, wmo cywecmeyem momenm t* maxot, wmo us
yeaosus t > t* caedyem x(t) > 0. Hyemsw Vi € {1,3,5,...} swnoansemes ycrosue

72[1)—1- c+ (b—c)cos2¢(T) —

ti

bl(ch) sin2¢(7) | - a(r) dr < 0. (3.8)

Toz0a 6 ycaosuaxr meopemv, 3.1 6 cucmeme (1.1) npucymemsyrom usu npedenn-
HOLE UUKADL UAU TAOTMUYECKUE GMIMPAKITODDL.

Joxasamenvcmeo. V3 cucremst (3.5) MbI oIy daeM

o(t) = _p2(ti) (a1 cos? o(t;) + ai2 CO;1¢(ti) sin ¢(t;) + ago sin? o(ti)) . (3.9)

1=1,2,...
PaccmoTpum crieayroryo 1pods:

Tiva  Piyo - (a11c08? diyo + a12cos diyasin ¢iia + agysin® giy1)
T p? - (a11 cos? ¢; + ay2 cos ¢; Sin ¢; + ags sin? ;)

U3 (3.9) caenyer, uro Vi Beqmunna ¢(tir2) — @(t;) = ¢(T), rue ¢(T') — nepuo,
bynxmun aq1 cos? ¢(t) + aia cos ¢(t) sin ¢p(t) + agg sin? $(t). Torma

aq1 cos? Oit2 + @12 COS Pjyo SIN Pit2 + aze sin? Dit2
a11 cos2 ¢; + aya cos ¢; sin ¢; + ass sin® ¢;

=1.

Jliobast dynkims Buna dii cos? ¢ + dig cos ¢sin @ + dag sin? ¢ Beerga MoxeT

ObITH peobpazoBana K GopMe g + ga cos 2¢ + g121/1 — cos? 2¢ . CnenosaTenbHo,
nepuogt dtux Gyskimii pased w. Torjga u3 Tperbero ypasHeHusi cucreMbl (3.5)
BbBITEKaET

tit2
P(tiy2) — o(ti) = 7= c1(tive — i) + % / sin 2¢(t)x(t) dt; ¢y < 0.
t

i

(ECHI/I c1 > 0, To ¢(ti+2) — ¢(tl) = —7T.)
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[TosTomy npobb Tj49/x; MOXKET OBITH IEPEIICAHA B BUIE

b
T
T C1

t;
tit2
= dexp [/
t

i

b+c+(b—c)cos2¢(T)— bl(bc_c)

sin 2¢(7')] -x(T) dT] =

bl (b — C)

b+ c+ (b—c)cos2p(T) — .
1

sin 2¢(7’)] ~x(T) dT] ,

e A = exp(2by7/cy).
Beenem dbyuKIMIO

h(¢) =b+c+ (b—c)cos2¢p — Msin%x

&1

Orpannvennast GyHKus x(t) sBISIIOTCS MOHOTOHHO yOBIBAIOIIEH HA MHTEPBa-
e [t;, ti+1] 1 MOHOTOHHO BO3pacTatoIieil Ha uHTepBaJe [tit1,ti1+2]. Torma Mbl uMe-
eM (M3 M3BECTHOI TeOPEeMBI O CPeJTHEM 3HAUEHUH OIIPEJIEIEHHOTO HHTErPAJIA):

tiyo tiv1 tiyo

/ W((r)) - a(r) dr = / W((r)) - a(r) dr + / W((r)) - a(r) dr =

t; t; tit1

tit1

=t +0) [ 1o(r)) dr+ a(tir ~0) [ ho(r))dr +

i ¢
¢ tit2
+a(tiss +0) / h(é(r)) dr + 2(tis — 0) / Wo(r)dr,  (3.10)
tit1 ¢

rie t; < € < tiyq, tiv1r < ¢ < tiyo. Mbr Mmoxkem cunrtarh, uro t* < t;. Torma
dbyuxiws x(t) ABIAETCS MOJIOKUTEILHON Ha HHTEpBaJe [t;,t;yo]. IlosTomy cyrme-
CTBYIOT BeJIMYUHBI £ 1 ( Takue, 4TO

tiy1 ¢
t(tis1 — 0) / W(6(r)) dr + x(tisr +0) / h(é(r)) dr = 0.
£ tir1

CrenoBarensuo, u3 (3.10) crenyer

tit2
h(¢(T)) - (T) dT = pix; + pitaTise,
t;

13 tit2
rpe Besmuaubbl p; = [ h((7))dr,pire = [ h(¢(7))dr moryr umers soGble
ti ¢

3HaKU.
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OKOanTeJII)HO MBI ITOJIy9a€M
Tiy2 = Av; exp(piT; + pitaTiv2);i=1,3,5,....2n — 1,... (3.11)

OdeBuIHO, UTO €Ciu P;x; + Pitalite < 0, TO ycaosue (3.8) GyjeT BHIIOJIHEHO.
[Ipenmonoxum, uro p; = —p < 0, pi+2 = m € R. Cornacuo teopeme 3.1 Bce
perrernst cucremst (1.1) orpanudensr. [Tostomy yesosust (a) u (¢) pasmena 2 MoryT
6bITh 00BeINHEHBl B O1HO yesoBue: —p + Am < 0 (cm. pasmen 2). lamee MoxKmHO
BOCIIOJIb30BaThCS TeopeMoii 2.3.

Hanpuwmep, nonoxkum A = 20, p; = —4, pir2 = —1. Torma nocsie nepsoit
uTepaluu Mbl rojydaeM ypaHenue r = Arexp((p; + pit2)x); 9T0 ypaBHEHUe
umeet aB8a kKopus: 0, 0.6. ITocse Broporo mmara nrepaiinu, Mbl II0JIyIaeM ypaBHEHUE
x = N2z exp((p; + 2pir2)T + pidexp((p; + pitro)x)); 9TO ypaBHEHHE HMeET YeTHIPE
kopasi: 0, 0.11, 0.6, 0.82 u Tak gajee. OKOHYATEILHO MBI IPUXOIUM K CIIEHAPUIO
Deiirenbayma yJIBOCHUST EPUOIA. DTO O3HAYACT CylecTBoBaHue B cucreme (1.1)
PEJIEIBHBIX IUKJIOB UM XaOTHIECKUX ATTPAKTOPOB. O

[Iycrs 2, = 2z > 0, pi = —1, piyo = 0, 242 = zi+1. Torma nponecc (3.11)
MOYKeT ObITh Hepelucal B BUJIe:

27Tb1
C1

ziv1 = ziexp(r — z;), r = >0,i=0,1,2... (3.12)

[Tpomece (3.12) HaszbIBaeTCs AUCKPETHON MOIYJISIIIMOHHOM MOJIesbi0 PUKKepa
[5]. UsBectHO [2], uro Mozens Pukkepa nmeer 2-1UKJIbl, 4-1UKJIBI U XAOTHIECKHI
aTTPaKTOP KOrJa, COOTBETCTBEHHO, rr = 2.1, r =2.6 m r = 3.

Teopema 3.3. IIpednososicum, wmo ay; > 0, a1 +2b; <0, a11/b <0 uwage/c <O0.
IIycmv maxorce

ajy  anag
(b+c¢)? be
u cywecmeyem momenm t* maxoti, umo us ycaosuat > t* caedyem, wmo pewerue
z(t) cucmemwv (1.1) norosrcumenvro. IIpednosostcum makorce, wmo cnpasedsuss
yeaosus by < 0 u (3.8). Toeda 6 cucmeme (1.1) cywecmeyrom usu npedesvrvie
YUKABL UAU TAOMUNECKUE AMMPAKIMOPDL.

b+ c#0, <0

Jlokazamenavcmeo. OrpanndeHHOCTH perternii cucremsl (1.1), B ycaoBusix Teope-
MBI 3.3, ciegyer u3 pe3ynbraToB paborsbl [2]. C moMmoIpio 3aMeH IepeMeHHBIX
Yy — —Y, 2 — —Z BCerja MOKHO JIOOUThCs Toro, uto ¢ > 0. [Tosromy Mbl MOKeM
cunrarh, 4ro B (3.5) ¢1 > 0. Torma us (3.5) Gyaem nmers

t

Po-l-/
0

t

Po+/
0

b1 + (bcos® ¢(t) + csin® B(t)) - x(t)) -p(t)] dr <

(bcos? (t) + csin® p(t)) - z(t) ~,0(t)] dr. (3.13)
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Pemmenne x(t) orpanmueno. U3 (3.13) ciemyer, 9T0 B yCJIOBUSX T€OPEMBI 3.2
petenue p(t) Takzxke Oyger orpanmdeHo (Mbl HATOMHEM, 9T0 by < 0). D10 o3Ha4Ya-
et, uro u pemmenns y(t) u z(t) cucremsr (1.1) Takzke OymLyT OrpaHUICHBIL.

Eciu MBI mOCTY/IMpyeM OrpaHHYeHHOCTb perrennst x(t), TO JI0Ka3aTeJIbCTBO
TEOPEMBI 3.3 TTOJTHOCTHIO MTOBTOPSIOT JOKA3aTE€IbCTBO TEOPEMBI 3.2 IPU YCJIOBUU

b+c#0. O

Teopema 3.3 MoxKeT OBITH 0000IIEHA CJIETYIONIIM 00PA30OM.
Paccmorpum cucremy

(t) = arz(t) + a11y?(t) + a12y(t)z(t) + agnz?(t),
y(t) = dix(t) + day(t) + dsz(t) + ba(t)y(t), (3.14)
2(t) = e1x(t) + eay(t) + ezz(t) + cx(t)z(t).

IIpenmonosxkum, aT0 MaTpHUILa

0 0 O
di dy ds (3.15)
€1 €9 €3

nmeet crektp: 0,y +14d, tme v < 0,6 # 0; v,6,d;,e; € Ryi=1, ..., 3.
3aMeHUM MATPUILY

0O 0 O
0 b1 C1
0 —C1 b1

marpuneit (3.15). Torga jyist cucrembl (3.14) MbI MOXKEM HOJIYYUTH PE3YJIbTAT,
1oA00HbII TeopeMme 3.3, B KOTOpOM ycioBue a1 + 2b; < 0 10712KHO OBITH 3aMEHEHO
ycaosueM ap + 2y < 0.

[Mpeanonokum, uro cucrema (1.1) mpu di = e; = 0 umeer xaoTudeckuii
arrpakTop. Eciu snavenus: di = 0, e; = 0 He sgABgi0TCH OndypPKAIMOHHBIMU, TO
JIIsT JIOCTATOMHO MAJIBIX BeJnduH |d1| u |e1| cucrema (3.14) Takrke mMeeT XaoTndec-
KA aTTPaKTOP.

4. ITpumepsnbt

Huzke, va pucynkax 13 — 17, uist cucremst (3.14) npu pasindHbIX 3HAYEHUSIX
ITapaMeTpOB, IPeJCTABIEHBl HOBbIE TUITHI XaOTHIECKNX aTTPAKTOPOB.

#(t) = 32(t) — y2 () + (1),
y(t) = —y(t) — 20z(t) + 10z(t)y(t), (4.1)
5(8) = a(t) + 20y (t) — 2(t) — 15a(t)=(2).
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Puc.13. ®azossiit noprper cucremst (4.1) mis ¢t = 10.

Puc.

B. E. BEJIO3BEPOB, A. B. BEJIOBEPOB

z(t)

B(t) = da(t) — y*(t) + 2(1),
y(t) = —y(t) — 2502( ) + 10z (t)y(t),
2(t) = z(t) + 250y(t) — z(t) — 15z(t)z(¢t).

-85
-35z(t)
15

65

yit) 20

70

14. ®azosslit moprper cucremsl (4.2) s t = 10.

(4.2)
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(t) = —y?(t) + 2%(1),
y(t) =
£(t)

y( )—250z(t)+10x(t) (1), (4.3)
250y(t) + 2(t) — 15x(t)=(t),

Puc.15. DBosmonun arrpakropa cucrembl (4.3) s t = 10.

() = =bx(t) + (1.6y(t) + 2(1))(y(t) — (1)),
y(t) = 2y(t) + 282(t) — z()y(t), (4.4)
(t) = 2(t) — 28y(t) + 22(t) + z(t) 2(2).

Puc.16. DBosmorun arrpakropa cucremst (4.4) s ¢ = 10.
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Jy(t), (4.5)

x(t)
8OO

y(t)

Puc. 17. ®asossrit moprper cucremst (4.5) msa ¢ = 10.

B zaksiouennu 3amernM, ato jits cucre (4.1), (4.2) u (4.5) ycioBust TeopeMbl
3.3 (u ee 0600menuit ipu d; = 0,e; = 1) Bbmosnenst. st cucrem (4.3), (4.4)
9TU yCJIOBHsI HE YJIOBJIETBOPEHBL.
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